ing oo 


_ 
. j e 
o 
— 
le ¥, 


? 


a 


4 


~~." 


A TREATISE 
ON THE 


ANALYTICAL DYNAMICS 


OF PARTICLES AND RIGID BODIES 


CAMBRIDGE 
UNIVERSITY PRESS 
LONDON: Fetter Lane 


New Yorke 
The Macmillan Co. 
BomBAY, OALCUTTA and 
Mapras 
Macmillan and Co., Ltd. 


TORONTO 


Tbe Macmillan Co, of 
Canada, Ltd. 


ToKyo 
Maruzen-Kabushiki-Kaisha 


All rights reserved 


\ 


A TREATISE 
ON THE 
ANALYTICAL DYNAMICS 
OF PARTICLES AND RIGID BODIES 


WITH AN INTRODUCTION TO THE 
PROBLEM OF THREE BODIES 


BY 


EK. T. WHITTAKER 


Hon. LL.D. (St Andrews); Hon. Sc.D. (Dubl.), F.RS. 
Professor of Mathematics in the University of Edinburgh 


THIRD EDITION 


CAMBRIDGE 
AT THE UNIVERSITY PRESS 
1927 


First Edition 1904 
Second Edition 1917 
Third Edition 1927 


NcIGR ARS 2 


PRINTED IN GREAT BRITAIN 


PREFACE TO THE THIRD EDITION 


Chapters I-XIV of this edition have been reproduced photo- 
lithographically (with some corrections and additional references) 
from the second edition. Chapters XV (The General Theory of 
Orbits) and XVI (Integration by Series) have been completely 
rewritten in order to present the subject as it has been developed 
by the researches of the last eleven years. I am much indebted 
to Dr T. M. Cherry of Trinity College, Cambridge and Professor 
J. L. Synge of Trinity College, Dublin for kind assistance. 


E. T. WHITTAKER 


EDINBURGH 
July, 1927 


CONTENTS 


CHAPTER I 


KINEMATICAL PRELIMINARIES 


SECTION 


4 
SLOnNPoron 


The displacements of rigid bodies 

Euler’s theorem on rotations about a point 

The theorem of Rodrigues and Hamilton . 

The composition of equal and opposite rotations abouk Bartel axes 

Chasles’ theorem on the most general displacement of a rigid body . 
Halphen’s theorem on the composition of two general displacements 
Analytic representation of a displacement 

The composition of small rotations . : 

Euler’s parametric specification of rotations rodnd a pare 

The Eulerian angles . 

Connexion of the Eulerian cei wate the se a DG) xe : : 
The connexion of rotations with homographies: the Se Klein parameters 
Vectors 

Velocity and Petelovasionns othe Wectorinn amiciee: 


. Angular velocity ; its ert character . 


Determination of the components of angular velocity eh a Sperone in ats at 
the Eulerian angles, and of the symmetrical parameters 

Time-flux of a vector whose components relative to moving axes are given 

Special resolutions of the velocity and acceleration . 

MISCELLANEOUS EXAMPLES 


CHAPTER II 
THE EQUATIONS OF MOTION 


The ideas of rest and motion 

The laws which determine motion 
Force 

Work : 

Forces which do no work : 

The coordinates of a dynamical system 
Holonomic and non-holonomic systems 


a] 
S 
a 
& 


ee 
or WFR OKO WADA W Wd = 


il 
cw DD 


i) 
to 


26 
27 
29 
30 
31 
32 
33 


Vili 


Contents 


SECTION 


26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34, 
35, 
36. 


Lagrange’s form of the equations of motion of a holonomic system . 
Conservative forces ; the kinetic potential : 

The explicit form of Lagrange’s equations 

Motion of a system which is constrained to rotate nites rage an axis 
The Lagrangian equations for quasi-coordinates 

Forces derivable from a potential-function which olves the eolonteen 
Initial motions . < 

Similarity in dynamical ieee 

Motion with reversed forces 

Impulsive motion 

The Lagrangian equations of apaiere nities 

MISCELLANEOUS EXAMPLES 


CHAPTER III 
PRINCIPLES AVAILABLE FOR THE INTEGRATION 


Problems which are soluble by quadratures 

Systems with ignorable coordinates . 

Special cases of ignoration ; integrals of save and Hiri omnia ; 

The general theorem of angular momentum ‘ 

The energy equation . 

Reduction of a dynamical ie iD. a Problon: isn ee degrees, of 
freedom, by means of the energy equation. ; 

Separation of the variables ; dynamical systems of Tears ee 

MISCELLANEOUS EXAMPLES 


CHAPTER IV 
THE SOLUBLE PROBLEMS OF PARTICLE DYNAMICS 


The particle with one degree of freedom; the pendulum . 

Motion in a moving tube . 

Motion of two interacting free particles 

Central forces in general: Hamilton’s theorem . 

The integrable cases of central forces; problems soluble in rea of ester 
and elliptic functions . 

Motion under the Newtonian law : 

The mutual transformation of fields of ene force and ficlds of paraliol 
force . 

Bonnet’s theorem . 

Determination of the eee Ecnecal field a “ine ce ander winch: a given curve or 
family of curves can be described 

The problem of two centres of ilies 

Motion on a surface . 

Motion on a surface of eaencee cases Apes in i ms of aroun ae elliptie 
functions 

Joukovsky’s theorem 

MISCELLANEOUS EXAMPLES 


52 
54 
58 
61 
62 


64 
67 
69 


71 
74 
76 
77 


80 
86 


93 
94 


95 
iS 
99 


103 
109 
111 


Contents 


CHAPTER V 
THE DYNAMICAL SPECIFICATION OF BODIES 
SECTION 
57. Definitions 
58. The moments of ieee of some Pears Toaiee™ : 
59. Derivation of the moment of inertia about any axis when the orient of terns 
about a parallel axis through the centre of gravity is known 
60. Connexion between moments of inertia with respect to different sets of axes 
through the same origin : 
61. The principal axes of inertia ; Cauchy’s mlomental elle 
62. Calculation of the angular momentum of a moving rigid body 
63. Calculation of the kinetic energy of a’ moving rigid body : 
64, Independence of the motion of the centre of gravity and the motion relative 
to it 
MISCELLANEOUS ExAMpins 
CHAPTER VI 
THE SOLUBLE PROBLEMS OF RIGID DYNAMICS 
65. The motion of systems with one degree of freedom ; motion round a fixed 
axis, etc. 
66. The motion of Se “ath ere errece of Seeaen 
67. Initial motions 
68. The motion of systems with figs deaposs of accion 
69. Motion of a body about a fixed point under no forces 
70. Poinsot’s kinematical representation of the motion ; is polheda a 
herpolhode 
71. Motion of a top on a perfectly Pouelt Shae determination of the ulerian 
angle 6 
72. Determination of the aie Bulent fae ind of the Capieye Kien 
parameters ; the spherical top 
73. Motion of a top on a tee smooth hee 
74, Kowalevski’s top : : 
75. Impulsive motion 
MISCELLANEOUS EXAMPLES 
CHAPTER VII 
THEORY OF VIBRATIONS 
76, Vibrations about equilibrium . 
77. Normal coordinates . ‘ 
78, Sylvester’s theorem on the tte of the sat of ae Nelern inna opR ON : 
79, Solution of the differential equations ; the periods ; stability 
80, Examples of vibrations about equilibrium 
81, Effect of a new constraint on the periods of a vibrating Sain 
82, The stationary character of normal vibrations 
83. Vibrations about steady motion 
84, The integration of the equations 
85, Examples of vibrations about steady ation 
86, Vibrations of systems involving moving constraints 


MISCELLANEOUS EXAMPLES 


ix 


PAGE 
117 
118 


121 


122 
124 
124 
126 


127 
129 


131 
137 
141 
143 
144 


152 
155 


159 
163 
164 
167 
169 


177 
178 
183 
185 
187 
191 
192 
193 
195 
203 
207 
208 


Contents 


».« 
CHAPTER VIII 
NON-HOLONOMIC SYSTEMS. DISSIPATIVE SYSTEMS 
SECTION 
87. Lagrange’s equations with undetermined multipliers 
88. Equations of motion referred to axes moving in any manner . 
89, Application to special non-holonomic problems 
90. Vibrations of non-holonomic systems 
91. Dissipative systems ; frictional forces 
92. Resisting forces which depend on the velocity 
93. Rayleigh’s dissipation-function 
94, Vibrations of ada: systems 
95, Impact : 
96. Loss of kinetic energy in apace 
97, Examples of impact 
MISCELLANEOUS EXAMPLES 
CHAPTER IX 
THE PRINCIPLES OF LEAST ACTION AND LEAST CURVATURE 
98. The trajectories of a dynamical system . 
99. Hamilton’s principle for conservative holonomic Saved 
100. The principle of Least Action for conservative holonomic systems 
101. Extension of Hamilton’s principle to non-conservative dynamical systems 
102. Extehsion of Hamilton’s principle and the principle of Least Action to 
non-holonomic systems . 
103, Are the stationary integrals actual mina Rinctic foci 
104, Representation of the motion of dynamical systems by means of Secdesies 
105. The least-curvature principle of Gauss and Hertz . 
106, Expression of the curvature of a path in terms of poner ptied peonunaen 
107. Appell’s equations . : E 
108. Bertrand’s theorem 
MISCELLANEOUS EXAMPLES 
CHAPTER X 
HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS 
109. Hamilton’s form of the equations of motion 
110, Equations arising from the Calculus of Variations . 
lll. Integral-invariants 
112. The variational equations 
113, {ntegral-invariants of order one 
114, Relative integral-invariants : 
115. Avrelative integral-invariant which is porceroctt by: all Haniliontan yates 
116, On systems which possess the relative integral-invariant | spog . 
117. The expression of integral-invariants in terms of integrals 
118. The theorem of Lie and Koenigs 
119, The last multiplier . 


PAGE 
214 
216 
217 
221 
226 
229 
230 
232 
234 
234 
235 
238 


245 
245 


247 


248 


249 
250 
253 
254 
256 
258 
260 
261 


263 
265 
267 
268 
269 
271 
272 


272 


274 
275 
276 


Contents 


SECTION 
120. Derivation of an integral from two multipliers , 
121. Application of the last multiplier to Hamiltonian systems; use of a eR 
known integral 
122, Integral-inyariants whose order is era to the in of the Eton 
123. Reduction of differential equations to the Lagrangian form 
124, Case in which the kinetic energy is quadratic in the velocities 
MISCELLANEOUS EXAMPLES 
CHAPTER XI 
THE TRANSFORMATION-THEORY OF DYNAMICS 
125, Hamilton’s Characteristic Function and contact-transformations . 
126, Contact-transformations in space of any number of dimensions 
127. The bilinear covariant of a general differential form 
128, The conditions for a contact-transformation’ expressed by means of the 
bilinear covariant . 
129. The conditions for a contact- ga in feet of leper. 3 Noe 
expressions 5 
130, Poisson’s bracket-expressions . 
131. The conditions for a contact- “Shah eAv eS “arent a means of Deion 8 
bracket-expressions 
132. The sub-groups of Mathieu ER and ereeedal roe Sate fapeae 
tions 
133, Infinitesimal Laide Soi iar hae 
134, The resulting new view of dynamics 
135, Helmholtz’s reciprocal theorem 
136. Jacobi’s theorem on the Eeneteomotion See a given Gynemical eyatem ime 
another dynamical system , 
137, Representation of a dynamical problem by a differential form 
138. The Hamiltonian function of the transformed equations 
139, Transformations in which the independent variable is changed 
140, New formulation of the integration-problem . 
MISCELLANEOUS EXAMPLES 
CHAPTER XII 
PROPERTIES OF THE INTEGRALS OF DYNAMICAL SYSTEMS 
141, Reduction of the order of a Hamiltonian system by use of the energy integral 
142, Hamilton’s partial differential equation . 
143, Hamilton’s integral as a solution of Hamilton’s al “dtiereniial oieicn 
144, The connexion of integrals with infinitesimal transformations admitted by 
the system 
145. Poisson’s theorem . 
146, The constancy of Lagrange’s fe ncket! Spearetions : 
147, Involution-systems . 


288 
292 
296 


297 


298 
299 


300 


301 
302 
304 
304 


305 
307 
309 
310 
310 
311 


313 
314 
316 


318 
320 
321 


oe 


Contents 


X11 
SECTION 
148, Solution of a dynamical problem when half the sce i are known 
149, Levi-Civita’s theorem 
150. Systems which possess, recent ee in the romentas 
151. Determination of the forces acting on a system for utah an intooral is 
known : : 
152, Application to the case of a particle ions equations of mene ote an 
integral quadratic in the velocities . : 
153, General dynamical systems possessing integrals quidration in the ralocibten ; 
MISCELLANEOUS EXAMPLES 
CHAPTER XIII 
THE REDUCTION OF THE PROBLEM OF THREE BODIES 
154, Introduction 
155. The differential senators of the problem 
156. Jacobi’s equation . 
157. Reduction to the 12th order, sy use of Ate ieee of motion of ‘the Gentes 
of gravity 
158. Reduction to the 8th Ohder ay use of the integrals of oreaine momenta aa 
elimination of the nodes . : : : : 3 : A 
159. Reduction to the 6th order 
160, Alternative reduction of the problem fon thie 18th to Th 6th order 
161. The problem of three bodies in a plane . 
162, The restricted problem of three bodies . 
163, Extension to the problem of m bodies 
MISCELLANEOUS EXAMPLES 
CHAPTER XIV 
THE THEOREMS OF BRUNS AND POINCARE 
164, Bruns’ theorem 


(i) Statement of the theorem 
(ii) Expression of an integral in terms of ate eel Pood of the 
problem 
(iii) An integral must Bish hg omen é 
(iv) Only one irrationality can occur in the integral . ; 
(v) Expression of the integral as a quotient of two real polynomials . 
(vi) Derivation of integrals from. the nuwerator and denominator of the 
quotient . : . 
(vii) Proof that ¢o does not fuvelve the ‘irrationality 
(vili) Proof that do is a function only of the momenta and the inves of 
angular momentum . : ; : 
(ix) Proof that go is a function of 7, L, MM, Vv 
(x) Deduction of Bruns’ theorem, for integrals which do nik involvore t 
(xi) Extension of Bruns’ result to integrals which involve the time 


PAGE 
323 
325 
328 


331 
332 


335 
336 


339 
340 
342 
343 


344 


| 847 


348 
351 
353 
356 
356 


358 


358 
359 
360 
361 


362 
366 


371 
374 
376 
378 


Contents 


BECTION 
165. Poincaré’s theorem 


188, 


189, 
190, 
191, 


(i) The equations of motion of the restricted problem of three bodies 

(ii) Statement of Poincaré’s theorem . : : : 

(iii) Proof that 4) is not a function of H, : 

(iv) Proof that @, cannot involve the variables N> 72 - 

(v) Proof that the existence of a one-valued integral is inconsistent with the 
result of (iii) in the general case 3 

(vi). Removal of the restrictions on the coetinian ts Bn, ae 


(vii) Deduction of Poincaré’s theorem . By 


CHAPTER XV ~ 
THE GENERAL THEORY OF ORBITS 


Introduction 

Periodic solutions . 

A criterion for the discovery of per ie orbits 

intel solutions 

The orbits of planets in the se one : 

The motion of a particle on an ellipsoid under no erica eek: : 

Se Gstinary and singular periodic solutions 

Characteristic exponents 

Characteristic exponents when ¢ does not occur arphoily 

The characteristic exponents of a system which possesses a one-valued ies 

The theory of matrices 

The characteristic exponents of a Hamiltonian ereten ; 

The asymptotic solutions of § 170 deduced from the theory of sire ee 
exponents : 

The characteristic exponents of “ordinary” ai apne norodic solutions 

Lagrange’s three particles 

Stability of Lagrange’s particles: per eae orbit in he anny, 

The stability of orbits as affected by terms of higher order in the aoplneenene 

Attractive and repellent regions of a field of force . : . 

Application of the energy integral to the problem of Ravin 

Application of integral-invariants to investigations of stability 

Synge’s “Geometry of Dynamics” 

Connexion with the theory of surface Poesforaations 

MISCELLANEOUS EXAMPLES 


CHAPTER XVI “*j/A 
INTEGRATION BY SERIES 


The need for series which converge for all values of the time; Poincaré’s 


series : 
The regularisation of the ronien of ees podiee ; 
Trigonometric series 
Removal of terms of the first leetes from the energy functiori 


xili 
PAGE 


380 
381 
38] 
382 


383 
384 
385 


386 
386 
386 
389 
389 
393 
395 
397 
398 
399 
400 
402 


405 
406 
406 
409 
412 
413 
416 
417 
417 
420 
420 


423 
424 
425 
426 


Xiv Contents 


SECTION 5 PAGE 
192. Determination of the normal coordinates by a contact-transformation . : 427 
193. Transformation to the trigonometric form of 1 430 

431 


194, Other types of motion which lead to sane of the same form . 
432 


195. The problem of integration . ; : ; : 5 : 
196, Determination of the adelphic Seas in Cae I : : : : c 433 


197, An example of the adelphic integral in Case I 436 
198, The question of convergence . ; 437 
199, Use of the adelphic integral in order to Pouplete the necro ; 438 
200, The fundamental property of the adelphic integral . ; : 442 
201. Determination of the adelphic integral in Case II . 443 
202, An example of the adelphic integral in Case IT 444 
203. Determination of the adelphic integral in Case III 446 
204, An example of the adelphic integral in Case III 447 
205. Completiou of the integration of the dynamical system in ree I ae Il. 449 
MISCELLANEOUS EXAMPLES : . : en ae F : . 449 
INDEX OF AUTHORS QUOTED 451 

453 


INDEX OF TERMS EMPLOYED 


CHAPTER I 


KINEMATICAL PRELIMINARIES 


1. The displacements of rigid bodies. 


The name Analytical Dynamics is given to that branch of knowledge 
in which the motions of material bodies, considered as due to the mutual 
interactions of the bodies, are discussed by the aid of mathematical analysis. 


It is natural to begin this discussion by considering the various possible 
types of motion in themselves, leaving out-of account for a time the causes 
to which the initiation of motion may be ascribed ; this preliminary enquiry 
constitutes the science of Kinematics. The object of the present chapter is 
to establish a number of kinematical theorems which will be required in the 
rest of the work. 

Kinematics is in itself an extensive subject, for a complete account.of which the student 
is referred to treatises dealing exclusively with it, e.g. that of Koenigs (Paris, 1897). In 
what follows we shall confine our attention to theorems which are of utility in the appli- 
cations of Kinematics to Dynamics. 

We shall say that a material body is rigid when the mutual distance of 
every pair of specified points in it is invariable, so that the body does not 
expand or contract or change its shape in any way, although it may change 
its position with reference to surrounding objects. 


If a rigid body is moved from one position to another, the change of 
position is called a displacement of the body. Certain special kinds of 
displacement have received specific names; thus, if the position in space 
of every point of the body which lies on some straight line L is unchanged, 
the displacement is called a rotation about the line L; if the position in 
space of some point P of the body is unchanged, the displacement is called 
a rotation about the point P; and if the lines joining the initial and final 
positions of each of the points of the body are a set of parallel straight lines 
of length J, so that the orientation of the body in space is unaltered, the 
displacement is called a translation parallel to the direction of the lines, 
through a distance l. 
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2. Euler's theorem on rotations about a point*™. 


Consider a rigid body, one of whose points is made immoveable by some 
attachment; suppose that the body is free to turn about this point in any 
manner, and let any two "possible configurations of the body be taken: for 
convenience we shall call these the configuration P and the configuration Q. 
We shall now shew that it is possible to bring the body from the configuration 
P to the configuration Q@ by simply rotating it about some definite line 
through the fixed point, ie. that a rotation about a point 1s always equivalent 
to a rotation about a line through the point. 


To establish this result (which was first given by Euler), denote the fixed 
point by 0; let O.A, OB be the positions, in the configuration P, of two lines 
through the fixed point which are fixed in the body and move with it; let 
0A’, OB’ be the positions of the same lines in the configuration Q. Draw 
the plane which is perpendicular to the plane AOA’ and bisects the angle 
AQA’; and draw also the plane which is perpendicular to the plane BOB 
and bisects the angle BOB’. Let OC be the line of intersection of these two 
planes, supposing them to be not coincident; if they are coincident, we 
denote by OC the line of intersection of the planes OAB and OA'B’. 


Then clearly in either case the line OC is related to the lines OA’, OB’ 
in exactly the same way as it is related to the lines OA and OB; that is to 
say, the angles AOC and BOC are respectively equal to the angles A’OC and 
BOC. It follows that if the system O.ABC is rotated about O in such a way 
that the lines OA and OB come into the positions OA’ and OB’ respectively, 
then OC will retain its position unchanged. The line OC is therefore 
unaffected by the displacement in question, and so the displacement can 
be represented by a rotation through some angle round OC’; which proves 
the theorem. 


When a body is continuously moving round one of its points, which is 
fixed in space, the displacement from its position at time ¢ to its position at 
time ¢+ At, can, by Euler’s theorem, be obtained by rotating the body about 
some definite line through the fixed point. The limiting position of this 
line, when the interval A¢ is indefinitely diminished, is called the instantaneous 
axis of rotation of the body at the time ¢. 


When a body is continuously moving round one of its points, which is fixed, the locus 
of the instantaneous axis in the body is a cone, whose vertex is at the fixed point: the 
locus of the instantaneous axis in space is also a cone whose vertex is at the fixed point, 
Shew.that the actual motion of the body can be obtained by making the former of these 
cones (supposed to be rigidly connected with the body) roll on the latter cone (supposed to 
be fixed in space). (Poinsot.) 


A similar proof shews that of any two positions of a plane figure in the 
same plane are given, the displacement from one position to the other can be 


* Novi Comment. Petrop. xx. (1776), p. 189, § 25. 
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regarded as a rotation about some point in the plane. This point is called 
the centre of rotation. 


When the body is regarded as continuously moving, the small displace- 
ment from one position to the position which succeeds it after an infinitesimal 
interval of time can therefore be accomplished by a rotation round a point; 
this point is called the instantaneous centre of rotation. 


Example 1. A lamina moves in any manner in its plane. Prove that the locus at any 
instant of points which are at inflexions of their paths is a circle, which touches the loci 
in the lamina and in space of the centre of instantaneous rotation. (Coll. Exam.) 


Example 2. A rigid body in two dimensions is subjected successively to two finite 
displacements in its plane. If D, be the line joining the centres of displacement, and if 
D, be the line which is brought into the position D, by half the first displacement (i.e. 
by rotation through half the angle), and if D3 be the position to which D, is brought by 
half the second displacement, shew that the centre of the total displacement of the rigid 
body is the intersection of D, and D3. (Coll. Exam.) 


3. The theorem of Rodrigues and Hamilton*. 


Any two successive rotations about a fixed point can be compounded into 
a single rotation by means of a theorem, which may be stated as follows: 


Successive rotations about three concurrent lines fixed in space, through twice 
the angles of the planes formed by them, restore a body to its original position. 


For let the lines be denoted by OP, OQ, OR. Draw Op, Og, Or per- 
pendicular to the planes QOR, ROP, POQ respectively. Then if a body is 
rotated through two right angles about Og, and afterwards through two nght | 
angles about Or, the position of OP is on the whole unaffected, while Oq is 
moved to the position occupied by its image in the line Or; the effect is 
therefore the same as that of a rotation round OP through twice the angle 
between the planes PR and PQ, which we may call the angle RPQ. It 
follows that successive rotations round OP, 0Q, OR through twice the angles 
RPQ, PQR, QRP, respectively, are equivalent to successive rotations through 
two right angles about the lines Og, Or, Or, Op, Op, Oq; but the latter 
rotations will clearly on the whole produce no displacement; which establishes 


the theorem. 


4. The composition of equal and opposite rotations about parallel axes. 


A case of special interest is that in which a body is subjected in turn to 
two rotations of equal amount in opposite senses about ‘two parallel axes. 


In neither displacement is any point of the body displaced in a direction 
parallel to the axes, and this is therefore true of the total displacement. 
Moreover, if any line be taken in the body in a plane perpendicular to the 


* ©. Rodrigues, Journ. de Math. v. (1840), p. 380; Hamilton, Lectures on Quaternions, § 344 ; 
the proof here given is due to Burnside, Acta Math. xxv. (1902). 
1—2 
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axes, this line in the first displacement will be turned through an angle 
equal to the angle of rotation, and in the second displacement will be turned 
back through the same angle; so its final position will be parallel to its 
original position; which evidently can be the case for every line without 
exception, only when the total displacement is equivalent to a simple 
translation. It follows that two successive equal and opposite rotations about 
parallel axes are equivalent to a translation in a direction perpendicular to. 
the axes; or, in other words, a rotation about any amis 18 equivalent to 
a rotation through the same angle about. any axis parallel to it, together with 
a simple translation in a direction perpendicular to the amis. 


The converse of this, namely the theorem that a rotation of a rigid 
body about any axis, preceded or followed by a translation in a direction 
perpendicular to the axis, are together equivalent to a rotation of the body 
about a parallel axis, is also true, being essentially the same as the result 
stated in § 2, that any displacement in a plane can be regarded as a rotation 
round some point in the plane. By considering the angle between the 
initial and final positions of any line which is perpendicular to the axis and 
moves with the body, we see that the angles of rotation round the two axes 
are equal. 


5. Chasles’ theorem on the most general displacement of a rigid body *, 


We shall now consider displacements of a more general character. It is 
evident that a free rigid body can be moved from any one selected con- 
figuration P in space to any other Q by first moving some selected point of 
the body from its position in the configuration P to its position in the 
configuration Q, each of the other points of the body being moved by a simple 
translation parallel to this (so that the body is oriented in the same way after 
the operation as before), and secondly rotating the body about this point into 
the configuration Q. By Kuler’s theorem, this latter operation can be 
performed by.simply rotating the body about a line through the point; so 
we see that the most general displacement of a rigid body can be obtained by 
jirst translating the body, and then rotating it about a line. 


We shall now shew that the line about which the rotation takes place can 
be so chosen, that the motion of translation is parallel to this line. For let A 
be the initial position of any point of the body, and B the position to which 
this point is brought by the motion of translation. Let AK be the line 
through A parallel to the line round which the rotation takes place, and let 
K be the foot of the perpendicular from Bon AK. Then the motion of 
translation can evidently be accomplished in two stages, the first of which 
is a translation parallel to the line about which the rotation takes place, 

* Mozzi, Discorso matematico sopra il rotamento momentaneo dei corpi, Naples, 1763; Cauchy, 


Exercices de Math, 11. (Paris, 1827), p. 87; Oeuvres, (2) vir. p. 94; Chasles, Bulletin Univ. des 
Sciences (Férussac), xrv. (1830), p. 321; Comptes Rendus de l’ Acad. xvi. (1843), p. 1420. 
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bringing the point A to the position KX, and the second of which is 
a translation perpendicular to the line about which the rotation takes place, 
bringing the point K to the position B. But by § 4, the second translation, 
together with the rotation which follows it, are together equivalent to 
a simple rotation about a new axis parallel to the first one. If therefore any 
point on this axis be taken as base-point, the whole displacement can be 
accomplished by a translation of the body parallel to a certain line through 


this point, together with a rotation about this line; this establishes the 
theorem. 


This combination of a translation and a rotation round a line parallel to 
the direction of translation is called a screw; the ratio of the distance of 
translation to the angle of rotation is called the pitch of the screw. It is 
clear that in a screw displacement, the order in which the translation and 
rotation take place is indifferent. 


6. Halphen’s theorem on the composition of two general displacements. 


Halphen has shewn* how to determine geometrically the resultant of any two screw- 
displacements as a screw-displacement. _ 


Let A, and A; denote the axes of the two screws, and A. their common perpendicular. 
‘Let B, be the line which is brought to the position A,, by half the first displacement 
(i.e. half the translation, and rotation through half the angle), and let B, be the line to 
whose position 4;. is brought by half the second displacement; let C denote the common 
perpendicular to the lines B, and B,. Halphen’s result is that the axis of the resultant 
screw-displacement is C, and the displacement is twice that which brings the line B, to the 
position Bo. 

For let D, and D, be lines such that half the given displacements will bring Aj. to the 
position D, and Dz, to the position Aj, respectively, and let C’ be the common perpendicular 
to D, and D,. 

The figure thus obtained, and that which is obtained from it by rotating it through two 
right angles about A;,, evidently coincide ; whence we have the relations: 


Intercept made on B, by A; and C=Intercept made on D, by A; and C’, 
Intercept made on By, by Ay and C=Intercept made on Dz by Az and C’, 
Intercept made on C by B, and B,=Intercept made on C’ by D, and Dz, 
Angle between the planes 4, B,, BjC=Angle between the planes 4,),, D,C’, 
Angle between the planes A,B:, B,C= Angle between the planes 4;D2, D, Cc’, 
Angle between B, and By = Angle between D, and Dp). 


It follows that the screw about A, brings C to the position of C’ produced, the inter- 
section of B, and C being brought to the position of the intersection of D, and 0’; and 
then the screw about A, brings C’ to the position of C produced, the intersection of 
D, and C’ being brought to the intersection of B, and C’; so Cis the axis of the resultant 
screw, and the amount of the translation is twice the intercept made on C by B, and Bp. 
Also the line B,, which by the first screw is brought to the position D,, is by the second 
brought to a position making the same angle with B, that B, makes with B,; and therefore 


* Nouvelles Annales de Math. (3) 1. p. 298 (1882). The proof given here is due to Burnside, 
Mess. of Math. x1x. p. 104 (1889). 
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the rotation of the resultant screw is twice the angle between B, and B,. This establishes 
Halphen’s theorem. 


Example. Shew that any infinitesimal displacement of a rigid body can be obtained 
by the composition of two infinitesimal rotations round lines, and that one of these lines. 
can be arbitrarily chosen. 


7. Analytic representation of a displacement. 


We shall now see how any displacement of a rigid body can be represented 
analytically. 


Let rectangular axes Oxyz be taken, fixed in space: these will be supposed 
to form a right-handed system, ie. if the axes are so placed that Oz is directed 
vertically upwards and Oy is directed to the northern horizon, then Ow will 
be directed to the east. Let the displacement considered be equivalent to a 
rotation through an angle w about a line whose direction-angles are (a, 8, ¥), 
and. which passes through a point A whose coordinates are (a, b, c), together 
with a translation through a distance d parallel to this line. The angle 
must be taken with its appropriate sign, the sign being positive when the line 
(a, 8, y) being directed vertically upwards, the rotation from the southern 
horizon to the northern is round by the east. Let the point P whose 
coordinates are (a, y, z) be brought by the displacement to the position of the 
point Q(X, Y, Z); and let the point P be brought by the translation alone 
to the position of the point R(&, n, €); then we have evidently 


E=x2+d cosa, n=y+dcos B, €=z2+d cosy. 


Let K be the foot of the perpendicular from R (or Q) on the axis of 
rotation, and let L be the foot of the perpendicular from Q on KR. Then 
we have 

X — = projection of the broken line RLQ on the axis Oz, 


it being understood that projections have their appropriate signs, so that the 
projection of a line AB on the axis of a is (wg— 4), not (a4 — ag). 


Now the projection of KR on the axis Oz is 
&—a — (projection of AK on the axis Ox) 
or E—a—cosa {(E— a) cosa +(n— 6) cos 8 + (€ —¢) cos y},: 


and as RL =—(1—cosw) KR, it follows that the projection of RZ on the 
axis Ow is 


- (1 — cos w) | -a — cos a {((E — a) cos. a + (n — b) cos 8B +(£ —c) cos y}]. 


Moreover, the line ZQ is normal to the plane RKA, and its direction-cosines 
are therefore proportional to the quantities 


($—c) cos B—(n — b) cos y, (E— a) cosy —(€ —c) cosa, 
(n — b) cosa —(E—a) cos B, 
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and since the sum of the squares of these three quantities, divided by the 
expression {(€—a)*+(n—b)?+(—c)*}, represents the quantity sin? RAK, it 
' follows that the sum of the three squares is equal to KR?, and the three 
quantities themselves are the projections on the axes of a length + KR 
measured along the line ZQ. Since EQ=+KRsinao, the projection of LQ 
on the axis Oz is therefore 
+ sin w {(€ —c) cos B —(n —b) cos y}. 
On considering a special case, e.g. supposing that the axis of rotation is the 
axis Oz, we see that the upper sign is correct; and thus we have 
| X —&=—(1—cos@) {(E — a) — cosa (E— a) 
— cos acos 8 (n — b) — cos acosy (f—c)} 
| +sin w {cos 8 (€—c)—cosy(n—b)}. 
Substituting for & 7, € their values in terms of x, y, z, we have 
X =x +dcosa—(1 —cos a) {(x—a) sin?a 
— cos acos 8B (y —b) — cos acos y(z—c)} 
+ sin w {cos B (z—c)—cos y(y— b)}. 
’ Similarly we have 
Y=y+dcos B —(1—cos wo) {(y — 6) sin? B 
— cos 8 cos y(¢—c¢) —cos cos a(x —a)} 
+ sin w {cos y(#— a) —cosa(z—c)} 
and Z=2z+d cos y—(1 — cos) {(z—¢) sin’? y 
— cos y cos a (# — a) — cos y cos B(y—b)} 
+ sin w {cos a(y— 5) — cos B(a—a)}. 
These equations give the new coordinates X, Y, Z in terms of the 
coordinates x, y, z of the original position of the point and the quantities 
which define the displacement. 


8. The composition of small rotations. 

We shall now apply the last result to the case in which the rotation is 
infinitesimal, the axis of rotation passing through the origin and there being 
no motion of translation. We shall write dy for w, where dy is a small 
quantity whose square can be neglected. The equations of the last article 
now become 

X =a+(zcos B— y cos y) dy, 
Y=y +(x cos y — z cos a) dy, 
Z=z+(y cos a— «cos B) dy. 

But these are the equations which we should obtain if we successively (in 
any order) subjected the body. to infinitesimal rotations cosa. dy about Oz, 
cos 8. Sip about Oy, and cosy. dy about Oz. It follows that any small rota- 


tion Sr about a line OK is equivalent to successive small rotations dy .cos KOx 
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about Ox, d.cos K Oy about Oy, and dy .cos K Oz about Oz, where Ox, Oy, Oz 
are. any three mutually perpendicular lines which intersect OK in one of tts 


points, O. : 


9. Euler’s parametric specification of rotations round a point*. 

The analytic expressions for the translational part of a displacement are, 
as we have seen, extremely simple; but the expressions for the rotational 
part are not so simple, and these will now be further considered. Suppose 
then that a rigid body is rotated through an angle w about a line through 
the origin, whose direction-angles are a, 8, y. By § 7, the coordinates 
(X, Y, Z) of the new position of a point whose original coordinates were 
(x, y, 2) are given by the equations 

A =x —2 sin’? 4 (x sin? a — y cosa cos 8 — z cos @ cos Y) 
+ 2 sin $@ cos $m (z cos B — y cos 9), 
|; Y=y—2sin? to (y sin? B — z cos B cos y — x cos 8 cos a) 
+ 2sin 4w cos 4@ (a cos y — z cos a), 
Z4=z—2sin® 4 (z sin? y — # cos y cos a — y cos y cos B) 
+ 2sin 4 cos 4m (y cos a — x cos 8). 


Now introduce parameters &, n, €, y, defined by. the equations 
E=cosasintw, n=cosBsintw, F=cosysinjo, y=cosio; 
these parameters evideritly satisfy the identical relation 
Cay te ay =, 
and the above equations can be written in the form 
Kao 4 04 2(En— Soy +2 ms, 
a 2 (Ey + x) e+ (— E+ 9° — 0 + x") y + 2 (nb — Ex) 2, 
Z=2(El— nx) e+2 (nb + Ex)yt(-B- 9 + E+ x) 2. 
If therefore the coordinate axes are denoted by OX YZ, and if moveable 
axes which originally coincide with these are brought into the position Oxyz 


by the given rotation, the direction-cosines of the two sets of axes with 
reference to each other are given by the following scheme: 


xX Y Z 
e| Pat ey | 2 (n+ ¢x) 2 (EC —nx) 
¥|  2(En—- x) Pt O4y 2 (nf + x) 
i 2 (€¢+nx) | 2 (nf — Ex) St ah ted Sele 


* Novi Comment. Petrop. xx. (1776), p. 208, § 6 sqq. 
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: It is readily seen that the passncets KSianis CPX corresponding to the resultant of 
wo successive displacements (£, 7’, ¢’, x’) and (&, 7, ¢ x), are given by the equations 
ee En =i Xe, 
o) n= — &{ +x’ +8 + xn’, 
rane OX AKG 
Kam teXXies 1 £C. 
These formulae (which were discovered independently at different times by Gauss, 
Rodrigues, Hamilton, and Cayley) really constitute the theorem for the multiplication of 
quaternions, Bor ey, e601 may be regarded as the components of a quaternion* 
X+Et+nj +k, where 7, j, k satisfy the equations 
PapP=kM=—1, y=—j=k, jk=—-hjai, ki=-th=s; 
and the above formulae are then all comprehended in the single equation 
XE G+ CER (yt it nj + Ch) (x + ETF + C8). 
The reader who is acquainted with quaternions will observe that the effect of the © 
rotation on any vector p is to convert it into the vector gpq-}!, where g denotes the 
quaternion y+&i+nj+¢k; the quaternion itself is not the rotational operator. 


10. The Eulerian angles. 


The most practically useful of the various methods of parametrically 
representing the displacement of a rigid body due to a rotation round a fixed 
point is likewise due to Eulert+: it has the disadvantage of being unsym- 
metrical, but is otherwise very simple and convenient. 


Let O be the fixed point round which the rotation takes place, and let 
OXYZ be a right-handed system of rectangular axes fixed in space. Let 
Oxyz be rectangular axes fixed relatively to the body and moving with it, 
and such that before the displacement the two sets of axes OX YZ and Oxyz 
are coincident in position. Let OK be perpendicular to the plane 20Z, 
drawn so that if OZ is directed to the vertical and the projection of Oz 
perpendicular to OZ is directed to the south, then OK is directed to the east. 
Denote the angles 20Z, YOK, yOK by 0, $, w, respectively: these are 
known as the three Huwlerian angles defining the position of the axes Oxyz 
with reference to the axes OX YZ. 

In order to find the direction-cosines of Ox, Oy, Oz, with respect to OX, 
we observe that these are equal to the projections on Ow, Oy, Oz, respectively, 
of a unit length measured along OX. Now this unit length has projections 
cos @ along OL and —sin¢d along OX, where OL is the intersection of the 
planes XOY and -ZOz; but a length cos ¢ along OL has projections cos ¢ sin 0 
along Oz and cos¢ cos along OM, where OM is the intersection of the 
planes «Oy and ZOz; and a length cos ¢cos@ along OM has projections 
cos ¢ cos @ cos fp along Ox and —cos ¢ cos @ sin ¥ along Oy; also, a length 
—sin¢ along OK has projections — sin sin py along Ox and — sin ¢ cos ¥ 

* This quaternion will have its tensor equal to unity: 
+ Novi Comment. Petrop. xx. (1776), p. 189. 
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along Oy. Hence finally the projections on Ox, Oy, Oz respectively of the 
unit length measured on OX are 
cos ¢.cos 6 cos y — sin ¢ sin y along Ox 
— cos ¢ cos 8 sin  — sin ¢ cos y along Oy, 
| cospsin@d along Oz. 
Proceeding in this way, we obtain for the direction-cosines of the two sets of 


‘ axes OX YZ and Oxyz with respect to each other the following scheme: 


xX 1g Z 


cos @ cos 6 cos p—sin d sin py —sin 6 cos 


sin ¢ cos 6 cos + cos p sin 


—cos d cos 6 sin y — sin ¢ cos p —sin ¢ cos 6 sin y+cos d cosy 


cos p sin 6 


11. Connexion of the Eulerian angles with the parameters &, n, 5 x. 


The relations between the Eulerian angles 0, ¢, ~ and the parameters 
&,, 6 x of §9 may be obtained by comparing the schemes of direction- 
cosines which have been given in §§ 9 and 10; they may however be obtained 
directly as follows : 


Let OX YZ and Oxyz be the fixed axes and the axes derived from these 
by the rotation w round a line OR, whose direction-angles are (a, B, ¥). 
Draw a sphere of unit radius with the point O as centre, so that planes 
passing through O intersect the sphere in great circles, and lines intersect the 
sphere in points. Then in the spherical triangle RZz, the sides are y, y, 0 
and the angle at. R is w; whence we have the relation 


2 


sin $6 =sin y sin fo. 


Moreover, let » denote the angle RZY, so RZz= 47—gd—v. Then the 
are RZ is brought to the position Rz by successive rotations @ about Z, 
@ about the pole of Zz, and y about z; but the first of these transforms RZ 
into an arc making an angle 4r7—g-—v+¢ or 4r—v with Zz; at Z; the 
second rotation transforms this into an arc making the same angle 4a —v 
with Zz, but passing through z; and the third rotation transforms it into an 
arc making an angle 47—v+y with Zz, at z. But this angle must be equal 
to @ — R2Z, or a —RZz, or a —(t{7r—d—v), or ia+6+v; so we have 

37+ h6+v=tr—-vt+y, 


or v=4(~~). 
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Hence, since in the spherical triangle RZX the sides are a, y, $7, and the 
angle at Z is $}4—v or 4(r—W+¢), we have 
cos a = sin y sin 4 (— ¢). 
Substituting for siny from the equation already found, this gives 
cos asin $m = sin $4 sin } ( — $), - 
or £ = sin $4 sin } (p — 4). 
Similarly from the spherical triangle RZY we have 
cos 8 =sin y cos} (a — $), 
and again eliminating sin y, we have 
cos 8 sin 4 = sin $4 cos 4 (wy — g), 
or n= sin $6 cosi(w — 9). 

: Moreover, since we have shewn that in the spherical triangle RZz the 
sides are y, y, 0, and the angles are 3(7——¢), $(7—— ), @, we have 
the relations 

cos $w = cos £6 cos 4 (yr + 9), 
and sin 4 cos y = cos $6 sin 4( + ¢), 


ee X = cos $4 cos (+ $), 
€=cos 46 sin £( + ). 


The four parameters &, n, €, x are thus expressed in terms of the Eulerian 
angles 0, $, r by the relations 


(€=sin 40 sin d(— ), 
| 7 =sin $4 cos $( — $), 
| €=cossO sind (+ ¢), 

x = cos$@ cosh (y+ ¢). 


12. The connexion of rotations with homographies; the Cayley-Klein parameters. 


Consider now a sphere, on the surface of which any figures (which we shall call §) are 
drawn. Let these figures be stereographically projected on a plane (e.g. by taking the 
highest point of the sphere as vertex of projection and the tangent-plane at the lowest 
point of the sphere as the plane): we shall call the projected figures P. Now let the 
sphere be rotated through a definite angle about some axis through its centre, so that the 
figures on its surface are shifted to new positions: let the figures in their new positions be 
called §’; and let the stereographic projections of the figures S’ (with the same vertex and 
plane of projection as before) be called P’. Then corresponding to the rotation of the 
sphere, which changes S to S’, we have a transformation in the plane, which changes the 
figures P into the figures P’. ‘We shall now examine this transformation more closely. 


If one of the figures P is a circle in the plane, we know that the corresponding figure S 
must be a circle traced on the sphere, since by stereographic projection a circle is changed 
into a circle: therefore S’ must also be a circle; and hence P’ must also be a circle. 
Thus we see that the transformations of the plane, which correspond to rotations of the 
sphere, must be such as to change any circle in the plane into another circle in the plane. 
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It may be shewn* that any transformation of this kind may be represented analytically 
in the following way: 

Let z=x2+y,/—1, where # and y are the rectangular coordinates of any point in the 
plane; so that to this point“there corresponds a definite value of the complex variable z. 
Similarly let 2’ =2' +y/ /—1, where x’ and 7/ refer to the point into which the point (2, ” 
is changed by the transformation. Then any one-to-one transformation of the plane, which 
changes all circles into circlest, may be defined by an equation of the type 

, az+b 

baaads 
where a, b, ¢, d are (real or complex) constants; or else by a transformation of this latter 
kind combined with a reflexion in one of the axes of coordinates, 

A transformation represented by an equation of the type 

jo Ni 
cz+d 
is called a homographic transformation, or homography. It appears therefore that homo- 
graphies in a plane correspond to rotations of a solid body about a fixed point, in such a 
way that if two homographies correspond respectively to two rotations, the homography : 
compounded of these corresponds to the rotation compounded of the two rotations tf. 

We shall now see how the connexion between rotations and homographies may be 
represented analytically. 

Let us replace the parameters &,j n, ¢, x by new parameters a, B, y, 6, defined by the 
equations 


Bi gu esa ook AS aie 
so that they are connected with the Eulerian angles 6, ¢, by the equations 
0 s(6+w) a 8 5 (¥-$) 
Sie COM ; ee oe 4 9 
¢ a 
B=isin’. 22 oe bcos se? | ase 


These “Cayley-Klein” parameters clearly satisfy the relation 
ad — By=1; 
and replacing the quantities &, n, ¢, x in the scheme of direction-cosines given in § 9 by 


their values in terms of a, 8, y, 8, we have for the values of the direction-cosines in terms 
of a, 8, y; 6 the following scheme: 


x Ww Z 


| $(a®+f?+7? +82) 5 (~~ B+ y+ 8%) t (ay+ £8) 


y| 5 (Bey 8) | dt et—y+3) | -ay +89 


Zz —t(aB+y6) —aB+y6s ad.+ By 


* Cf. L. R. Ford, An introduction to the theory of automorphic functions (London, 1915). 
+ A straight line is to be regarded as a particular kind of circle. 
$ Klein, Math. Ann. 1x. (1875), p. 183; Cayley, Math. Ann. xv. (1879), p. 238, 
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It may readily be shewn that the parameters (a”, 9”, y", 8’) corresponding to the 


resultant of two successive displacements (a’, 8’, y’, 8’) and (a, B, y, 6) are given by the 
equations 


a"=aat+y7B, B’=af' +9, 
y" =ya' + by, 8’ =f’ +00". 
These equations shew that the transformation 
4 az +B” 
<2 y" e+ &’ 
is the result of performing in succession the two substitutions 
aoe es and poked 
yz+6 yet+6 


and the connexion between rotations and homographic transformations is thus evident. 
analytically. 


_ One advantage of the Cayley-Klein parameters, as compared with the parameters 
(& 2, ¢ x), is that they retain some of the simplicity of the quaternion calculus, while 
using the ,/—1 of ordinary algebra instead of the 7, 7, & of Hamilton’s quaternions. 

Example 1. Let (8, , +) denote the Eulerian angles. Suppose that a point in space 
which is carried about with the axes Oxyz has the vectorial angles (6,, @,) (referred to the 
fixed axes OX YZ) before the motion, and (6,', @y) after the motion. Denoting e* tan $6, 
by G, and e* tan £6,’ by ¢’, shew that 

¢/e—* cos 46—sin 30 

G/e~ sin $6+c0s$0 

Example 2. If from the equations 
Aj =a%,+ Bre, 
Xp = yiti + O02, 
the quantities X,2, X,?, X,X_ are formed, and if these quantities are regarded as umbral 
symbols and the quantities X,2, Xo*, X,Xe2, 71°, x’, #,%_ are replaced by — ¥+1X, 
Y+ix, Z, —y+ix, y+ix, z, respectively, shew that the equations obtained are 
F ViX=a? (—y+txr)+2a8z+ 8? (y+22), 


Gev= 


VHikX=¥ (—y+tx)+ 2yizt+ & (y+iz), 
Z =ay(—yttx) +(ad+By) 2+B88 (y+), 
and that these are the three equations connecting the coordinates (XY, Y, Z) of a point 
referred to the axes OX YZ with its coordinates («, y, z) referred to the axes Owyz. 


Example 3. If ? 
—ytiv: ytiv : z= dW 21:3(A+d), 


and —~V4iX : V+iX : Z=ydi :1:$Ai4+A7), 
shew that F a 
ad + ,_an'+ 
JMiedoew and Ay ea 


13. Vectors. 


We now proceed to consider the essential features involved in the 
displacement by simple translation of a rigid body. 

The operation of translation in itself, considered apart from the body 
translated, evidently possesses the following properties: 
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1°. It can be specified completely by any one of the equal and parallel 
lines of space which have a given length (viz. the distance of the translation) 
and given direction (viz. the direction of the translation); since such a line 
furnishes all the data which describe the operation. 

2° If AB be one of these lines, and ACDE...KB be a broken line 
joining its extremities, then the operation represented by AB is equivalent 
to the sum of the operations represented by AC, CD, DE,... KB. 

These properties 1° and 2° are possessed by a large number of operations 
and quantities other than the operation of translation; an operation or 
quantity which possesses them is called a vector quantity. 

By 2°, a vector AB is equivalent to the sum of three vectors AK, KL, LB, 
respectively parallel to three given rectangular axes, and forming a broken 
line joining the points A and B. These three vectors are called the com- 
ponents of the vector AB along the given axes. If/ be the length and (a, 8,7) 
the direction-angles of AB, the lengths of the component vectors are clearly 
(lcosa, lcos B, eos), being in fact the projections of AB on the axes. 

A single vector which is equivalent to any number of given vectors is 
called their resultant. 

If a vector is conceived as varying in dependence on a parameter (e.g. the 
time), the difference between the vectors corresponding to any two values of 
the parameter is also a vector, and hence the rate of change of the vector 
with respect to the parameter is also a vector, whose components are the 
rates of change of the corresponding components. . This is called the flux 
of the; vector with respect to the parameter. 


14. Velocity and acceleration ; their vectorial character. 

Consider now a body which is being continuously translated (though not 
necessarily always in the same direction) without any change of orientation. 
Its total translation to any time ¢ is a vector quantity, and hence the rate.at 
which this changes with the time, ie. its time-flux, is also a vector quantity, 
which is called the velocity of the body; if «, y, z are the coordinates referred 
to fixed axes of any point fixed in the body and moving with it, then the com- 
ponents of the velocity referred to these axes are the rates of change of a, y, z, 
Le. are £, y, 2 (where dots denote differentiations with respect to the time t). 

Similarly the rate of change of the velocity is again a vector, whose 
components are #, 7, 2 (two dots indicating second derivatives with respect 
to the time); this vector is called the acceleration of the body. 

It is clear that if R and Q are two moving points, the vector which 
represents the translation (or velocity, or acceleration) of Q is the sum of the 
vector which represents the translation (or velocity, or acceleration, as the 
case may be) of P and the vector which represents the translation (or velocity, 
or acceleration) of Q relative to P, ie. of Q referred to axes whose origin 
moves with P, and whose directions are invariable. 
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15. Angular velocity: its vectorial character. 


Consider next a body which is rotating continuously about a line. Let 6 
denote the angle turned through at any time t: then 6 represents the speed 
of turning at the time ¢. If from any point on the line round which the 
rotation takes place a segment whose length represents 6 is measured along 
the line, this segment will evidently furnish a complete specification of the 
nature of the rotation at the instant ¢, or (as it is generally expressed) of 
the angular velocity of the body. The direction in which the segment is 
measured from the base-point is to be connected with the sense of rotation 
by the usual convention, namely that when the segment is directed vertically 


upwards the rotation from the southern horizon to the northern is round by 
the east. 


An angular velocity is theretore represented by a line of definite length 
and direction. Now by § 8, if a body one of whose points O is fixed 
experiences a small rotation Sy round any line OK, this displacement is 
equivalent to successive small rotations dycosa round Oz, SW cos 8 round 
Oy, and dycosy round Oz, where Ox, Oy, Oz are any three mutually 
perpendicular lines passing through O and (a, 8, y) are the direction-angles 
of OK with reference to Oxyz. From this it is clear that we can regard an 
angular velocity represented by a length y measured on OX as equivalent 
to angular velocities represented by lengths ycosa, ycos 8, cosy, 
measured along Oz, Oy, Oz, respectively. 


But this is essentially the fundamental property of vectors, and can be 
expressed by the statement that angular velocities can be resolved and 
compounded according to the vectorial law. 


It must be observed however that an angular velocity does not fulfil all 
the conditions which enter into the definition of a vector, for an angular 
velocity about one line is not equivalent to an angular velocity of the same 
magnitude about a parallel line. Angular velocity must therefore be regarded 
as a vector which is localised along a definite line. 


Example. A right circular cone of semi-vertical angle B rolls without sliding on a plane. 
To jind its instantaneous axis of rotation, and to determine its angular velocity about this 
axis in terms of the angular velocity of the line of contact in the plane. 

Since ali points of the generator which is in contact with the plane are instantaneously 
at rest (for there is no sliding), this generator is the instantaneous axis of rotation of 
the cone.. Let denote the angular velocity of the cone about this generator, and let. @ 
denote the angular. velocity of the line of contact in the plane. Then the motion of the 
axis of the cone can be represented by an angular velocity 6 round the normal to the 
plane, and the whole mction of the cone is compounded of this together with a rotation 
round the axis of the cone. It follows that the component of angular velocity of the cone 
about a line through the vertex of the cone perpendicular to the axis is 6 cosB; but 
this must equal the resolved part of @ in this direction, which is sin. We have 
therefore ad cob 


which is the required relation between and 6. 
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16. Determination of the components of angular velocity of a system in 
terms of the Eulerian angles, and of the symmetrical parameters. 

‘The position at any time of a rigid body which is continuously moving 
about a fixed point O is most conveniently described by taking two sets 
of rectangular axes, of which one set OX YZ are fixed in space, while the 
other set Oxyz are fixed relatively to the body, and move with it; the - 
position of the body being then specified by the three Eulerian angles 0, ¢, y, 
which define the position of the axes (xyz relatively to the axes OX YZ. 
We shall now determine the components, along the moving axes, of the 
angular velocity of the body at any instant. | 

Let OK denote the line of intersection of the planes XOY and «Oy; the 
angular velocity of the system is evidently compounded of angular velocities 
6 about OK, ¢ about OZ, and y about Oz. Of these, the first can be 
replaced according to the vectorial law by angular velocities 6 sin y about Ox 
and § cosy about Oy; and the second can be resolved into — sin 6 cos 
about Ox, dsin@siny about Oy, and ¢cos@ about Oz. So finally if 
@1, @:, @; denote the components of angular velocity of the body about the 
axes Ox, Oy, Oz, respectively, we have 

o, = Osinw— dsin 6 cos y, 
[ove dony— dang 
w;= Wr + ¢ cos 0. 

From these expressions we can at once deduce the values of @,, ws, os 

in terms of the symmetrical parameters €, n, ¢ x, of § 9; for we have 


Sy aa” 


PC eidtlene Wee di 


. | 
w(wr food 
_fh—nk xb by 

Et 084+ 47 ° 


+ 


Similarly we have 
; abate xb-& 
= + 
~ e+ ”? C+ x? ? 
and we have cos 0 = — £2— 24 CP 2, 


Substituting these values in the equation o, = ++ ¢cos 6, we have 
ws = 2 (n& — En + xb -— &). 
The values of w, and w, can be at once obtained from this ‘by the 


principle of symmetry ; and thus we have the components of angular velocity 
given by the equations 7 


= 2 (XE + Si — nb — EY), 
BEI aN 8 +x9 + & — nx), 
w; = 2 (mE — En + xb — Sy). 
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, 17. Time-flux of a vector whose components relative to moviny axes are 
given. 

Suppose now that a vector quantity is specified by its components &, 7, ¢ 
at any instant ¢ with reference to the instantaneous position of a right-handed 
system of axes Oxyz which are themselves in motion: and let it be required 
to find the vector which represents the rate of change of the given vector. 


Let @,, w:, w; denote the components of the angular velocity of the 


system Oxyz, resolved along the instantaneous position of the axes Ox, Oy, Oz 
themselves. 


The time-flux of the given vector is the (vector) sum of the time-fluxes 
of the components &, », ¢, taken separately. But if we consider the vector &, 
it is increased in length to £+£d¢t in the infinitesimal interval of time df, 
and at the same time is turned by the motion of the axes, so that (owing to | 
the angular velocity round Oy) it is displaced through an angle dt from its 
position in the original plane zOz, in the direction away from Oz, and also 
(owing to the angular velocity round Oz) it is displaced through an angle 
@,dt from its position in the original plane «Oy, towards Oy. The coordinates 
of its extremity at the end of the interval of time dt, referred to the positions 
of the axes at the commencement of the interval dt, are therefore (neglecting 
infinitesimals of order higher than the first) 


E+fEdt, tdt, —«,dt, 
and so the components of the vector which represents the time-flux of & are 
E, 03, — Wo. 


Similarly the components of the vectors which represent the time-fluxes 

of the vectors 7 and € are respectively 
== (ORR , @)7); 
and 26, — of, y 

Adding these, we have finally the components of the time-fluw of the gwen 
vector in the form ; 

E — nw; + Sa», 
9 — Fo, + Eas, 
(g — Eo. + 90. 

This result can be immediately applied to find the velocity and 
acceleration of a point whose coordinates (a, y, 2) at time ¢ are given with 
reference to axes moving- with an angular velocity whose components along 
the axes themselves at time t are (@,, @, @s). 

For substituting in the above formulae, we see that the components of 
the velocity are 


yor +20, YF, +40, 4-0, + Yor. 
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Now applying the same formulae to the case in which the vector whose 
time-flux is sought is the velocity, we have the components of the accelera- 
tion of the point in the form 


i (& — yo; + Za) — @; (Y'— ZW, + Ls) + We (Z— 2a. + Y@:); 
. (y — 2@, + #W3) — @, (Z — Lay + YO;) + Ws (& — yw, + Zap), 


S (é — LW. + ya) — @e (@ — Y®; + Zw) + ay, (y — 20, + £@0)3). 


In the case in which the motion takes place in a plane, which we may 
take as the plane Oxy, there will be only two coordinates (x, y), and only one 
component of angular velocity, namely 6, where @ is the angle made by the 

“moving axes with their positions at some fixed epoch; the components of 
velocity are therefore (putting z, w,, w, each equal to zero in the above 
expressions) , 
a —y6 and y+ 26, 
and the components of acceleration are 
& — 290 — yO — 26 and 7+ 246 + x6 — 6. 


Example. Prove that in the general case of motion of a rigid body there is at each 
instant one definite point at a finite distance which regarded as invariably connected with 
the body has no acceleration at the instant, provided the axis of the body’s screwing 
motion, be not instantaneously stationary in direction. (Coll. Exam.) 


18. Special resolutions of the velocity and acceleration. 


_ The results obtained in the last article enable us to obtain formulae, 
which are frequently of use, relating to the components of the velocity and 
acceleration of a moving point in various special directions. 


(i) Velocity and acceleration in polar coordinates. 


Let the position of a point be defined by its polar coordinates r, 6, ¢, 
connected with the coordinates (X, Y, Z) of the point referred to fixed 
rectangular axes OX YZ by the equations 


| ete ee 

| Y =rsin 6sin ¢, 

lz =r cos 6; 
and let it be required to determine the components of velocity and 
acceleration of the point in the direction of the radius. vector r, in the 
direction which is perpendicular to r and lies in the plane containing r and 
OZ (this plane is generally called the meridian plane), and in the direction 


perpendicular to the meridian plane; these three directions are frequently 
described as the’ directions of r increasing, @ increasing, and ¢ increasing, 
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respectively. Take a line through the origin 0, parallel to the direction of 0 
increasing, as a moving axis Oz; and take a line through QO, parallel to the 
direction of ¢ increasing, as axis Oy, and a line parallel to the direction of r 
increasing as axis Oz. The three Eulerian angles which determine the 
position of the moving axes Oxyz with reference to the fixed axes OX YZ are 
(9, $, 0); so (§ 16) the components of angular velocity of the system Oxyz, 
resolved along the axes Ox, Oy, Oz themselves, are 


w, = — dsin 86, wo, = 6, o; = ¢ cos 0. 
The coordinates of the moving point, referred to the moving axes, are 


(0, 0, r); and so by §17 the components of velocity of the point resolved 
parallel to the moving axes are 


rb, rb sin 6, tT, 
and the components of acceleration in the directions of @ increasing, 
¢ increasing, and r increasing (again using the formulae of § 17) are 


2 (r6) —rg?sin 6cos 0+ 76, or r6 + 276 — rd? sin 8 cos 0, 


] = (r¢ sin 0) + rb sin 0 + rbd cos 0, or apg = (r? sin? 64), 
and 7 — 16? — rd? sin? 0. 

If the motion. of the point is in a plane, we can take the initial line in this 
plane as axis Oz, and the quantities denoted by r and @ in these formulae 
become ordinary polar coordinates in the plane; since ¢ is now zero, the 
components of velocity and acceleration in the directions of r increasing and 
? increasing are " 

(7, -76), 
and (F— rb, rb + 276). 

(ii) Velocity and acceleration in cylindrical coordinates. 

Consider now a point whose position is defined by its cylindrical 
coordinates z, p, $, connected with the coordinates (X, Y, Z) of the point 

_referred to fixed rectangular axes OXYZ by the equations 

X = pcos ®, Y=psin®, Z= 8} 
and let it be required to find the components of the velocity and acceleration 
of the point in the direction parallel to the axis of z, in the direction of the 
line drawn from the axis of z to the point, perpendicular to the axis of z, and 
in the direction perpendicular to these two lines. These three directions are 
generally called the direction of z increasing, the direction of p increasing, 
and the direction of $ increasing ; and the coordinate ¢ is called the azimuth 
of the point. 

In this case we take moving axes Ox, Oy, Oz passing through the origin 


and parallel respectively to the directions of p increasing, d increasing, and z 
2—2 
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increasing. The components of angular velocity of the system Oxyz, resolved 
along the axes Oxyz themselves, are i cine 

w, = 0, = 0, am d, 
and the coordinates of the moving re aa to the moving axes, are 


(p,-0, z). It follows by § 17 that the components of velocity of the point in 
these directions are ; ; 
(Pp, pp, 4); 


and the components of acceleration are 
(@—pd, ph+2pg, 4). 
(iii) Velocity and acceleration in arc-coordinates. 


Another application of the formulae of § 17 is to the determination of the 
components of velocity and acceleration of a point which is moving in any 
way in space, resolved along the tangent, principal normal, and binormal to 
its path. 


Consider first the case of a particle moving in a plane: and take lines 
through a fixed point 0, parallel respectively to the tangent and inward 
normal to the path, as moving axes Ow and Oy. These axes are rotating 
round O with angular velocity ¢, where ¢ is the angle made by the tangent 
to the path with some fixed line in the plane. If v denotes the velocity of 
the point, s the arc of the path described at time ¢, and p the radius of 
curvature of the path at the point, we have 


ds _ as 
Bee as 


and the angular velocity of the axes can therefore be written in the form v/p. 


= 


Since the components of the velocity parallel to the moving axes are 
(v, 0), it follows from § 17 that the components of the acceleration parallel to 


; v ° 
the same axes are (3, v. ~) . Since 
p/ 


dv _dsdv _ dv 
di dtds ds’ 


it follows that the acceleration of the moving point in the direction of the 


je 


: 2 dy ree 2h Eos : 
tangent to its path is v aes and the acceleration in the direction of the inward 


aie 
normal is —. 
p 


Now the velocity of a moving point is determined by the knowledge of 
two consecutive positions of the moving point, and the acceleration is therefore 
determined by the knowledge of three consecutive positions; so even if the 
path of the point is not plane, it can for the purpose of determining its 
acceleration at any instant be regarded as moving in the osculating plane of 


18] Kinematical Preliminaries 21 


its path, since this plane contains three consecutive positions of the point. 
Hence the components of acceleration of the point, in the directions of the 
tangent, principal normal, and binormal to its path, are 


dv y 
Gx e 0). 


(iv) Acceleration along the radius and tangent. 

The acceleration of a point which is in motion in a plane may be expressed 
in the following form*; let r be the radius vector to the point from a fixed 
origin in the plane, p the perpendicular from the origin on the tangent to the 
path, s the are of the path described at time ¢, p the radius of curvature of 
the path at the point, and »v or s the velocity of the point at time t; and let 
h denote the product pv. Then the acceleration of the point can be resolved 
h?r 


;, along the radius vector to the origin and LH 
p 


ento components fade 


along the 


tangent to the path. ' 

For the acceleration can be resolved into components vdv/ds along the 
tangent and v°/p along the normal; now a vector F directed outwards along 
the radius vector can be resolved into vectors — F’p/r along the inward normal 
and Fdr/ds along the tangent, so a vector v?/p along the inward normal can be 


2 . agy2 d 
resolved into Bt inwards along the radius vector and = a along the tangent. 
p 


p ds 
The acceleration is therefore equivalent to components 


2 
dv eet or along the tangent, 


” ds pp ds 


2 
and 25 inwards along the radius vector. 
Pp. 


2 
The latter component ise and the former can be written 
ldv wdp 1 d(vp*) h dh. 
2de'pds’ “ I ds’ pide’ 
which establishes Siacci’s result. 


Example 1. Determine the meridian, normal, and transverse components of the accelera- 

tion of a point moving on the surface of the anchor-ring 
x=(c+asiné)cosp?, y=(e+asiné)sing, z=acosé. 

Let P be the point (6, ¢), and let O be the centre of the anchor-ring and C’ the centre 
of the meridian cross-section on which P lies. The polar coordinates of C relative to O 
are (c, p), and the polar coordinates of P relative to C are (a, 6, $); 80 the components 
of acceleration of C relative to O are 

ob transverse 
and — cf? outwards from the axis, ie. — cp? sin 6 along the normal, 
and —c¢*cos 6 along the meridian. 


* Due to Siacci, Atti della R. Acc. di Torino, xtv. p. 750. 
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The components of acceleration of P relative to C are 
a6 — ag? sin 6 cos 6 along the meridian, 
4 € (sin? 6. ) transverse, 
— ab? — ad? sin? 6 normal, 
Thus finally the components of acceleration of P in space are 


a6 —(c+a sin 6) ¢? cos 6 along the meridian, 


—a6?— ad? sin? 6—cf?sin@ normal, 
on arate. ° 
and p+ ad (sin? 6. ) transverse. 


Example 2. If the tangential and normal .components of the acceleration of a point 
moving in a plane are constant, shew that the point describes a logarithmic spiral. 


In this case 


dv : 
» —-=a, where a is a constant, 


ds 
te) v= as. 
vy ; : 
Also ia where ¢ is a constant, 
so s= Cp, where C is a constant, 
or s=C , where ¢ is the angle made by the tangent with a fixed line. 


Integrating this equation, we have 
5 AcB?, 


where A and B are constants: and this is the intrinsic equation of the logarithmic spiral, 


Example 3. To find the acceleration of a point which describes a logarithmic spiral with 
constant angular velocity about the pole. 


By Siacci’s theorem, the components of acceleration are a along the radius vector 
p 
h dh : : 
and Z oF along the tangent; but if is the constant angular velocity, we have h=or?: 
so the components of acceleration are 
wr and Qw*rs 
P*p pe ds’ 
ae of 


Since aps and ds ate constant in the spiral, we see that each of these components of 


acceleration varies directly as the radius vector. 


MISCELLANEOUS EXAMPLES. 


1. If the instantaneous axis of rotation of a body moveable about a fixed point is fixed 
in the body, shew that it is also fixed in space, i.e. the motion is a rotation round a fixed 
axis. 

2. A point is referred to rectangular axes Ox, Oy revolving about the origin with 
angular velocity w; if there be an acceleration to c=a, y=0, of amount nw? x (distance), 
shew that the path relative to the axes can be constructed by taking (i) a point 
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a= nal(ni— 1), (ii) a uniform circular motion with angular velocity (n—1)@ about this, 
and (iii) a uniform circular motion with angular velocity (n+1), but in the opposite 
sense, about this last. (Coll. Exam.) 


| 3. The velocity of a point moving in a plane is the resultant of a velocity v along the 
radius vector to a fixed point and a velocity v parallel to a fixed line. Prove that the 
corresponding accelerations are 


dv, w' dv’ , vv’ 
de tp 0084 and Fire) 
6 being the angle that the radius vector makes with the fixed direction. (Coll. Exam.) 


A, A point moves in a plane, and is referred to Cartesian axes making angles a, 8 with 
a fixed line in the plane, where a, 8 are given functions of the time. Shew that the com- 
ponent velocities of the point are 


& — xa cot (8 —a)—yB cosec (8 — a), gy +78 cot (8 —a)+.a cosec (8 — a), 


and obtain expressions for the component accelerations. (Coll. Exam.) 


5. A point is moving in a plane: 6 is the logarithm of the ratio of its distances from 
two fixed points in the plane, and @ is the angle between them: also 24 is the distance 
between the fixed points. Shew that the velocity of the point is 

i + $2 


spa = 068 6? (Coll. Exam.) 


6. If in two different descriptions of a curve by a moving point, the product of the 
velocities at corresponding places in the two descriptions is constant, shew that’ the 
accelerations at corresponding places in the two descriptions are as the squares of the 
velocities, and that their directions make equal angles with the normal to the curve, in 
opposite senses. (J. von Vieth.) 


7. A point is moving in a parabola of latus rectum 4a, and when its distance from the 
focus is 7, the velocity is v; shew that its acceleration is compounded of accelerations 2 
and J, along the radius vector and normal respectively, where 


$ 
Rae iV coe g 


a Tad er (vr). (Coll, Exam.) 
” 


8. Shew that if the axes of x and y rotate with angular velocities ;,.2 respectively, 
and 1 is the angle between them, the component accelerations of the point (#, y) parallel 


to the axes are 
& — ww," — (Ho, +2Ha,) cot W— (ya: + 2a) cosec Wy, 


and ¥Y — Yor + (2d + 2Ha1) cosec + (Yd2+ 2Yae) cot p. (Coll. Exam.) 
9. The velocity of a point is made up of components ~, v in directions making angles 
6, @ with a fixed line. Prove that the components /, /’ in these directions of the accelera- 
tion of the point will be given by 
f=%—wh cot x — vd cosec x, 
 f'=0+ud cosec x +p cot x, 
x being the inclination of the two directions. 


Being given that the lines joining a moving point to two fixed points are 7, 3 in length 
and 6, @ in inclination to the line joining the two fixed points, determine the acceleration 
of the point in terms of @, a’, the rates of increase of 6; ¢. (Coll. Exam.) 
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10. If.A, B, C be three fixed points, and the component velocities of a moving point P 
along the directions PA, PB, PC be u, v, and w; shew that the accelerations in the same 
directions are 


: 1 gag Se 
a PR ae POM eT A 


cos sr) ( 1 cos a) 
+uw ? 


and two similar expressions. (Coll. Exam.) 

11. The movement of a plane lamina is given by the angular velocity and the com- 
ponent velocities uw, v of the origin O resolved along axes Ox, Oy traced on the lamina. 
Find the component velocities of any point (x, y) of the lamina. Shew that the equations 

d ne wate) i 

dt ta (=e i. 
represent circular loci on the lamina; one being the locus of those points which are passing 
cusps on their curve loci in space and the other being the locus of the centres of curvature 
of the envelopes in space of all straight lines of the lamina, (Coll. Exam.) 


12. Shew that when a point describes a space-curve, its acceleration can be resolved 
into two components, of which one acts along the radius vector from the projection of a 
fixed point on the osculating plane, and the other along the tangent ; and that these are 
respectively 


TdT  T* qdq 
p? ds # p ds’ 
where p is the radius of curvature, g the distance of the fixed point from its projection on 
the osculating plane, r and p are the distances of this projection from the moving point 
and the tangent, 7’ is an arbitrary function (equal to the product of p and the velocity) and 
s is the arc. (Siacci. ) 


and 


13. A circle, a straight line, and a point lie in one plane, and the position of the point 
is determined by the lengths ¢ of its tangent to the circle and p of its perpendicular to 
the line. Prove that, if the velocity of the point is made up of components wu, v in the 
directions of these lengths and if their mutual inclination be 6, the component accelerations 
will be 
u%—uv cos 6/t, b+ur/t. (Coll. Exam.) 


14. A particle moves in a circular arc. If 7, r’ are the distances of the particle at P 
from the extremities A, B of a fixed chord, shew that the accelerations along 4P, BP are 


respectively 


dv 


ov’ dv’. vw’ 
—+—(r-—r and. 
ap he ( cosa), and 


de oe 


where 2, v’ are the velocities in the directions of 7, 7’, and a is the angle APB. 


(7 —r cosa), 


A point describes a semicircle under accelerations directed to the extremities of 4 
diameter, which are at any point inversely as the radii vectores r, 7’ to the extremities of 
the diameter. Shew that the accelerations are 

4ai V2 4at V2 
“ae aT 
where a is the radius of the circle and V the velocity of the point parallel to the diameter. 
(Coll. Exam.) 
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1s. The motion of a rigid body in two dimensions is defined by the velocity (wu, v) of 
one of its points C and its angular velocity . Determine the coordinates relative to C of 


the point J of zero velocity, and shew that the direction of motion of any other point P is 
perpendicular to PI. 


Find the coordinates of the point J of zero acceleration, and express the acceleration of 
P in terms of its coordinates relative to J. (Coll. Exam.) 


16. A point on a plane is moving with constant velocity V relative to it, the plane at 
the same time turning round a fixed axis perpendicular to it with angular velocity @. Shew 
that the path of the point is given by the equation 
eee PE EE 

@ @ r 
rand 6 being referred to fixed axes, and a being the shortest distance of the point from the 
axis of rotation. (Coll. Exam.) 


17. The acceleration of a moving point Q is represented at any instant by wa, where w 
is a fixed point and a describes uniformly a circle whose centre is ». Prove that the 
velocity of @ at any instant is represented by Op, where O is a fixed point and p describes 
a circle uniformly ; and determine the path described by Q. 

(Camb. Math. Tripos, Part I, 1902.) 
- 


of 

18. A point moves along the curve of intersection of the ellipsoid oe +2475 =1and 
GP i ee 

yp BB 

Br Fd 


2 
the hyperboloid of one sheet = a =1, and its velocity at the point where 


; ae OF & : 
the curve meets the hyperboloid of two sheets can + palts ee air lis 


h { (w=) 
(a? — w) (6?— p) (2? — p) 
where f/ is constant. Prove that the resolved part of the acceleration of the point along 
the norma} to the ellipsoid is 
habe (4 —2) 
(a? =p) (B?— pw) (—p) J rp 


19. A rigid body is rolling without sliding on a plane, and at any instant its angular 
velocity has components «1, #2 along the tangent to the lines of curvature at the point 
of contact, and @; along the normal: shew that the point of the body which is at the point 
of contact has component accelerations 


— hyw103, — Ryw203, Ryo? + Row,?, 
where R,, A, are the principal radii of curvature of the surface of the body at the point 
of contact. (Coll. Exam.) 


(Coll. Exam.) 


CHAPTER II 


THE EQUATIONS OF MOTION 


19. The ideas of rest and motion. 


In the previous chapter we have frequently used the terms “fixed” and 
“moving” as applied to systems. So long as we are occupied with purely 
kinematical considerations, it is unnecessary to enter into the ultimate 
significance of these words; all that is meant is, that we consider the 
displacement of the “moving” systems, so far as it affects their configuration 
with respect to the systems which are called “fixed,” leaving on one side the 
question of what is meant by absolute “ fixity.” 


When however we come to consider the motion of bodies as due to specific 
causes, this question can no longer be disregarded. 


In popular language the word “fixed” is generally used of terrestrial 
objects to denote invariable position relative to the surface of the earth at 
the place considered. But the earth is rotating on its axis, and at the same 
time revolving round the Sun, while the Sun in turn, accompanied by all 
the planets, is moving with a large velocity along some not very accurately 
known direction in space. It seems hopeless therefore to attempt to find 
anything which can be really considered to be “at rest.” 


In the nineteenth century it was supposed that the aether of space (the 
vehicle of light and of electric and magnetic actions) was (apart from small 
vibratory motions) stagnant, and so was capable of providing a basis for 
absolute fixity. But this doctrine has been subverted by the modern Principle 
of Relatunty*, which asserts that even in the domain of electromagnetic 
phenomena it is impossible to distinguish absolute rest from a state of uniform 
translatory motion common to all the members of a system. 


Accordingly in dynamics, although when we speak of the. motion of bodies 


we always imply that there is some set of axes, or frame of reference as it may: 


be called, with reference to which the motion is regarded as taking place, and 
to which we apply the conventional word “ fixed,” yet it must not be supposed 
that absolute fixity has thereby been discovered. When we are considering 


* Cf. Whittaker’s History of the Theories of Aether and Electricity, ch. x11. (London, 1910) ; 
or Conway’s Relativity (London, 1915). 
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the motion of terrestrial bodies at some place on the earth’s surface, we shall 
take the frame of reference to be fixed with reference to the earth . and it is 
then found that the laws which will presently be given are paieon: to 
explain the phenomena with a sufficient degree of accuracy; in other words 
the earth’s motion does not exercise a sufficient disturbing influence to na: 


it necessary to allow for its effects in the majority of cases of the motion of 
terrestrial bodies. 


ft 1s also necessary to consider the meaning to be attached to the word 
z time,” which in the previous chapter stood merely for any parameter 
varying continuously with the configuration of the systems considered. The 
Principle of Relativity reveals the great difficulties that attend any attempt 
to elucidate the idea of time: in particular, it is by no means easy to define 
sumultanerty, Le. to explain what is meant by saying that two events at 
different points of space happen “at the same time.” However, a system of 
time-measurement which is intelligible from the point of view of ordinary 
instrumental work, and which is sufficient for our present purpose, is the 
following : we suppose that the angle through which the earth has rotated on 
its axis (measured with reference to the fixed stars, whose small motions we 
can for this purpose neglect), in the interval between two events, measures 
the time elapsed between the events in question. This angular measure can 
be converted into the ordinary measure in terms of mean solar hours, minutes, 
and seconds at the-rate of 360 degrees to 24 x 365}/366} hours. 


20. The laws which determine motion*. 


Considering now the motion of terrestrial objects, and taking the earth as 
the frame of reference, it is natural to begin by investigating the motion of a 
very small material body, or particle as we shall call it, when moving in vacuo 
and entirely unconnected with surrounding objects. The paths described by 
such a particle under various circumstances of projection may be observed, 
and the methods of the preceding chapter enable us, from the knowledge 
thus acquired, to calculate the acceleration of the particle at any point of any 
particular observed path. It is found that for all the paths the acceleration 
is of constant amount, and is always directed vertically downwards. This 
acceleration is known as gravity, and is generally denoted by the letter g; its 
amount is, in Great Britain, about. 981 centimetres per second per second. © 

The knowledge of this experimental fact is theoretically sufficient to 
enable us to calculate the path of any free terrestrial particle in vacuo, when 
the circumstances of its projection are known: the actual calculation will not 
be given here, as it belongs more properly to a later chapter. 

The case of motion which is next in simplicity is that of two particles 
which are connected together by an extremely light inextensible thread, and 


* The laws of motion are due to Newton: Principia, p. 12 (ed. 1687). 
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are free to move in vacuo at the earth’s surface. So long as the thread is 
slack, each particle moves with the acceleration gravity, just as if the other 
were not present. But when the thread is taut, the two particles influence 
each other’s motion. We can now as before observe the path of one of the 
particles, and hence calculate the acceleration by which at any instant its 
motion is being modified. We thereby arrive at the experimental fact, that 
this acceleration can be represented at any instant by the resultant of two 
vectors, of which one represents the acceleration g and the other 1s directed 
along the instantaneous position of the thread. 

The influence of one particle on the motion of the other consists there- 
fore in superposing on the acceleration due to gravity another acceleration, 
which acts along the line joining the particles and which is compounded 
with gravity according to the vectorial law of composition of accelerations. 
Denoting the particles by A and B, we can at any instant calculate, from the 
observed paths, the magnitudes of the accelerations f, and f, thus exerted by 
B on A and by A on B respectively; and this calculation immediately yields 
the result that the ratio of f, to f, does not vary throughout the motion. On 
investigating the motions which result from various modes of projection, at 
various temperatures etc., we are led to the conclusion that this ratio 1s an 
unvarrable physical constant of the pair of bodies A and B*. 


On consideration of the motion of more complex systems it is nti 
that the experimental laws just stated can be generalised so as to form 
a complete basis for all dynamics, whether terrestrial or cosmic. This 
generalised statement is as follows: If any set of mutually connected particles 
are in motion, the acceleration with which any one particle moves is the 
resultant of the acceleration with which it would move if perfectly free, and 
accelerations directed along the lines joining it to the other particles which 
constrain its motion. Moreover, to the several particles A, B, C,..., numbers 
m4, Mz, M¢,... can be assigned, such that the acceleration along AB due to the 
influence of B on A 1s to the acceleration along BA due to the influence of 
A on B in the ratio mg:my,. The ratios of these numbers m4, mp, ... are 
envariable physical constants of the particles. 


The evidence for the truth of this statement is to be found in the universal 
agreement of the calculations based on it, such as those given later in this 
book, with the results of observation. 


It will be noticed that only the ratios of the numbers m4, mz, mc, .:. are 
determined by the law; it .is convenient to take some definite particle A as 
a standard, calling it the wnit of mass, and then to call the numbers mp;/m4, 
Me/m4,... the masses of the other particles mg, mo, .... 


* The ratio is in fact equal to the ratio of the weight of B to the weight of 4; the ratio of 
the weights of two terrestrial bodies, as observed at the same place on the éarth’s surface, is a 
perfectly definite quantity, and does not vary with the place of observation. 
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; ‘The mass of the compound particle formed by uniting two or more particles 

is found to be equal to the sum of the masses of the separate particles. 
Owing to this additivé property of mass, we can speak of the mass of a finite 
body of any size or shape; and it will be convenient to take as our unit of 
mass the mass of the z4,;th part of a certain piece of platinum known as the 
standard kilogramme; this unit will be called a gramme, and the number 
representing the ratio of the mass of any other body to this unit mass is 
called the mass of the body in grammes. 


21. Force. 


We have seen that in every case of the interaction of two particles A and 
B, the mutual influence consists of an acceleration faon A and an acceleration 
Fp, on B, these accelerations being vectors directed along AB and BA respec- 
tively, and being inversely proportional to the masses m4 and mg. It follows 
that the vector quantity m4 f4 is equal to the vector quantity mz fz, but has 
the reverse direction. The vector m, f4 is called the force exerted by the 
particle B on the particle A; and similarly the vector mg fs is called the force 
exerted by the particle A on the particle B. 


_ With this terminology, the law of the mutual action of a connected 
system of particles can be stated in the form: the forces exerted on each other 
by every pair of connected particles are equal and opposite. This is often 
called the Law of Action and Reaction. 


If the various forces which act on a particle A as a result of its connexion 
with other particles are compounded according to the vectorial law, the 
resultant force gives the total influence exerted by them on the particle A ; 
this force divided by mz, is the acceleration induced in A by the other 
particles ; and the resultant of this acceleration and the acceleration which the 
particle A would have if entirely free (due to such causes as gravitation) is 
the actual acceleration with which the particle A moves. 

In general, if an acceleration represented by a vector f is induced in 
a particle of mass m by any agency, the vector mf is called the force* due to 
this cause acting on the particle; and the resultant of all the forces due to 
various agencies is called the total force acting on the particle. It follows 
that if (X, Y, Z) are the components parallel to fixed rectangular axes of the 
total force acting on the particle at any instant, and (#, ¥, 7) are the com- 
ponents of the acceleration with which its path is being described at that 
instant, then we have the equations 

méi=X, mj=Y, mz=Z. 


Two other terms which are frequently used may conveniently be defined 
at this point. 


* Force is the vis motrix of Newton’s Principia, 1. def. 8. 
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The product of the number which represents the magnitude of the com- 
ponent of a given force perpendicular to a given line L and the number 
which represents the perpendicular distance of the line of action of the force 
from the line L is called the moment of the force about the line L. 


If the three components (X, Y, Z) of the force acting on a single free 
particle are given functions of the coordinates (a, y, z) of the particle, they 
are said to define a field of force. — 


22. Work. 


Consider now any system of particles, whose motion is either quite free or 
restricted by given connexions between the particles, or constraints due to 
other particles which are not regarded as forming part of the system. Let m 
be the mass of any one of the particles, whose coordinates referred to fixed 
rectangular axes in any selected configuration of the system are (a, y,z); and 
let (X, Y, Z) be the components, parallel to the axes, of the total force 
acting on the particle in this configuration. 


Let (@+ da, y + dy, z+6z) be the coordinates of any point very near to 
the point (a, y, z), such that the displacement of the particle m from one 
point to the other does not violate any of the constraints (for instance, if m is 
constrained to move on a given surface, the two points must both be situated 
on the surface). Then the quantity 


X dx + Vby + Zdz 


is called the work* done on the particle m by the forces acting on it in the 
infinitesimal displacement from the position (a, y, z) to the position 


(a + da, y + Sy, z+ 82). 
This expression can evidently be interpreted physically as being the 


product of the distance through which the particle is displaced and the com- 
ponent of the force (X, Y, Z) along the direction of this displacement. 


Since forces obey the vectorial law of composition, the sum of the com- 
ponents in a given direction of any number of forces acting together on a_ 
particle is equal to the component in this direction of their resultant: and 
hence the work done by a force which acts on a particle in a given displace- 
ment 1s equal to the sum of the quantities of work done in the same displacement 
by any set of forces into which this force can be resolved. 


Suppose now that in the course of a motion of the system, the particle m 
is gradually displaced from any position (which we can call its initial position) 
to some other position at a finite distance from the first (which we can call 
its final position). The work done on the particle by the forces which act on 

* Newton defined the Actio Agentis as the product of the velocity into the component of force 


along the direction of motion; it is evidently the time-flux of the work donde. Cf. Principia, 1. 
p. 25 (ed. 1687). 
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it during this finite displacement is defined to be the sum of the quantities 
of work done in the successive infinitesimal displacements by which we can 
regard the finite displacement as achieved. The work done in a finite dis- 
placement is therefore represented by the integral 

Vf xy OE dy dz 
where the integration is taken between the initial and final positions along 
the are s described in space by the particle during displacement. 


These definitions can now be extended to the whole set of particles which. 
form the system considered; the system being initially in any given con- 
figuration, we consider any mode of displacing the various particles of the 
system which is not inconsistent with the connexions and constraints; the 
sum of the quantities of work performed on all the particles of the system in 
the displacement is called the total work done on the system in the displace- 
ment by the forces which act on it. 


23. Forces which dono work. 


There are certain classes of forces which frequently occur in dynamical 
systems, and which are characterised by the feature that during the motion 
they do no work on the system. 


Among these may be mentioned 


1°. The reactions of fixed smooth surfaces: the term smooth implies 
that the reaction is normal to the surface, and therefore in each infinitesimal 
displacement the point of application of the reaction is displaced in a direction 
perpendicular to the reaction, so that no work is done. 


2°, The reactions of fixed perfectly rough surfaces: the term perfectly 
rough implies that the motion of any body in contact with the surface is one 
of pure rolling without sliding, and therefore the point of application of the 
reaction is (to the first order of small quantities) not displaced in each 
infinitesimal displacement, so that no work is done. 

3°. The mutual reaction of two particles which are rigidly connected 
_ together: for if (a, Y1, 2) and (a, Yo, 2.) are the coordinates of the particles, 
and (X, Y, Z) are the components of the force exerted by the first particle on 
the second, so that (- X, —Y, — Z) are the components of the force exerted 
by the second particle on the first, the ‘total work done by- these forces in. 
an arbitrary displacement is 

X (Say — 82,) + Y (8y.— 8y,) + Z (822 — 821). 
But since the distance between the particles is invariable, we have 
8 {(a_— 21)? + (Ya— fi)? + (42— a)} = 0, 

or (2 — @,) (82% — 82) + (Yo — Yr) (8Y2— 8y1) + (Z2 — 41) (822 — 841) = 0, 
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and since the force acts in the direction of the line joining the particles, we 


have 


X:V:Z = (a> &%): (Yo— Yr): (22 — %1)- 
Combining the last two equations, we have 
X (8a, — 8%,) + Y (by. — 8y,) + 4 (Sz — 82) = 0, 

and therefore no work is done in the aggregate by the mutual forces between 
the particles. 

4°. A rigid body is regarded from the dynamical point of view as an 
aggregate of particles, so connected together that their mutual distances are _ 
invariable. It follows from 8° that the reactions between the particles which 
are called into play in order that this condition may be satisfied (or molecular 
forces as they are called, to distinguish them from eaternal forces such as 
gravity) do, in the aggregate, no work in any displacement of the body. 


5°, The reactions at a fixed pivot about which a body of the system can 
turn, or at a fixed hinge, or at a joint between two bodies of the system, are 
similarly seen to belong to the category of forces which do no work. 


In estimating the total work done by the forces acting on a dynamical 
system in any displacement of the system, we can therefore neglect all forces 
of the above-mentioned types. 


24. The coordinates of a dynamical system. 

Any material system is regarded from the dynamical point of view as 
constituted of a number of particles, subject to interconnexions and con- 
straints of various kinds; a rigid body being regarded as a collection of 
particles, which are kept at invariable distances from each other by means 
of suitable internal reactions. 


When the constitution of such a system (1.e. the shape, size, and mass of 
the various parts of which it is composed, and the constraints which act on 
them) is given, its configuration at any time can be specified. in terms of a 
certain number of quantities which vary when the configuration is altered, 
and which will be called the coordinates of the system; thus, the position of a 
single free particle in space is completely defined by its three rectangular 
coordinates (x, y, 2) with reference to some fixed set of axes; the position of 
a single particle which is constrained to move in a fixed narrow tube, which has 
the form of a twisted curve in space, is completely specified by one coordinate, 
namely the distance s measured along the arc of the tube to the particle from 
some fixed point in the tube which is taken as origin; the position of a rigid 
body, one of whose points is fixed, is completely determined by three co- 
ordinates, namely the three Eulerian angles 0, ¢, yw of § 10; the position of 
two particles which are connected by a taut inextensible string can be defined 
by tive coordinates, namely the three rectangular coordinates of one of the 
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particles and two of the direction-cosines of the string (since when these five 


quantities are known, the position of the second particle is uniquely deter- 
mined); and so on. 


Example. State the number of independent coordinates required to specify the 


configuration at any instant of a rigid body which is constrained to move in contact with 
a given fixed smooth surface. 


We shall generally denote by x the number of coordinates required to 
specify the configuration of a system, and shall suppose the systems con- 
sidered to be such that n is finite. The coordinates will generally be denoted 
by q:, 92,--- Qn. Ifthe system contains moving constraints (e.g. if it consists 
of a particle which is constrained to be in contact with a surface which in 
turn. is made to rotate with constant angular velocity round a fixed axis), 
it may be necessary to specify the time ¢ in addition to the coordinates 
> Y2,-+- Yn, m order to define completely a configuration of the system. 


The quantities q,, ge, ... Gn are frequently called the velocities corresponding 
to the coordinates q,, qo, --- Yn+ 


A heavy flexible string, free to move in space, is an example of a dynamical system 
which is excluded by the limitation that n is to be finite; for the configuration of the 
string cannot be expressed in terms of a finite number of parameters. 


25. Holonomic and non-holonomic systems. 


It. is now necessary to call attention to a distinction between two kinds 
of dynamical systems, which is of great importance in the analytical discussion 
of their motion: this distinction may be illustrated by a simple example. 


If we consider the motion of a sphere of given radius, which is constrained 
to move in contact with a given fixed plane, which we can take as the plane . 
of zy, the configuration of the sphere at any instant is completely specified 
by five coordinates, namely the two rectangular coordinates (a, y) of the 
centre of the sphere and the three Eulerian angles 0, ¢, y of § 10, which 
specify the orientation of the sphere about its centre. The sphere can take 
up any position whatever, so long as it is in contact with the plane; the five 
coordinates (2, y, 9, @, yr) can therefore have any arbitrary values. 


If now the plane is smooth, the displacement from any position, defined 
by the coordinates (#, y, 0, ¢, >), to any adjacent position, defined by the 
coordinates («+ dx, y + dy, 0+ 80, 6+ 54, y+ dy), where da, dy, 80, dd, Sp 
are arbitrary independent infinitesimal quantities, is a possible displacement, 
i.e. the sphere can perform.it without violating the constraints of the system. 
But if the plane is perfectly rough, this is no longer the case when 682, dy, 68, 
5$, 5y are arbitrary; for now the condition that the displacement of the 
point of contact is zero (to the first order of small quantities) must be 
satisfied, and this implies that the quantities dc, dy, 66, dp, Sy are no 
longer independent, but are mutually connected (in fact, they must be such 


W. D. 3 
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as to satisfy two non-integrable linear equations); so that in the case of the 
sphere on the perfectly rough plane, a displacement represented by arbitrary 
infinitesimal changes im the coordinates is not necessarily a possible dis- 


2 


placement. 

A dynamical system for which a displacement represented by arbitrary 
infinitesimal changes in the coordinates is in general a possible displacement 
(as in the case of the sphere on the smooth plane) is said to be holonomic ; 
when this condition is not satisfied (as in the case of the UE on the rough 
plane) the system is said to be non-holonomic. 

If (891, Sq2,... Sgn) are arbitrary infinitesimal increments of the coordinates 
in a dynamical system, these will define a possible displacement if the system 
is holonomic, while for non-holonomic systems a certain number, say m, of 
equations must be satisfied between them in order that they may correspond 
to a possible displacement. The number (n—m) is called the number of 
degrees of freedom of the system. Holonomic systems are therefore charac- 
terised by the fact that the number of degrees of freedom is equal to the 
number of independent coordinates required to specify the configuration 
of the system. 


26. Lagrange’s form of the equations of motion of a holonomic system *. 

We shall now consider the motion of a holonomic system with n degrees 
of freedom. Let (q:, qo, --. Qn) be the coordinates which oa the con- 
figuration of the system at the time ¢. 

Let m; typify the mass of one of the particles of the system, and let 
(«;, yi, 2%) be its coordinates, referred to some fixed set of rectangular axes. 
These coordinates of individual particles are (from our knowledge of the 
constitution of the system) known functions of the coordinates q,, q2,... Qn of 
the system, and possibly of ¢ also; let this dependence be expressed by the 


equations 


= fie (Gas Jas oes Qn» t), 
Yi = Pi (Ms Ya» -++> In» t), 
a = Wi (Gis Gor 0+ Yn €). 

Let (X;, Yi, Z;) be the components of the total force (external and 
molecular) acting on the particle m;; then the equations of motion of this 
particle are ; 
ma; = Xj, my,= Y;, M,Z; = Z;. 
Maltiply these equations by 

Of, Of; Os 
09; are 09 1 Ogm 


* Lagrange, Mécanique Analytique (1788), Seconde Partie, Section 1v. The equations were 
first suggested in one of his earlier papers, Miscell. Taurin. 11. (1760). 
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respectively, add them, and sum for ‘all the particles of the system. We 
thus have 


Q v % L 
Sims (Hogi te + HE!) = 3 (xP 4 VBP 7A) 
OS Tl Ee og 
where the symbol 5 eee summation over Et ne particles of the system ; 
this can be either an integration (if the particles are united into rigid bodies) 
or a summation over a discrete aggregate of particles, 


But we have 


Oa; 0 (Of: . Hi Of; . Ue Of; 
0qr = ag a! sat 0g. dt. mae dei ae 0g,’ 
pO e a ., 08% 


Out; ih Gs aay ed Ga 
(a “a *\aqag ft SF oo ag, ore 


a 
dt 0q204r 
d (« oe) . Ox; 
dt \"* 0qr < 
ae 
race aaa} -2 < (440), 


and therefore we have 


mi (ase fs + jigei+z i a5) 


as 


) 
= 2 es ee 2 y 2 
3m; Pate (a? + y? +2; it bemis a + Y? + 27). 
Now the quantity 
42m; (@2 + Y2 + 27) 
Paresonts the sum of the masses of the particles of the system, each 
multiplied -by half the square of its velocity; this is called the Kznetic 
Energy of the system*. From our knowledge of the constitution of the 
system, the kinetic energy can be calculated+ as a function of 
MN qa» MD) Yn> hp qe, ED Gn; t 3 


we shall denote it by 
T (hh, qa, cee Qn> qi» Ya, ses Qn> t), 


and shall suppose that 7’ is a known function of its arguments. Since 


Ti Ti oh 4 he 


* The mass of a particle multiplied by the square of its velocity was called the vis viva by 


Leibnitz (Acta erud., 1695). 
+ The methods of performing this caleulation for rigid bodies are given in Chapter V. 


3—2 


Gi = 
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and 4; and 4; are likewise linear functions of Gh, Go, ++» Yn» We See that 7 is a 
quadratic function of G1, go, -.. dn: if the functions f, ¢, ¥ do not involve the 
time explicitly (as is generally the case if there are no moving constraints 
in the system), the quantities ¢, y, 2 are homogeneous linear functions of 
Gis Go) «+ Gn, and then 7’ is a homogeneous quadratic function of G1, qa, --- Yn- 


From the definition it follows that the kinetic energy of a system is essentially 
positive ; 7’ is therefore a positive definite quadratic form in_g,, G2, --- Jn» and 80 satisfies 
the conditions that its discriminant and the principal minors of every order of its 
discriminant, are positive. 


We have thus derived from the equations of motion the equation 
ST RaBING OF Of: . y Obi, 7 OW 

21 LE ARCS SI 5 GAs gaa 2. 

dt (aa) qr =(x 0"r a 0qr a a) 
and the expression on the left-hand side of this equation does not involve the 
individual particles of the system, except in so far as they contribute to the 
kinetic energy 7. We have now to see if the right-hand side of the equation 
can also be brought to a form in which the individuality of the separate 
particles is lost. 


For this purpose, consider that displacement of the system in which the 
coordinate q, is changed to q,+ 8q,, while the coordinates ; 


Gir Gas ++* Gray Yrtiy +++ In 
and the time (so far as this is required for the specification of the system) are 
unaltered. Since the system is holonomic, this can be effected without 
violating the constraints. In this displacement, the coordinates of the 
particle m; are changed to ; 


Of: Og; OW; 
i+ ae 8g, Yi <r od, qr; a+ a 8475 


and therefore the total work done in the displacement by all the forces which 
act on the particles of the system is 


of: 0 i Ov; 
= ac pha means 
> (Xs + rise + Z 5 8qr. 


_ Now of the forces which act on the system, there are several kinds which 
do no work. Among these are, as was seen in § 23, 


1°. The molecular forces which act between the particles of the rigid 
bodies contained in the system: 

2°, The pressures of connecting-rods of invariable length, the reactions 
at fixed pivots, and the tensions of taut inextensible strings: 

3°. The reactions of any fixed smooth surfaces or curves with which 


bodies of the system are constrained to remain in contact; or of perfectly 
rough surfaces, so far as these can enter into holonomic systems: 
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4°. The reactions of any smooth surfaces or curves with which bodies 
of the system are constrained to remain in contact, when these surfaces or 
curves are forced to move in some prescribed manner; for the displacement 
considered above is made on the supposition that ¢, so far as it is required for 
the specification of the system, is not varied, ie. that such surfaces or curves 
are not moved during the displacement; so that this case reduces to the 
preceding. . 3 

The forces acting on the system, other than these which do no work, are 
called the eaternal forces. It follows that the quantity 


BS (x.2 cr y, o% + Z; a) 8qr 

t 0qr OGr Ur 

is the work done by the external forces in the displacement which corresponds 
to a change of g, to q,+ 6q,, the other coordinates being unaltered. This is 
a quantity which (from our knowledge of the constitution of the system, and 
of the forces at work) is a known function of q,, q2,-.. Un, £; we shall denote 


it by 


Q,; CA qe> eee Pn, t) 8q:. 


d foT\ of 
ai (ag,) ~ a9; 7 

This equation is true for all values of r from 1 to n inclusive; we thus 
have n ordinary differential equations of the second order, in which q;, qs, --- Qn 
are the dependent variables and ¢ is the independent variable ; as the number 
of differential equations is equal to the number of dependent variables, the 
equations are theoretically sufficient to determine the motion when the 
initial circumstances are given. We have now arrived at a result which may | 


be thus stated : 
Let T denote the kinetie energy of a dynamical system, and let 


Q18q, + Q25q2 + --- + Qn89n 
denote the work done by the eaternal forces in an arlitrary displacement 
(Sq, 52, --- 8qn), so that. T, Qi, Qe...» Qn are, from our knowledge of the 
constitution of the system, known functions of qi, qe, --- Ins Gs Qe +++ Im» t5 
then the equations which determine the motion of the system may be written 
4 (5q,) ~ qe 7 Cia=ele2 wee) 

These are known as Lagrange’s equations of motion. It will be observed 
that the unknown reactions (e.g. of the constraints) do not enter into these 
equations. The determination of these reactions forms a separate branch of 
mechanics, which is known as Kineto-statics*: so we can say that in Lagrange’s 
equations the kineto-statical relations of the problem are altogether eliminated. 

* Cf, Heun, Deutsche,Math. Ver. 1x. (Heft 2) (1900), p. 1. 


We have therefore 
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27. Conservative forces: the Kinetic Potential. 


Certain fields of force have the property that the work done by the forces 
of the field in a displacement of a dynamical system from one configuration 
to another depends only on the initial and final configurations of the system, 
being the same whatever be the sequence of infinitesimal displacements by 
which the finite displacement is effected. 

Gravity is a conspicuous example of a field of force of this character; the work done 
by gravity in the motion of a particle of mass m from one position at a height 4 to 
another position at a height & above the earth’s surface is mg(i—£), and this does not 
depend in any way on the path by which the particle is moved from one position to the 
other. 


Fields of force of this type are said to be conservative. 


Let the configuration of any dynamical system be specified by n | 
coordinates q, q2,--. gn- Choose some configuration of the system, say 
that for which 

: Fr = G,, (y= 1s Deceit 
as a standard configuration ; then if the external forces acting on the system 
are conservative, the work done by these forces in a displacement of the 
system from the configuration (q, gs, --. Qn) to the standard configuration is a 
definite function of 9,, q,--- Gn, not depending on the mode of displacement. 
Let this function be denoted by V (q,, qo, --- Qn); it is called the Potential 
Energy* of the system in the configuration (q, q2,--. Qn). In this case the 
work done by the external forces.in an arbitrary displacement 


(89q;, qo, --- 8Gn) 


is evidently equal to the infinitesimal decrease in the function V, corresponding 
to the displacement, i.e. is equal to the quantity 
ETA ee OR 

Og Ni 02 qe sree O9n Qns 
Lagrange’s equations of motion therefore take the form 
d fof, of OV” 
neuen aaa (r= 12.2)! 

If we introduce a new function Z of the variables q,, g++. Qny Gis ++» Gn» t 
defined by the equation 


L=T-YJ, 
then Lagrange’s equations can be written 
d /joL\ oL 
wi (oa.) ~ ag, 7° (r= 1, Diet). 


* The Potential-function was introduced by Lagrange in 1773 (Oeuvres, vi. p. 335). The 
name Potential is due to Green (1828). 
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< The function L is called the Kinetic Potential, or Lagrangian function ; 
this single function completely specifies, so far as dynamical investigations 
are concerned, a holonomic system for which the forces are conservative. 


28. The explicit form of Lagrange’s equations. 

We shall now shew how the second derivatives of the coordinates with 
respect to the time can be found explicitly from Lagrange’s equations. 

Let the configuration of the dynamical system considered be specified by 
coordinates 91, G2, --. Qn; we shall suppose that the configuration can be 
completely specified in terms of these coordinates alone, without t, so that 
the kinetic energy of the system is a homogeneous quadratic function of 
h G2,--» Gn. AS was seen in § 26, this is always the case when the 
constraints are independent of the time, but not in general when the 
constraints have forced motions (as for instance in the case of a particle 
constrained to move on a wire which is made to rotate in a given way). 


Suppose then that the kinetic energy is 
T=4 2% Lang, 
k=11=1 


where a, = ay, and where the coefficients a,; are known functions of 


> qe, OO "Fn- 
The Lagrangian equations of motion for the system are 

d /oT\ of 
# 5(3 donde) —4 2 5 Ot im Qe, (r= 1, 2...) 
dt \s=1 k=11=1 OGr i a ; 

n _ n Nn lm i 

or > AreGet+ > dy 19m = > (r=1, Pa Bee 

s=1 t=1m=1| 7 


where the symbol ' | , which is called a Christoffel’s symbol*, denotes the 


expression 


11 OQ, OQmr Om 
2 Ga oN ng Ogr ) i 

These equations, being linear in the accelerations, can be solved for the 
quantities g,. In fact, let D denote the determinant 


4 Ay Aye Aig eee Ain , 


Ani Ann 


* It was introduced by Christoffel, Journal fir Math, uxx. (1869), and is of importance in the 
theory of quadratic differential forms. 
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and let A,, be the minor of a, in this determinant. Multiply the n equations 
of the above system by A,,, A»,... Any, respectively, and add them: re- 


cL . . * 
membering that the quantity = A,,dy. is zero when s is different from v, and 
r=1 


has the value D when s is equal to v, we have 


Dot SS 3 Ae | dum = 3 Ae, 
l=1 m=1 r=1 r r=1 
or Ve = 3 2 = x A;,y [ | UYm a = Ay, Q,- 

This equation is true for all values of v from 1 to m inclusive; and 
these n equations, in which g,, G2, --. Gn are given explicitly as functions of 
G1; Gos «+» Gn» Uy Yes ++» Qn» can be regarded as replacing Lagrange’s equations 
of motion. 5 


29. Motion of a system which is constrained to rotate uniformly round an 
axis. 


In many dynamical systems, some part of the system is compelled by an 
external agency to revolye with constant angular velocity round a given 
fixed axis; the motion of a bead on a wire which is made to rotate in this 
way is a simple example. There is, as we have seen, no objection to the 
direct application of Lagrange’s equations to such cases, provided the system 
is holonomic; but it is often more convenient to use a theorem which we 
shall now obtain, and which reduces the consideration of systems of this kind 


to that of systems in which no forced rotation about the given axis takes 
place. 


Suppose that, independently of the prescribed motion round the axis, the 
system has n degrees of freedom, so that if the given axis is taken as axis of 
z, and any plane through this axis and turning with the prescribed angular 
velocity is taken as the plane from which the azimuth ¢ is measured, the 
cylindrical coordinates of any particle m of the system can be expressed in 
terms of n coordinates q,, 2, ---, Qn, these expressions not involving the time ¢. 
Then if the kinetic energy of the system in the actual motion be 7, and if the 
work done by the external forces in an arbitrary infinitesimal displacement 
be Q:8q, + Q2dgo+ --. + Qndgn, where Q1, Q2,..., Qn will be supposed to 
depend only on the coordinates 9, q2, ..-, n, and if the kinetic energy of 


the system when the forced angular velocity is replaced by zero be denoted 
by 7, we have 


T =}im{[2+Pr+7r(d+o), 
T, =42m {2 + 74+ 7°}. 
Now the quantity 4=mr? will be a function of Gi» Ya» «++» Yn, Which is 
determined by our knowledge of the constitution of the system: denote it by 
W. The quantity =mr’¢ will also be a known function of Dis iQus. ss ARO, 
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Gi» +++, Qn, being linear in q,, qo, ..., Gn; it will be zero if, when o is zero, the 
motion of every particle has no component in the direction of ¢ increasing ; 
while if n is equal to unity, so that there is only one coordinate g, it will be 
the perfect differential with respect to ¢ of a function of q: these are the two 
cases of most frequent occurrence, and we shall include them both by as- 


suming that =mr’¢ is of the form , where Y is a given function of the 


coordinates 9), qo, ---; Qn: 


We have therefore 


ToT hg + WV, 


dt 
and the Lagrangian equations 
d /oT\ of 
ai (35,) ~ ag. (r=1,2, 0.250) 


can be written in the form 
cfoly a /-0Y\ oT d f2Y\ (OW é 


AMIN Beenie 
HENGE ag ages Teo Or): 
si dt oe O9r. 0Gr ( o oUF Q:, (r ? 2, n) 


These equations shew that, subject to the assumption already mentioned, 
the motion is the same as if the prescribed angular velocity were zero, and 
the potential energy were to contain an additional term —42mr*o. In this 
way, by modifying the potential energy, we are enabled to pass from a 
system which is constrained to rotate about the given axis to a system for 
which this rotation does not take place. The term centrifugal forces is 
sometimes used of the imaginary forces introduced in this way to represent 
the effect of the enforced rotation. 


30. The Lagrangian equations for quasi-coordinates. 

In the form of Lagrange’s equations given in § 26, the variables are n 
coordinates 9, 92, ---, Yn, and the time ¢; the knowledge of these quantities, 
together with a knowledge of the constitution of the system, is sufficient to 
determine the position of any particle in any configuration of the system, 
which may be expressed by saying that q,, q2, ---, Qn are true coordinates of 
the system. We shall now find the form which is taken by the equations 
when the variables used are no longer restricted to be true coordinates of 
the system *. ; 

Consider a system defined by n true coordinates 1, 2, +++, qn, the 
kinetic energy being 7 and the work done by the external forces in a 

* Particular cases of the theorem of this article were known to Lagrange and Euler: the 


general form of the equations is due tg Boltzmann (Wien. Sitzungsberichte, 1902) and Hamel 
(Zeitschrift fiir Math. u. Phys. 1904). 
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displacement (89,, 5q2, ..-, 6¢n) being Q:6q + Q.8q2 + --- + Qn5qn, 80 that the 
Lagrangian equations of motion of the pa are 
ad (aT a 
_ (5) - a5, ek cree ee ay 6) 
Let @,, @, ..., @, be n independent linear combinations of the velocities 
Gi» Ga, «++» Gn, defined by the relations 
Op = Cy Gy + or Go +--+» + OnrGn (r= 1, 2, ..., %)-+-(2), 
where @, 4%, ---, Ann are given functions of q%, qo, ---» Qn} and let dz,, dirs, 
., dir, be n linear combinations of the differentials dq,, dq2, ..-, An, defined 
by the relations 
dtr, = yA gy + Gy Ads +... + Anr dn (P=1¢257.. 7), 
where the coefficients a are the same as in the previous set of equations. 


These last equations would be immediately integrable if the relations 
Oxy a OOny 
Ogee 
a, would exist which would be true coordinates; we shall not however 
suppose the equations to be necessarily integrable, so that, dz, diz, ..., dwn 
will not necessarily be the differentials of céordinates 7, 72, ..., 7m; we Shall 
call the quantities dz,, dz, ..., dn differentials of quasi-coordinates. 


Suppose that the relations (2), when solved for g,, go, ..-, Qn, give the 
equations 


r, and m, and in that case variables 


a= Be @, ar Bra @s SP 60 SP Ben@n (r = IL De Goan n)...(3). 


Multiplying the Lagrangian equations (1) by By, Bor, ---, Bnr, respectively, - 
and adding, we obtain the equation 


Ber {i & ils 5a t7 > Ber Qe. 


Now %Q,89, is the work done by the external forces on the system in an 
arbitrary displacement, so %8,,Q,57, is the work done in a displacement 


in which all the quantities Sa are zero except S2,. If therefore the work 
done by the external forces on the system in an arbitrary infinitesimal dis- 
placement (87r,, d7r,, ..., dan) is 11, Sa, + Tl, 57, +... + I1,,87,,, we have 


ob OSE or 
ae tae Gals vat its 


By means of equations (3) we can eliminate @, g, ..., dn from the 
function 7’, so that T’ becomes a function of a, @2, ..., @n, Gas Jos +++» Qn (We 


suppose for simplicity that ¢ is not contained explicitly in 7); let this form 
of T' be denoted by 7. 


Then we have ~~ =D — As, 
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and therefore 


Hic peg epg all 
Ber )2ee 5 (3 ltrs Eh ee 


But > Ber Qas is zero or unity according as r is different from, or aoe! 


to, : so we have 


d (oT oe go 
at (5 ee a 22 Ber — 385 = 
We also have 
ole or oT dw, aT és or Bane 
Ogu Agu” ‘5 Beds O92 OGe “sm OD, Ode dm 
aa faly OF (0ace Obie 
so dt =) 35 2 EE Ber da, ge Oe a) - 5 Burg me II,. 
OT 04. Te 
Now = Ber anon , would represent = if a, were a true 
coordinate ; we an 
OT, 


coordinate or not. Also the expression 


0a Oa 
> = Kr Pm (a - _) 
k 2° B : Odin Cl 


depends only on the connexion between the true coordinates and the dif- 
ferentials of the quasi-coordinates, and is independent of the nature or 
motion of the dynamical system considered : we shall denote this expression 
by yrs. We have therefore 
ad (oT 
di Ge, 


Ae wanue 


) +E Eamon 5 wo, om, 


0m, 


eae (feeb onsen uit): 


These n equations are the equations of motion expressed in terms of the 
quasi-coordinates; when the quasi-coordinates are true coordinates, the 


quantities Yr are all zero, since the conditions ao = See are satisfied, and 
m K 
the equations reduce to the ordinary Lagrangian equations 
d a) oT . 
dt = ores eee. 


Example. A rigid body is free to turn about one of its points 0, which is fixed, so 
that the coordinates of the body can be taken to be the three Eulerian angles 6, ¢, ¥, 
which (§ 10) specify the position of axes Owyz, fixed in the body and moving with it, with 
reference to axes OX YZ fixed in space. Let an arbitrary displacement (66, dd, dy) of the 
body be equivalent to the resultant of small rotations d2,, a2, dr3 round Ox, Oy, Oz, 
respectively, so that dm,, dm,, dz can be taken as the differentials of quasi-coordinates : 
let «1, @:, 3 be the components about the axes Owyz of the angular velocity of the body 
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at any instant, so that dm,, dm, dm3 are the differentials of quasi-coordinates corre- 
sponding respectively to the velocities ,, 2, 3. Shew that the equations of motion of 
the body are 


d/oT oT oF of 

ey Ms HT eas ox —a— = 
dt ss) aS Ow» ue 0a an Bs 
d (oT OT Wael anor 

ee (EEE VE Siss a a ee ee 
dt les Oe ne eaters nase 
d (ot Of oleae ery 

dt Gs) ee: da; mee) O@, O13 yas? 


where 7 is the kinetic energy of the body, expressed in terms of o,, 2, 3, 0, p, W; 
II,, Iz, I; are the moments about the axes Ox, Oy, Oz, respectively, of the external forces 


oT oT 06 OT Op | OT Oy 
acting on the body ; and oa stands for 20 On: rf Od Of POOR. 


< OL ae 
It will appear later that 7’ depends only on @;, #2, 3, 80 the terms om are zero. 


31. Forces derivable from a potential-function which involves the 
velocities. 

In certain cases the conception of a potential-energy function can be 
extended to dynamical systems in which the acting forces depend not only 
on the position but on the velocities and accelerations of the bodies. 


For consider a dynamical system whose configuration is specified by 
coordinates q), dz, -.-, Qn, and suppose that the work done by the external 
forces in an arbitrary displacement (6q,, 5q2, ..., Sgn) 18 

Q18q1 + Qo8q2 + --- + QndQn- 
Then if Q, can be expressed in the form 
oVe ad /aV 
Cia, ta lag) 
where V is a given function of q, ge, ---, Gn» Qiy *+5 Yn, the Lagrangian equa- 
tions of motion are 


(r= lore ee), 


CY OL\ ee Od) oVe dad fav’ 
Gee ae Palen (r=1, 2, ...,n), 
and if a kinetic potential Z be defined by the equation 
L=T~-YJ, 
the equations take the customary form 
d foL\ oL 
Alrdi=ae 8 (r=1, 2, ..., 2). 


The function V can be regarded as a generalised potential energy 
function. An example of such a system is furnished by the motion of a 
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particle subject to Weber's electrodynamic law of attraction* to a fixed 
point, the force per unit mass acting on the particle being 


1 r —QrF 
0-H), 


where r is the distance of the particle from the centre of force: in this case 
the function V is defined by the equation 


v==(1+4). 


r Cc? 


Example. If the forces @1, Qs, ..-5 Qn of a dynamical system which is specified by 
coordinates 91, Yo, ..-) Yn are derivable from a generalised potential-function V, so that 


oV dad (av . 
Q,= Fag. er an CPZ by soa 
shew that @, Qs, .... Q, must be linear functions of g,, 2, ...; Gn, satisfying the n (2n —1) 
relations ; 
20: _ 20s 
Ogx 0g;” 
00: es Qe _ a (5 a) 
09x 0g: dt Clips 0g: ? 
OQ; - OO d (0Q; 0% 


09% 0g; i 3 dt 09x Tl 5 
On the general conditions for the existence of a kinetic potential of forces, reference 
may be made to 
Helmholtz, Journal fiir Math., Vol. c. (1886). 
Mayer, Leipzig. Berichte, Vol. xivi. (1896). 
Hirsch, Math..Annalen, Vol. u. (1898). 


32. Lnitial motions. 


The differential equations of motion of a dynamical system cannot in 
general be solved in a finite form in terms of known functions. It is how- 
ever always possible (except in the vicinity of certain singularities which 
need not be considered here) to solve a set of differential equations by power- 
series, i.e. to obtain for the dependent variables qi, 2, ---» Qn expressions of 

the type 
n=at+bht+q@+daF+..., 
Qo =O +b,t+e0+d,4+..., 


: n= Ant battent +dab+ ...; 


the coefficients a, b,... can in fact be obtained by substituting these series in 
the differential equations, and equating to zero the coefficients of the various 


* W. Weber, Annalen d. Phys. uxxii1. (1848), p. 193. Cf. Whittaker’s History of the Theories 
of Aether and Electricity, pp. 226—231. 
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powers of t; the expansions will converge in general for values of ¢ within 
some definite circle of convergence in the t-plane. 

It is plain that these series will] give any information which may ‘be 
required about the initial character of the motion (¢ being measured from the 
commencement of the motion), since a, is the initial value of q,, b, is the 
initial value of g,, and so on. This method of discussing the imitial motion 
of a system is illustrated by the following example. 

Example. Consider the motion of a particle of unit mass, which is free to move ‘in a 
plane and initially at rest,.and which is acted on by a field of force whose components 


parallel to fixed rectangular axes at any point (2, y) are (4, Y); and let it be required to 
determine the initial radius of curvature of the path. 

Let (2+£, y+n) be the coordinates of any point adjacent to the initial point (x, y), 
so that & n may be regarded as small quantities; then the equations of motion are 


=X (w+, y¥+n) 


Hsaly rete O45, Dig Xai 
FAY (Gy) 4 TED 


If therefore we assume for € and 7 the expansions 
é=at?+b+cti+..., 
n=dt?+e3+ftt+..., 
(it is not necessary to include terms of lower order than @, since the quantities &, n, &, 4 
are initially zero), and substitute in these differential equations, we find, on comparing 
the coefficients of various powers of ¢, the relations 


a=$X (4, y), b=0, c=xy (xz o- re) 


d=tY (iy), e=0) fod («= + =): 
The path of the particle near the point (x, y) is therefore given by the series 
re Xuta (x3 ate) PS 


se Fut (X + rea ely 
where u denotes the quantity $2. 


Now if the coordinates € and n of any curve are expressed in terms of a parameter u 
the radius of curvature at the point w is known to be ; 


(y+ GQ} 


du® du du* du 


so the radius of curvature corresponding to the zero value of u, for the curve given by the 
above expressions, is 5 


3 (X24 ¥2)t 
aa 4 SL eeace 
py Oa ay oe: 
( eal wy) (x= +7 5)\¥ _eiBy 


and this is the required radius of curvature of the path of the particle at the initi»n of a 
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33. Similarity in dynamical systems*. 


If any system of connected particles and rigid bodies is given, it is 
possible to construct another system exactly similar to it, but on a different 
scale. If now the masses and forces in the two systems, which we can call 
the pattern and model respectively, bear certain ratios to each other, the 
workings of the two systems will be similar, though possibly at speeds which 
are not the same but bear a constant ratio to each other. 


To find the relation between the various ratios involved, let the linear 
dimensions of the model and pattern be in the ratio «:1, let the masses of 
corresponding particles be in the ratio y:1, let the rates of working be in the 
ratio z: 1, so that the times elapsed between corresponding phases are in the 
ratio 1: z, and let the forces be in the ratio w:1. Then for each particle we 
have an equation of motion of the form 

me = X ; 


so if m is altered in the ratio y:1, # is altered in the ratio #z?:1, and X is 
altered in the ratio w: 1, we must have 


w= ry2*, 
and this is the required relation between the numbers 4, y, 2, w. 


Example. If the forces acting are those due to gravity, we have w=y, and conse- 


quently zy?=1, so that the rates of working are inversely as the square roots of the linear 
dimensions. 


If the forces acting are the mutual gravitations of the particles, every particle 
attracting every other particle with a force proportional to the product of the masses and 
the inverse square of the distance, we have w=y?/x, so that the rates of working are in 


the ratio 4: xi. 
34. Motion with reversed forces. . 
A special case of similarity is that in which the ratio w has the value — 1. 


We have seen that the motion of any dynamical system which is subjected 
to constraints independent of the time, and to forces which depend only on 
the positions of the particles, is expressed by the Lagrangian equations 


d (01 or 

—|(=-)-; = = ih 2s cenit) 

di (aa, aq, G » 
where the kinetic energy 7 is a homogeneous quadratic function of the 
velocities g,, g2,----» Qn, involving the coordinates q,, 92, ---, Jn, In any way, 


and Q is a function of q1, qs, ---, Yn only. 
Introduce a new independent variable defined by the equation 
7 =U, where 1 =¥V —1, 
and let accents denote differentiations with regard to 7. Then-since 


: * incipi k 11. Sect. 7, Prop. 32. 
of Aether Newton, Principia, Book 11. Sec p 
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AC and a are homogeneous of degree —2 in dt, the above equations 
Fr r 


become a (2) a © ae Q;, (r ca iy 2, see n), 

« dt \0qr 
where @ is the same function of 91’, 2. «+» Qn> Q ++ Qn that T is of 
Gis Yas +++> Yn> Gr» Yar veer Yn- ; 

But if r (instead of t) be now interpreted as denoting the time, these last 
equations are the equations of motion of the same system when subjected to 
the same forces reversed in direction. Moreover, if @, 4, --., %m, Bi, Bay «+s 
Bn are the initial values of q, qo, ---) Qn» Grr Yas s++) Ino respectively, in any 
particular case of the motion of the original system, then a, a, ..-, Mm, — 1B, 
—iB>, ..., —tB8, will be the corresponding quantities in the transformed 
problem. We thus have the theorem that in any dynamical system subjected 
to constraints independent of the time and to forces which depend only on the 
position of the particles, the integrals of the equations of motion are still real 
if t be replaced by V—1t and the initial velocities By, Bo, ---, Bn by — V= Pee 
—V—1£,, .... -V—1Bn respectively; and the expressions thus obtained repre- 
sent the motion which the same system would have if, with the same initial 
conditions, it were acted on by the same forces reversed in direction. 


35. Impulsive motion. 

In certain cases (e.g. in the collision of rigid bodies) the velocities of the 
particles in a dynamical system are changed so rapidly that the time occupied 
in the process may, for analytical purposes, be altogether neglected. 


The laws which govern the impulsive motion of a system bear a close 
analogy to those which apply in the case of motion under finite forces: they 
can be formulated in the following way *. 


The number which represents the mass of a particle, multiplied by the 
vector which represents its velocity at any instant, is a vector quantity 
(localised in a line through the particle) which is called the momentum of 
the particle at that instant}; the three components parallel to rectangular 
axes Oxyz of the momentum of a particle of mass m at the point (a, y, z) are 
therefore (m#, my, mz). If any number of particles form a dynamical system, 
the sum of the components in any given direction of the momenta of the 
particles is called the component in that direction of the momentum of the: 
system. The impulsive changes of velocity in the various particles of a 


connected system can be regarded as the result of sudden communications 
of momentum to the particles. 


The effect of an agency which causes impulsive motion in the system 


* They were involved in the discovery of the laws of impact in 1668 by Wallis and Wren, 
Phil. Trans. No. 43, pp. 864, 867. 


+ Momentum is the quantitas motus of Newton’s Principia, Book 1. Def. 2. The idea can be 
traced back to Descartes. 
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will be measured by the momentum which it would communicate to a single 
free particle. If therefore (u,, v, w)) are the components of velocity of a 
particle of mass m, referred to fixed axes in space, before the impulsive 
communication of momentum to the particle, and if.(u, v, w) are the com- 
ponents of velocity of the particle after the impulse, then the vector quantity 
(localised in a line through the particle) whose components are 


M (uU— Up), mM (V — %), m (W — Wy) 
represents the impulse acting on the particle. 


For the discussion of the impulsive motion of a connected system of 
particles, it is clearly necessary to have some experimental law analogous to 
the law of Action and Reaction of finite forces; such a law is contained in 
the statement that the total impulse acting on a particle of a connected 
system is equal to the resultant of the external impulse on the particle (i.e. the 
impulse communicated by agencies external to the system, measured by the 
momentum which the particle would acquire if free) together with impulses 
directed along the lines which join this particle to the other particles which 
constrain its motion; and the mutually induced impulses between two connected 
particles are equal in magnitude and opposite in sign. 


- If we regard the components of an impulse as the time-integrals of the 
components of an ordinary finite force which is very large but acts only for 
a very short time, the law just stated agrees with the law of Action and 
Reaction for finite forces. 


Change of kinetic energy due to impulses. 

The change in kinetic energy of a dynamical system whose particles are acted on by a 
given set of impulses may be determined in the following way. 

Let an impulse J, directed along a line whose direction-cosines referred to fixed axes of 
reference are (A, p, v). be communicated to a particle of mass m, changing its velocity 
from vp, in a direction whose direction-cosines are (LZ), My, No), to v, in a direction whose 
direction-cosines are (Z, M, V). The equations of impulsive motion are 

ane(vL — vo Lo) =I, m (vM —v Mo) = Ip, m (oN —% No) =d». 
Multiplying these equations respectively by 
£(vL+yLo), (uM +uM), and £(vNV+%M™)), 
and adding, we have 
kmv®— 4m? = Iv (Lh+ Mp t+ Nv) +3109 (Ly4+ Mop + Nov). 

The change in kinetic energy of the particle is therefore equal to the product of the 

impulse and the mean of the components, before and after the impulse, of the velocity of 
‘the particle in the direction of the impulse. 

Now consider any dynamical system of connected particles and rigid bodies, to which 
‘given impulses are communicated ; applying this result to each particle of the system, and 
summing, we see that the change in the kinetic energy of the system is equal to the sum of the 
impulses applied to it, each multiplied by the mean of the components, before and after the 
communication of the impulse, of the velocity of its point of application in the direction of the 
impulse. In this result we can clearly neglect the impulsive forces between the molecules 
of any rigid body of the system. 


w. D. 
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36. The Lagrangian equations of impulsive motion. 


The equations of impulsive motion of a dynamical system can be 
expressed in a form* analogous to the Lagrangian equations of motion for 
finite forces, in the following way. 


Let (X;, Y;, Z;) be the components of the total impulse (external and 
molecular) applied to a particle m; of the system, situated at the point 
(x;, yi, 2). The equations of impulsive motion of the particle are 


M; (4; — Lip) = Xi, Mi (Yi — Yoo) = Yi, M; (4; — Zi) = Zi, 
where (aio, Yin, Zio) and (a;, Y;, 4:) denote the components of velocity of the 
particle before and after the application of the impulse. 


If 1, G2, -»-) Jm Genote the n independent coordinates in terms of which 
the configuration of the system can be expressed, we have therefore 


SMG OR Oh. a lean OVD awe caer; 

=m; (a6) 5 + (Yi — Yio) ae + (4; — Zi) at 
ie a 02; 
=3 (5 + Vit 4%, ae 


where the summation is extended over all the ae of eis system. 


Now in forming the summation on the right-hand side of this equation, 
it is seen as in § 26 that the molecular impulses between particles of the 
system can be omitted: the quantity 

Coos OY: 02, 
x (Xi: 5 ie +5) 
can therefore readily be found when the external impulses are known: we 
shall denote it by the ees Q,. We have ag ee 


BU \(é = be) (3 (Ys — in) oo Or = (4; — in) aq st = Q,. 


But as in § 26 we pe 


On, _ 0a; Ox; 
a ag: (bee 
and similarly 


P Ox; 
Lio qr 7, te 


where g,). and g, denote the velocities of the coordinate q, before and: after 
the impulse respectively. Thus if 


T = 42m; (42 + y2 + 42) 


‘* Due to Lagrange, Méc. Anal. (2° éd.), 11. p. 183. 
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denotes the kinetic energy of the system after the impulse, the above 
equation can be written in the form . 


where Ge a denotes the quantity corresponding to — us , but relating to the 


0G, 
instant ee the impulse. as 


Similar equations can be found for the rest of the coordinates q,, qa, --+;Qn3 
and thus we obtain the set of n equations 


or on) = 
| 0gr a F aay (r = 1, 2, OOF) n), 
which are known as the Lagrangian equations of impulsive motion. 
These are algebraical equations for the determination of g,, go, .--) Gn in 
terms of gy, Gan, ---, Jno; they are not differential equations like the Lagrangian 


equations of motion for finite forces, since the second derivates of the 
coordinates with respect to the time do not enter. 


MISCELLANEOUS EXAMPLES. 


1. Two rigid bodies moving in space are constrained only by a taut inextensible string 
joining a given point of one body to a given point of the other, and one of the bodies is 
constrained to roll without sliding on a given fixed surface. How many degrees of freedom 
has the system, and how many independent coordinates are required to specify its con- 
figuration ? 

2. A point is referred to curvilinear coordinates a, 6, c, and the square oi its 


velocity is 
27 = Ad? + Bi? + 02 +2Fbé + 246d + 2Hab. 


Shew that p, g, 7, the component accelerations in the directions of the tangents to the 
coordinate lines, are given by three equations of the type 


d (eT\ oT H (Gg 
5 (Ga) - qg=PVAt Fp It ZG" (Coll. Exam.) 


3. A particle which is free to move in space is initially at rest at the origin, and is in. 
a field of force whose components (X, Y, Z) at any point (2, y, z) are given by the expansions 
X=a+b«+quadratic and higher terms in 2, y, 2; 
Y=  cw#+quadratic and higher terms in «, y, z; 
Z= dx*+cubic and higher terms in 2, y, 2. 


Find the radii of curvature and torsion of the orbit at the origin. 


CHAPTER III 


PRINCIPLES AVAILABLE FOR THE INTEGRATION 


37. Problems which are soluble by quadratures. 


The determinatiou of the motion of a holonomic dynamical system with 
a finite number of degrees of freedom has in the preceding chapter been 
shewn to depend on the solution of a set of ordinary differential equations. 
If n denotes the number of degrees of freedom, and (q;, qs, --., Yn) are the 
coordinates specifying the configuration of the system at the time ¢, then 
the set of equations consists of n differential equations, each of the second 
order, with q, qo, ---) Gn a8 dependent variables and ¢ as independent variable. 
This set of equations is said to be of order 2n, the order being defined to 
be the sum of the orders of the highest derivates of the dependent vari- 
ables occurring in the equations. It is a well-known result of the theory 
of, ordinary differential equations that the number of arbitrary constants of 
integration in the solution of a set of differential equations is equal to 
the order of the system; whence it follows that there are 2n constants of 
integration in the general solution of a holonomic dynamical problem with 
n degrees of freedom. 


Now any given set of differential equations of order & can be reduced 


to the form 
dx, 


eo kr io eterna (haa ee 
where X,, X., ..., X,; are known functions of their arguments, by taking as 
new variables (a, @, ..., 2) the original dependent variables together with 


their derivates up to (but not including) the highest derivates occurring in 
the original set of equations. Thus e.g. the set of equations 


d? a d? ae 
a = Q (Mi, qe» i> We); ae =Q, (Hs G2, Qi» a), 


(where Q, and Q, are any functions of the arguments indicated) which is of 
order 4, can be reduced to the set 


da, da, dz. dx. 


dt = 433 dt. pt a == Q; (2, TH, Hs, 24), or = Q> (a, X, X3, 4); 
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by taking 
a=, Ly = qr, l3= qi, Ly = qr. 


dx, 
Tp hr rs May oes ey t) (r=1, Dressy) 


The form 


may therefore be regarded as the typical form for a set of differential 
equations of order k. 

Tf-a function f(a, a, ..., tp, t) is such that oF is zero when (a, %, ..-, Ly) 
are any functions of ¢ whatever which satisfy these differential equations, the 
equation 

Fes Ho, o++, Ly, t) = Constant 


is called an integral of the system. The condition that a given function f 


may furnish an integral of the system is easily found; for the equation 
df/dt =0 gives 


of ueor gaa 
Bah ourea ga Cae: “+a, a be aria 0, 

yee OMe ake epee ner 

or —— pes mee al ae 
Be, Ait ay, tat +5 wet oe " 


and this relation must be identically satisfied in order that the equation 
SF (@; %, :.., &, t= Constant 
may be an integral of the system of differential equations. 
Sometimes the function / itself (as distinct from the equation f=constant) is called an 
integral of the system. 
The complete solution of the set of differential equations of order k is 
furnished by & integrals 
Gath iean 50 gs t) = Or, (= hy 2 
where @, Q, ..., a are arbitrary constants, provided these integrals are 
distinct, ie. no one of them is algebraically deducible from the others. For 
let the values of «, a',, ..., 2,, obtained from these equations as functions of 
Per, Oe ee ig, De 
Zp = bs (Oy) Ga) =. Og, t), (r=1, 2,..., k); 
then if (a, a, ..., 2%) are any particular set of functions of ¢ which satisfy 
the differential equations, it follows from what has been said above that 
by giving to the arbitrary constants a, suitable constant values we can make 
the equations 


Sr (Gr, Ba, +++, De, t) = Oy (ee ee ea 8) 
true for this particular set of functions (a,, @, ..., 2%); and therefore this set 
of functions (a;, 2, ..., %) will be included among the functions defined by 


the equations z,=¢,. The solution of a dynamical problem with x degrees 
of freedom may therefore be regarded as equivalent to the determination of 
2n integrals of a set of differential equations of order 2n. 


54 Principles available for the integration [OH. III 


Thus the differential equation 


q=-4% 
which is of the second order, possesses the two integrals 
PtP=n, 
hom fe t=Q2, 


where a; and a, are arbitrary constants. On solving these equations for g and g, we have 


ge sin (£+4,), 
G=a2 cos (t+ a2), 
and these equations constitute the solution of the differential equation. 


The more elementary division of dynamics, with which this and the 
immediately succeeding chapters are concerned, is occupied with the dis- 
cussion of those dynamical problems which can be solved completely in 
terms of the known elementary functions or the indefinite integrals of such 
functions. These are generally referred to as problems soluble by quadratures. 
The problems of dynamics are not in general soluble by quadratures; and in 
those cases in which a solution by quadratures can be effected, there must 
always be some special reason for it,—in fact the kinetic potential of the 
problem must have some special character. The object of the present 
chapter is to discuss those peculiarities of the kinetic potential which are 
most frequently found in problems soluble by quadratures, and which in fact 
are the ultimate explanation of the solubility. 


38. Systems with ignorable coordinates. 

We have seen (§ 27) that the motion of a conservative holonomic 
dynamical system with n degrees of freedom, for which the coordinates are © 
Gis Qa) «++» Qn and the kinetic potential is L, is determined by the differential 
equations 

d /oL\ oL 
Ape ea 


Fag 
The quantity or is generally called the momentum corresponding to the 


=0, tax tS eh 


coordinate 4,. 


It may happen that some of the coordinates, say @,, qo, ..., %, are not 
explicitly contained in L, although the corresponding velocities ¢,, q., ..., x 
are so contained. Coordinates of this kind are said to be ignorable or cyclic; 
it will appear in the following chapters that the presence of ignorable 
coordinates is the most frequently-occurring reason for the solubility of 
particular problems by quadratures. 

The Lagrangian equations of motion which correspond to the k ignorable 
coordinates are 


5 (aq) =o ESE 
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and on integration, these can be written 
s = 8, e(r= 1) Zea aie), 


where f,, 82, ..., By are constants of integration. These last equations are 
evidently & integrals of the system. 


We shall now shew how these & integrals can be utilised to reduce the 
order of the set of Lagrangian differential equations of motion *. 


sale 
Let R denote the function L— = 4, he . By means of the & equations 


r=1 0g, 
oL 
ag, 7 Br (a 1.2 ras), 


we can express the & quantities q, go, ...; g,, which are the velocities cor- 
responding to the ignorable coordinates, in terms of 


Uk+1> Gk+2. «+> Any Geass Qe+2, Oe) qn> Bi, B:, seey Bis 
we shall suppose that in this way the function R is expressed in terms of the 
latter set of quantities. 
Now let 5f denote the increment produced in any function f of the quan- 
tities Geir, Uk+2s -->> Yn> Gr» Ya» --+ In (or of the quantities gi41, Gere, ---» Qn» 


Gti, ++» n> Br» Ba, ---, Bx) by arbitrary infinitesimal changes dqgi1, Sge4s, ---, 
8dn, 5, ---» 5m In its arguments. Then we have 


iM : 04, 
by the definition of R. But 
Rely OL oL 
sL= % ~—6éq,+ 2 Og; Sas 
pak-+1 Gr 4 bias od: : ye +1 Gp 2 
and 
k . OL ere b 
fra) = > 84, ir 8By, 
(24 ag) r=10Gr a S eee 
; OL 
since Site At 
We have therefore 
* OL oL.. oar 
sR= & ) 3 a OF qr — = Gr 5B, 
: r= £41 09r Yr ee k +1 0Gr sake i. 


and since the infinitesimal quantities occurring on the right-hand side of this 
equation are arbitrary and independent, the equation is equivalent to the 


* The transformation which follows is really a case of the Hamiltonian transformation, which 
is discussed in Chapter X; it was however first separately given by Routh in 1876, and somewhat 
later by Helmholtz. 
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system of equations 


oL OR 

a pa a =k 1,#+2,..., n), 

ag, OGr’ ee ) 

“ ol OR 

2S = =k 1, b +:2,, 2. 9) 

ae ee (r=k+ ) 
oR 

j.=—-= >’ = il Do ARs 

dr OB,’ (r ? ) 


Substituting these results in the Lagrangian equations of motion, we 
have © 


d /oR\ oR 
badd jest Vb eee =k+1,k+2,..., 2). 
dt (55,) Sgt wae Sa ae aa 
Now R is a function only of the variables quit, Ye+2, +++» Gn» Yeas +++ In» 
and the constants B,, Bs, -.., Be: 80 this is a new Lagrangian system of 
equations, which we can regard as defining a new dynamical problem with 
only (n— k) degrees of freedom, the new coordinates being gk41, Gute, ---» In» 


and the new kinetic potential being R. When the variables qpii, Qet2, +++» Yn 
have been obtained in terms of ¢ by solving this new dynamical problem, the 
remainder of the original coordinates, namely q,, dz, ..., dz, can be obtained 
from the equations 


a= — [So dt, Me i) 


Hence a dynamical problem unth n degrees of freedom, which has k ignorable 
coordinates, can be reduced to a dynamical problem which has only (n—k) 
degrees of freedom. This process is called the ignoration of coordinates. 


The essential basis of the ignoration of coordinates is in the theorem that when the 
_ kinetic potential does not contain one of the coordinates qg, explicitly, although it involves 
the corresponding velocity g,, an integral of the motion can be at once written down, 


namely 5g 7 constant. This is a particular case of a much more general theorem which 
will be given later, to the effect that when a dynamical system admits a known infinitesimal 
contact-transformation, an integral of the system can be immediately obtained. 


If the original problem relates to the motion of a conservative dynamical 
system in which the constraints are independent of the time, we have seen 
that its kinetic potential LZ consists of a part (the kinetic energy) which is 


a homogeneous quadratic function of 4, go, ..-, dm, and which involves 
Yk+1» Uk+2, +++s Im IM any way, together with a part (the potential energy with 
sign reversed) which involves qe, Quis, «+, Qn Only. But in the new 


dynamical system which is obtained after the ignoration of coordinates, the 
kinetic potential R cannot be divided into two parts in this way: in fact, R 
will in general contain terms linear in the velocities. And more generally . 
when (as happens very frequently in the more advanced parts of Dynamics) 
the solution of one set of Lagrangian differential equations is made to depend 
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on that of another set of Lagrangian differential equations with a smaller 
number of coordinates, the kinetic potential of this new system is not 
necessarily divisible into two groups of terms corresponding to a kinetic and 
a potential energy. We shall sometimes use the word natural to denote those 
systems of Lagrangian equations for which the kinetic potential contains 

only terms of degrees 2 and 0 in the velocities, and non-natural to denote 
those systems for which this condition is not satisfied, 


As an example of the ignoration of coordinates, consider a dynamical system with two 
degrees of freedom, for which the kinetic energy is 


T=} 


xe gt eget, 


and the potential energy is 
V=c+dq,?, 
where a, 6, c, d are given constants. 


It is evident that ¢, is an ignorable coordinate, since it does not appear explicitly in 7 
or JV. 


The kinetic potential of the system is 


L= =, 3+ 492" —¢—dq,’, 


and the integral corresponding to the ignorable coordinate is 


where 8 is a constant, whose value is determined by the initial circumstances of the motion, 
The kinetic potential of the new dynamical system obtained byi ignoring the coordinate 
N is 
R=L— 
ahi on 
= bq? —c—dg,?—$8? (a+ bq,”), 


and the problem is now reduced to the solution of the single equation 


a (=) _ OR 
dt 0g 092 re 
or R ) Jat (2d + bB?) Jo=9. 


As this is a linear differential equation with constant coefficients, its solution can be 
immediately written down : it is 
g.= Asin {(2d +6*)3 t+¢}, 
where A and « are constants of integration, to be determined by the initial circumstances 
of the motion. This equation gives the required expression of the coordinate g2 in terms 
of the time: the value of g; in terms of ¢ can then be deduced from the equation 


On 5 | (a + bqe") dt 
which gives , 


pbA2 
=(Ba+4RbA2)t— —-~ sin 2 {(2d + b8*)2 t+ ¢}, 
gi=(Ba+3BbA*) iad} {( 8?) i 


and so completes the solution of the system. 
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39. Special cases of ignoration; integrals of momentum and angular 
momentum. 

We shall now consider specially the two commonest 0S of ignorable 
coordinates in dynamical* problems. 


(i) Systems possessing an integral of momentum. 

Let the coordinates of a conservative holonomic dynamical system with 
n degrees of freedom be qj, qs, ---, Yn; and let 7' be the kinetic energy of the 
system, and V the potential energy, so that the equations of motion of the 
system. are 


ad (OL \ teal ny vov, 
dt (55,) cope Oey 

Suppose that one of the coordinates, say g,, is ignorable, and moreover is 
such that an alteration of the value of g, by a quantity J, the remaining 
coordinates qs, gs, --., Ym being unaltered, corresponds to a simple translation 
of the whole system through a distance J parallel to a certain fixed direction 
in space ; we shall take this to be the direction of the z-axis in a system of 
fixed rectangular axes of coordinates. 


(=i 2. 


Since g, is an ignorable coordinate, we have the integral 


pe = Constant, 
oq 


and we shall now discuss the physical meaning of this equation. 
We have 


oe 2 Og, Ce ee + Y? ae 2°), 
where the summation is extended over all the particles of the system, 
oT Ob; OYs , . 0% 
or aq, = =m; (a OG, + Y.; Yi ag, + 2; es, 


eH 0x. OY; 02; 
= Em (a5 TUF agi +2 age) by § 26 
= Xm;#;, since in this case os = OY = @, Oe ==): 
On 0 0g) 
Now =m;#; represents (§ 35) the component parallel to the x-axis of 
the momentum of the system of particles m;, and consequently this is the 


r 


physical meaning of the quantity oF in the present case. 


The integral ce = Constant 


can therefore be interpreted thus: When « dynamical system can be 
translated as if rigid in a given direction without violating the constraints, 
and the potential energy is thereby unaltered (the way in which the kinetic 
energy depends on the velocities is obviously unaltered by this translation, so 
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the corresponding coordinate is ignorable), then the component parallel to this 
direction of the momentum of the system is constant. 


This result is called the law of conservation of momentum*, and systems 
to which it applies are said to possess an integral of momentum. 

(ii) Systems possessing an integral of angular momentum. 
_ Again taking a system with coordinates G1, Ge» +++» Yn and kinetic and 
potential energies 7 and V respectively, let us now suppose that the 
coordinate g, is ignorable, and moreover is such that an alteration of gq by 
a quantity a, the other coordinates remaining unchanged, corresponds to 
a simple rotation of the whole system through an angle a round a given 
fixed line in space: we shall take this line as the axis of z in a system 
of fixed. rectangular axes of coordinates. 


Since q, is an ignorable coordinate, wé have the integral 


oa = Constant steteneeeeeeseeterseneceeeaes (1), 
and we have to determine the physical interpretation of this equation. 
We have as before 
or = . On; . OY: . 02; 
5g, 7 2m (dea Kiaq, tage), 
where the summation is extended over all the particles of the system. But 
if we write 


L; = 17; COS Gi, Yi = 7; sn dj, 
we have dd; = dq, 
GES gat 
80 oq Ob; t a t> 
Oys _ OYi _ 
Sa, =i: 7; COS d; = %;, 
0z; 
natn 0) 
On 
and therefore 
oF = =m; (- LEY; + YX; ) Beelarala: cteloretereialatelotevateitaleyoretste (2). 
0g, 


Now if 7 denote the distance of any particle of mass m from a given 
straight line at any instant, and if w denote the angular velocity of the 
particle about the line, the product mr*w is called the angular momentum 
of the particle about the .line. 

Let O be any point, and let P, P’ be two consecutive positions of the 
moving particle, the interval of tine between them being dt. Then the 


* This has been evolved gradually from the observation of Newton, Principia, Book 1. introd. 
to Sect. x1., that if any number of bodies are acted on only by their mutual attractions, their 
common centre of gravity will either be at rest, or move uniformly in a straight line. 
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angular momentum about any line OK through 0 is clearly the limiting 
value of the ratio 
ae 


di * Twice the area of the projection of the triangle OPP’ on 


a plane perpendicular to OK, 

so if (1, m,n) are the direction-cosines of OK and if (A, , v) are the direction- 
cosines of the normal to the triangle OPP’, we see that the angular 
momentum about OK is equal to the product of (JA + mp+nyv) into the 
angular momentum about the normal to the plane OPP’. It is evident from 
this that if the angular momenta of a particle about any three rectangular 
axes Oxyz at any time are hy, ho, hs respectively, then the angular momentum 
about any line through O whose direction-cosines referred to these axes are 
(l, m, n) is lh, +mh,+nh,;; we may express this by saying that angular 
momenta about axes through a point are compounded according to the vectorial 
law. 

The angular momentum of a dynamical system about a given axis is 
defined to be the sum of the angular momenta of the separate particles of 
the system about the given axis; in particular, the angular momentum of 
a system of particles typified by a particle of mass m, whose coordinates are 
(x;, Yi, 2%), about the axis of z is rmr7d, where 

a 


x; = 7; Cos hi, Yi = 7; 81D Oi, 
and the summation is extended over all the particles of the system; this 
expression for the angular momentum of a system can be written in the form 


Lm; (Yi; — LiY:), 
4 
and on comparing this with equation (2) we have the result that the angular 


: : oO: 
momentum of the system considered, about the aais of z, is ae 3 


Og 

The equation (1) implies therefore that the angular momentum of the 
system about the axis of z is constant: and we have the following result: 
When a dynamical system can be rotated as if rigid round a given amis with- 
out violating the constraints, and the potential energy is thereby unaltered, the 
angular momentum of the system about this axis ts constant. 

This result is known as the theorem of conservation of angular 
momentum *, 


Example. A system of n free particles is in motion under the influence of their 
mutual forces of attraction, these forces being derived from a kinetic potential V, which 
contains the coordinates and components of velocity of the particles, so that the equations 


of motion of the particles are 
nna hse (Gr) etc 
My by = a— — = (x His 
aoc EOL Note 
* Kepler’s law, that the radius from the sun to a planet sweeps out equal areas in equal times, 


was extended by Newton to all cases of motion under a central force: from this the general 
theorem of conservation of angular momentum has gradually developed. 
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_ shew that these equations possess the integrals 


nO 
= (me, Hass 
5 2 OV 
z {r, (Yr2r—2rJr) + Yr az, — Sp Oy, 
V 
> fr, (Zp Bp — Ly Bp) + Sp | fk se} = Constant, 
La Tr 5 


; : OV a 
2 {rm (@pYp — Yr By) + Ly oo —4Yr val = Constant, 


which may be regarded as generalisations of the integrals of momentum and angular 
momentum. (Lévy.) 


40. The general theorem of angular momentum. 


‘The integral of angular momentum is a special case of a more general 
_ result, which may be obtained in the following way. 


Consider a dynamical system formed of any number of free or connected 
and interacting particles: if they are subjected to any constraints other than 
the mutual reactions of the particles, we shall suppose the forces due to these 
constraints to be counted among the external forces. 


Take any line fixed in space, and choose one of the coordinates which ~ 
specify the configuration of the system (say q,) to be such that a change in 
q,, unaccompanied by any change in the other coordinates, implies a simple 
rotation of the system as if rigid round the given line, through an angle equal 
to the change in q,. We suppose the constraints to be such that this is a 
possible displacement of the system. 


The Lagrangian equation for the coordinate q, is 


adi (ol\.) of Q 
at (aq,) "3g = 
and this reduces to 
td Oa 
ale Nae aah 


since the value of g, (as distinguished from q,) cannot have any effect on 
the kinetic energy, and therefore aa must be zero. Now oa is the angular 
momentum of the system about the given line; and Q,6q is the work done 
on the system by the external forces in a small displacement 4q,, 1.e. a small 
rotation of the system about the given line through an angle 6q,, from which 
it is easily seen that @, is the moment of the external forces about the given 
line. We have therefore the result that the rate of change of the angular 


62 Principles available for the integration (OH. I 


momentum of a dynamical system about any fixed line is equal to the moment 
of the external forces about this line. The law of conservation of angular 
momentum obviously follows from this when the moment of the external 
forces is zero. . 
Similarly we can shew that the rate of change of the momentum of a 
dynamical system parallel to any fixed direction is equal to the component, 
parallel. to this line, of the total external forces acting on the system. 

For impulsive motion it is easy to establish the following analogous 
results : . 

The impulsive increment of the component of momentum of a system in any 
fixed direction ts equal to the component in this direction of the total eaternal 
impulses applied to the system. 

The impulsive increment of the angular momentum of a system round any 
aaxis is equal to the moment round that axis of the external impulses applied to 
the system. 


41. The Energy equation. 

We shall now introduce an integral which playsa great part in dynamical 
investigations, and indeed in all physical questions. 

In a conservative dynamical system let q@, qs, -.-, Qn be the coordinates 
and let LZ be the kinetic potential: we shall suppose that the constraints 
are independent of the time, so that Z is a given function of the variables 
Qi» Yas +++) Inv Gis Gz» +++ In Only, not involving ¢ explicitly. We shall not, at 
first, restrict Z by any further conditions, so that the discussion will apply 
to the non-natural systems obtained after ignoration of coordinates, as well as 
to natural systems. 


We have 
aL @% ob & ol 
lea gen , Oh 
dt iste gr fa: 0Gr 
2 ab, 2, dab | : 
= 2 a ad; ae qe e , by the Lagrangian equations 
di (3 OL 
dt (2, qr ma) 
Integrating, we have 
Sig eeeret 
r=1 0Gr 4 


where h is a constant. 


This equation is an integral of the system, and is called the integral of 
energy or law of conservation of energy*. 

* Galileo was acquainted with the fact that the velocity of a particle sliding down an inclined 

plane from rest depends only on the vertical height through which it has descended. From this 


elementary particular case the principle was gradually evolved by Huygens, Newton, John 
and Daniel Bernoulli, and Lagrange. : 
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| We have seen that in natural systems, in which the constraints do not 
involve the time, the kinetic potential Z can be written in the form 7'— V, 
where 7 (the kinetic energy of the system) is homogeneous and of degree 2 
in the velocities, while V is a function of the coordinates only. In this case, 
therefore, the integral of energy becomes 


ol 
h= >» Me Sa Mga L 
ae 0g, 
le OGM 
a 0g, 
= 2T—T1'+V, since T is homogeneous of degree 2 in g;, G2, --.; Gn» 
=T+YV. 


It follows that in conservative natural systems, the sum of the kinetic and 
potential energies is constant. This constant value h is called the total energy 
of the system. 

This latter result can also be obtained directly from the elementary 
equations of motion. For from the equations of motion of a single particle, 
namely 

mé=X;, my:=Yi, m%;=Z,, 
we have 
lms (BiH; + Hi + 4:2) = > (Xia; + Vix; + 2,4), 
a 


where the summation is extended over all the particles of the system, or 
Gh =4m; (@2 + 92 +22) = > (Xda + Ydy + Zdz), 


so that the increment of the kinetic energy of the system, in any infinitesimal 
part of its path, is equal to the work done by the forces acting on the system 
in this part of the path, and therefore is equal to the decrease in the potential 
energy of the system. The sum of the kinetic and potential energies of the 
system is therefore constant: 


The equation of energy 
d.4m(e2+924+2)=Xdae+ Ydy+Zdz 
(where for simplicity we suppose the system to consist of a single particle) is true not 
only when (x, y, 2) denote coordinates referred to any fixed axes, but also when they 
denote coordinates referred to axes which are moving with any motion of translation 
in a fixed direction with constant velocity. 
For let (é, 7, ¢) denote the coordinates of the particle referred to axes fixed in: space 
and parallel to the moving axes Oxyz, so that 
a=E-at, y=n-bt, z= {-ct, 
where a, }, c are the constant components of velocity of the origin O of the moving axes. 
Then the result already proved is that 
d.4m (+4724 @)= Xdé+ Ydn+Zdg, 
or d.tm{(e+a)?+(y+bP2+(eteP}=X (du+adt)+ Y (dy+ bdt)+Z(dz+ edt), 
or d.43m(#+9+2)+d.m(ak+by+ct)= Xdxt Ydy+Zdz+(aX+b¥+cZ) dt. 
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Now we have ae 
dm (ak + by +z) =m (ai + by + cz) dt 
=m (aé+bi+el) dt 
“ =(aX+bY¥+cZ) dt, 


and therefore 
d.Am(#+P+2)=Xda+ Ydy+Zdz, 


which establishes the theorem. 

It may be noted that from this result the three equations of motion of the particle 
can be derived, by taking x=&-at etc., and subtracting the equation of energy in the 
coordinates (2, y, 2) from the equation of energy in the coordinates (6, n, ¢). 


42. Reduction of a dynamical problem to a problem unth fewer degrees of 
freedom, by means of the energy-equation. 

When a conservative dynamical system has only one degree of freedom, 
the integral of energy is alone sufficient to give the solution by quadratures. 
For if g be the coordinate, the integral of energy 


is a relation between g and q; if therefore g be found explicitly in terms of q 
from this equation, so that it takes the form 


q=f(Q) 
we can integrate again and obtain the equation 
t= | noe + constant, 


'F@ 
which constitutes the solution of the problem. 

When the system has more than one degree of freedom, the integral of 
energy is not in itself sufficient for the solution; but we shall now shew that 
it can be used for the same purpose as the integrals corresponding to ignor- 
able coordinates were used, namely to reduce the system to another dynamical 
system with a smaller number of degrees of freedom *. 

In the function L, replace the quantities qo, gs, -.., dn by hig. h ds: 
G:qn, respectively, where q,’ denotes a and denote the resulting function 

j : 
By l)(Gy doe Gays Une Gis OamecesUn) Lee differentiating the equation 


Liq, qu, tees qn; G1, Ya, +++) Yn) = 0 (h, qe’; qs > teey Gin i> Yo, ++: Qn); 
) Oe $4 00 


seey 


we have Oh 8) cog ag ee (1), 
dL led 
Gr Gi OGr" (r = 2, 3, ..., 7) sisesbvececiee (2), 
oL aa 
We 25 ap (7 IND Oe eh) eee (3) 


* Whittaker, Mess. of Math. xxx. (1900). 
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Equations (1) and (2) give 
GO Ob 2% G,.0L 

rai er Bie a’. «sin xhicainn « Sesebhn sons ; 
0h aq, r=2 Hi 0qr (4) 
Now in the integral of energy 


eit # 
oS qr az ag L=h, 

_ replace g, by q.q,' for all values of r from 2 to n inclusive, and then from this 
equation obtain q, as a function of the quantities (Ge5. Ua art Ont Oi dane dn): 
and by using this expression for ¢,, express the function 

r=1 0dr % 


in terms of (q2’, 9s) +--+, Yn» Gi» Ya, «++» Yn)- Let the function thus obtained 
be denoted by L’; then from (4) we see that L’ is the same as om but 
differently expressed. 

Differentiating the equation of energy, which by (4) may be written in 


the form 


, 00 


and regarding it as a relation at implicitly determines g, as a function of 
the variables (q.', gs, «++» Uns Ya» Yor «++» Qn), We have 


#0 aq, 22 . #0 


Sale ee) tae ary See 5 A 
© OG? ogy’ Oar’ "04.047 (6) 
PQ dg, _ 92. GO 6 
h 5GR Odsal Gi nh PERT eS teneeetseeeeees (6). 
But differentiating the equation 
00, 
T= 
0g,’ 


regarded as an identity in the variables (qa, Ysy +++) Gn» Gis Yas +++» Qn)» We have 
OLD, an 0q, 
Agr Ogrdgr’ BGs? Age’ 
Ol west) ee O81 209, 
Ogr a3 09,04, z Og? Og, 
Comparing equations (5) and (7), we have 
Ol ee OL) 
Oqr Gu OGr ” 
and comparing equations (6) and (8), we have 
aL’ 1 aa 
Og, Ga OGr’ 
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Combining these with equations (2) and (3), we have 
OL” Glam, 10le SeOL 


=r7z7, an —— = -7. 
0qr Gr 0Gr 9 99r 

Substituting from these equations in the eeubten Bint equations of motion, 
we obtain the system : 


d fol’ OL’ _ 
aad Piel = 2.3.2.5), 
dt aa Cam s ) 
or finally 
d fol'\ ol’ | 
at = 2535)...; 1). 
dq (57 Ne Og, ae 


Now these may be regarded as the equations of motion of a new dynamical 
system in which L' is the kinetic potential, (q2, qs, -+-» In) are the coordinates, 
and q, plays the part of the time as the independent variable. The new system 
will, like the systems obtained by ignoration of coordinates, be in general 
non-natural, i.e. Z’ will not consist solely of terms of degrees 2 and 0 in the 
velocities (qz’, gs, --- Qn’); but on account of its possession of the Lagrangian 
form, most of the theorems relating to dynamical systems will be applicable 
to it. The integral of energy thus enables us to reduce a given dynamical 
system with n degrees of freedom to another dynamical system with only (n — 1) 
degrees of freedom. 


The new dynamical system will not in general possess an nicer of 
energy, since the independent variable g, occurs explicitly in the new kinetic 
potential LZ’. But if q, is an ignorable coordinate in the original system, 
then q, will not occur explicitly in any stage of the above process, and there- 
fore will not occur explicitly in L’. From this it follows that the new system 
- will also possess an integral of energy, namely 


OL’ 


~—,— L’ = constant, 
0gr 


and this can in its turn be used to reduce further the number of degrees of 
freedom of the system. 


> ip 


The preceding theorems shew that any conservative dynamical system with 
n degrees of freedom and (n—1) ignorable coordinates can be completely 
integrated by quadratures; we can proceed either (a) by first perforniing the 
process of ignoration of the coordinates, so arriving at a system with only one 
degree of freedom, which possesses an integral of energy and can therefore-be 
solved in the manner indicated at the beginning of the present article; or 
(8) we can first use the integral of energy to lower the number of degrees of 
freedom by unity, then use the integral of energy of the new system to lower 
the number of degrees of freedom again by unity, and so on, obtaining finally 


a system with one degree of freedom which again can be solved in the manner 
indicated. 
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Example. The kinetic potential of a dynamical system is 


L=tf (92) 9? +492" — v (g2). 
Shew that the relation between the variables g, and q is given by the differential 


equation 
seca es 
d dq ani) s 0g. f 
where 9,’ = ira and where LZ’ is defined by the equation 


L'= {2h — 2p (qa)}4 {Ff (ga) +9994. 

Shew that the non-natural dynamical system represented by the last differential 
equation possesses an integral of energy, and hence solve the system by quadratures. 
43. Separation of the variables ; dynamical systems of Liouville’s type. 

A class of dynamical equations which are obviously soluble by quadratures 


is constituted by the equations of those systems for which the kinetic energy 
is of the form 


T = $01 (Qi) Gr? + 42 (Ga) Go? + --- +40 (Qn) Gn’, 
and the potential energy is of the form 
. V =u, (qr) + Wo (Ge) +» + Wn (Gn); 
where 1, V2, ---, Un; Wi, Wa, +», Wn are arbitrary functions of their respective 
arguments ; so that the mincae potential breaks up into a sum of parts, each 
of which involves only one of the variables. 


For in this case the Lagrangian equations of motion are 


0, (qe)- de) —40/ QGP =— WG), (=H, om), 


or Uy (9r) Gr +4, (Gr) Ge? = — Wr (Gr), (1527.25 1). 
These equations can be immediately integrated, and give 

$y (Gr) » G+ Wr (Gr) = Gr; (r=1, Dina n), 
where ¢,, C:, ..., Cy are constants of integration; these equations can be 


further integrated, since tle variables q, and ¢ are separable, and we thus 


-obtain 
sai Ur (Gr) 3 u 
C= iEeesconeal dq, + Yr, (r=1, 2: eee n), 


where :, Ye, ---» Yn are new constants of integration. ._ These last equations 
constitute ie solution of the problem. 

An important extension of this class of dynamical systems was made by 
Liouville*, who shewed that all dynamical problems for which the kinetic 
and poential energies can respectively be put in the forms 

T=} lu (q)+ (2) +--+» + Un (Gn)} {01 (Qi) G1? + Ye (Go) Go? + ++» + Un (Qn) Gn’}; 

_ WU (Gr) + Wo (Go) + «+ + Wn (Gn) 
Uy (Gh) + Ua (Ja) + +++ + Un (Gn) 
can be solved by quadratures. 
* Journal de Math. x1v, (1849), p. 257. 
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For by taking 
[ve (qr) Agr = Yrs (r=1, 2, ...m), 


where 1, Qa; ++) Qn aré new variables, we can replace all the functions 
% (G1); U2 (qe), -++) Un(Qn) by unity; we shall suppose this done, so that the 
kinetic: and potential energies take the form 


T=hu(qe+qit--. + qn’); 
1] 
V= A {wy (Qi) + We (G2) + «+» + Wn (qn)} 


where uw stands for the expression 
Uy (qi) + Ue (Ge) + «++ + Un (Qn). 
The Lagrangian equation for the coordinate q, is 
d (fF a) melee 
dt\0q./ oq gk 
dis Gus eee erm ey 
or de Uh) — 8 op + qs Se das ap UR = ig 
Multiplyimg this equation throughout by 2ug,, we have 
dee. OUT mee ee . OV 
dt (u?q,?) a Uqi On (gq? + q:? + eee + Gn?) — 2uqy Og: . 
But from the integral of energy of the system, we have 
gu(qrt get ... + Gr?) =h— J, 
where h is a constant. The equation for the coordinate q, can therefore 
be written in the form 


eV 

oe gq’) =2(h—-V) ian — 2ug, — ai 
= 2h (b= Vu) 

yy ik TNO AT 

00; 14% WA 


= 25 than (qs) — ws (qh 
Integrating, we have 
gu'qy? = hu, (G1) — (qu) +, 
where y; is a constant of integration. We obtain similar equations for each 


of the coordinates (9, 2, -.-; n); the corresponding constants (4, y2, ---, Yn) 
must satisfy the relation 


N+ Yet... + n=O, 
in virtue of the integral of energy of the system. 
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These equations give 
{hey (1) — wy (q) + n}7? dy = {hats (92) — (qo) +40)? dq. =... 
| = {htm (Gn) — Wn (Qn) + mn}? dgn, 
and this set of equations, which can be immediately integrated since the 
variables are separated, furnishes the solution of the system. 


For further investigations on this subject cf. Hadamard, Bull. des Sc. Math, xxxv. (1911), 
p. 106, and Burgatti, Rom. Ace. L. Rend. (5) Xx. (1911), p. 108, 


MISCELLANEOUS EXAMPLES. 


i, If the components (X, Y) of the force acting on a particle of unit mass at the 
point (7, y) in a plane do not involve the time ¢, shew that by elimination of ¢ from the 
differential equations the solution of the problem is made to depend on the differential 
equation of the third order 


dy 
a \Po* ae 2X=0 
ae mayer (i 
dx 


2. A system of free particles is in motion, and their potential energy, which depends 
only on their coordinates, is unaltered when the system in any configuration is translated 
as if rigid through any distance in any direction. What integrals of the motion can 
at once be written down ? 


3. In a dynamical system with two degrees of freedom the kinetic energy is 


alin Deel ral ea se 
T= D) (a-+bq,) +22 qs 
and the potential energy is 
V=c+dq, 


where a, 6, c, d are constants. Shew that the value of g_ in terms of the time is given by 


an equation of the form 
: (g2— &) (Qa + 2k)’ =h (t— to)? 


where A, 4, and ¢) are constants. 


4. The kinetic potential of a dynamical system is 


7,2 
Lm pb tha tan to, 


where a, 6, c are given constants: shew that qg2 is given in terms of ¢ by the equation 


ga=~ (t+e), } 
where ¢ is an arbitrary constant and @ denotes a Weierstrassian elliptic function. 

5, Prove that in a system with ignorable coordinates the kinetic energy is the sum 
of a quadratic function 7” of the velocities of the non-ignored coordinates and a quadratic 
function K of the cyclic momenta. 

In the case where there are three coordinates x, y, ¢ and one coordinate ¢ is ignored 
investigate the equations of motion of the type 


ad (oT) of ok av i {2 2) -2 GE) =0 
Gace) ae tie tet 8 de \ay) ~ dy \Oa J =~ 
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where V is the potential energy, & is the cyclic momentum, and the differential coefficients 
of @ with respect to & and y are calculated from the linear equation by which & is 
expressed in terms of 4, g, ¢. : (Camb. Math. Tripos, 1904.) 


6. The kinetic potential of a dynamical system with two degrees of freedom is 
- +g +0G?. 


By using the integral of energy, shew that the solution depends on the solution of the 
problem for which the kinetic potential is 


L'= -(# +9 +0), 
and by using the integral of energy of this latter system, shew that the relation between 


- Q and ge is of the form 
Cq2= 0 (Mi +¢)—3 (2c? —1), 
where ¢c and e are constants of aise and @ denotes the Weierstrassian elliptic 
function. 
7. The kinetie energy of a dynamical system is 
T= (9 +92°) (Hi? +492"), 
tats ET 
qn +q2" 
Shew (by use of Liouville’s theorem, or otherwise) that the relation between q; 
and gp is 


and the potential energy is 


ag,’ +b? 9,?-+ 2abq; 92 cos y= sin? y, 


where a, 6, y are constants of integration. 


8. The kinetic energy of a particle whose rectangular coordinates are (x, y) is $ (4? + 9%),. 

and its potential energy is 

Ae A BB’ 

Aiaha tg hCe+y 

eo ¥? 
where (4, A’, B, B’, C) are constants and where (r, 7’) are the distances of the particle 
from the points whose coordinates are (c, 0) and (—c, 0), where ¢ is a constant. Shew 
that when the quantities 3(r+r’) and }(r—7’) are taken as new variables, the system is 
of Liouville’s type, and hence obtain its solution. 


9. The observation that “a cat always falls on its feet” suggested the problem: 
A system, whose state at any instant is completely specified by the position and velocity 
of each element, is initially without velocity in free space in vacuo. Can it at a subsequent 
instant resume its initial configuration but with a different orientation in space ? 


Shew that if the system is not conservative, or if the forces are derived from a potential 
which is not one-valued, the reply is cium. but if the system is conservative with a 
one-valued potential, the reply is negative. 

(Cf. Painlevé, Comptes Rendus, CXxx1x. (1904), p. 1170.) 


CHAPTER IV 
THE SOLUBLE PROBLEMS OF PARTICLE DYNAMICS 


44. The particle with one degree of Freedom: the pendulum. 


As examples of the methods described in the foregoing chapters, we shall 
now discuss those cases of the motion of a single particle which can be solved 
by quadratures. 


We shall consider first the motion of a particle of mass m, which is free 
to move in the interior of a given fixed smooth tube of small bore, under 
the action of forces which depend only on the position of the particle-in the 
tube. The tube can in the most general case be supposed to have the form 
of a twisted curve in space. 


Let s be the distance of the particle at time ¢ from some fixed point of 
the tube, measured along the arc of the curve formed by the tube: and let 
J(s) be the component of the external forces acting on the particle, in the 
direction of the tangent to the tube. 


The kinetic energy of the particle is 
$m, 


and its potential energy is evidently 
— |" F()as, 
So 
where s, is a constant. The equation of energy is therefore 
Lid & | ; f(s)ds+e, 
0 


where c is a constant. 


Integrating this equation, we have 


t= ae [fire ds + o| “as +1, 


where J is another constant of integration. This equation represents the 
solution of the problem, since it is an integral relation between s and 1, 
involving two constants of integration. 
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The two constants c and J can be physically interpreted in terms of the 
initial circumstances of the particle’s motion; thus if the particle starts at 
time t=t, from the point s=s), with velocity u, then on substituting these 
values in the equation ofsenergy, we have 

c=4mw’, 
and on substituting the same values in the final equation connecting s and ¢, 
we have /=t,. 

The most famous problem of this type is that of the simple pendulum ; 
in this case the tube is supposed to be in the form of a circle of radius a 
whose plane is vertical, and the only external force acting on the particle is 
gravity*. Using 6 to denote the angle made with the downward vertical by 
the radius vector from the centre of the circle to the particle, we have 


s=aO and f(s) =— mg sin 0; 
so the equation of energy is 
a6? = 2g cos 6 + constant = — 4g sin? 6 + constant. 


Suppose that when the particle is at the lowest point of the circle, the 
quantity GF has the value A. Then this last equation can be written 
a?6? = 2gh — 4ga sin? 40. 
Taking sin}@=y, this becomes 


yall -¥)(s.-9). 


Now in the pendulum-problem there are two distinct types of motion, 
namely the “oscillatory,” in which the particle swings to and fro about the 
lowest point of the circle, and the “ circulating,” in which the velocity of the 
particle is large enough to carry it over the highest point of the circle, so 
that it moves round and round the circle, always in the same sense. We 
shall consider these cases separately. 


(i) In the oscillatory type of motion, since the particle comes to rest 
before attaining the highest point of the circle, y must be zero for some value 
of y less than unity, and therefore h/2a must be less than unity. Writing 


h = 2ak?, 
where & is a new positive constant less than unity, the equation becomes 


* In actual pendulums, the tube is replaced by a rigid bar connecting the particle to the 
centre of the circle, which serves the same purpose of constraining the particle to describe 
the circle. 

The isochronism of small oscillations of the pendulum was discovered by Galileo in 1632, 
and the formula for the period was given by Huygens in 1673. Oscillations of finite amplitude 
were first studied by Euler in 1736. 
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the solution of this is* 


pate (2) 013. 


where #, is an arbitrary constant. 


This equation represents the solution of the pendulum-problem in the 
oscillatory case: the two arbitrary constants of the solution are t and k, and 
these must be determined from the initial conditions. From the known 
properties of the elliptic function sn, we see that the motion is periodic, its 
period (i.e. the interval of time between two consecutive occasions on which 
the pendulum is in the same configuration with the same velocity) being 


4 (2) , where 
Kee { ‘a —eyta—peyt de. 


(li) Next, suppose that the motion is of the circulating type; in this 
case h is greater than 2a, so if we write 2a=hk*, the quantity k will be less 
than unity. 


The differential equation now becomes 


ae ee eTeG A\ 1 
= 20-y)0-ky), 


ne gt—ty 
¥ = sn ky a k ? k , 
and. in this % and & are the two constants which must be determined in 


accordance with the initial conditions. 


(iii) Lastly, let h be equal to 2a, so that the particle just reaches the 
vertex of the circle. The equation now becomes 


y=fa-yy% 


or | j= /£0-y), 


the solution of which is 


y = tanh {/2¢ - 3) 4 


It was remarked by Appell+ that an insight into the meaning of the imaginary period 
of the elliptic functions which occur in the solution of the pendulum-problem is afforded 
by the theorem of § 34. For we have seen that if the particle is set free with no initial 
velocity at a point of the circle which is at a vertical height 4 above the lowest point, 


the motion is given by 
g h 
y=ksn Sas a, where Bas 


* Of. Whittaker and Watson, Modern Analysis, § 22°11. 
+ Comptes Rendus, Lxxxvii. (1878). . 


the solution of which is 
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and therefore by § 34, if, with the same initial conditions, Oe) were supposed to act 
upwards, the motion would be given by 


y=ksn ji JL e-n a. 


But the period of this motion is the same as if the initial position were at a height 
(2a—h), gravity acting downwards: and the solution of this is 


y= sn {/2 (r—T9); ut, ‘ where k’2=1 — k?. 


$ : 
The latter motion has a real period 4 (*) K’; and therefore the function 


sn {i /2 (r—T9), i 


must have a period 4 ey K’, so the function sn(u, 4) must have a period 4K’. The 
9g 


double periodicity of the elliptic function sn is thus inferred from dynamical considerations. 


Example. <A particle of unit mass moves on an epicycloid, traced by a point on the 
circumference of a circle of radius 6 which rolls on a fixed circle of radius a. The particle 
is acted on by a repulsive force pr directed from the centre of the fixed circle, where 7 is 
the distance from this centre. Shew that the motion is periodic, its period being 

{¢ +26)? — ay 
oy ee 
; pa 
[This result is most easily obtained ce the equation of the epicycloid is taken in 
the form 
as? 
(a+ 2b)? — a?’ 


s being the arc measured from the vertex of the epicycloid.] 


(a+2b)?—72= 


45. Motion in a moving tube. 


We shall now discuss some cases of the motion of a particle which is free 
to move in a given smooth tube, when the tube is itself constrained to move 
in a given manner. 


(i) Tube rotating uniformly. 


Suppose first that the tube is constrained to rotate with uniform velocity 
w about a fixed axis in space. We shall suppose that the particle is of unit 
mass, as this involves no real loss of generality. 


We shall moreover suppose that the field of external force acting on the 
particle is derivable from a potential-energy function which is symmetrical 
with respect to the fixed axis, and so can be expressed in terms of the 
cylindrical coordinates z and r, where z is measured parallel to the fixed 
axis and r is the perpendicular distance from the fixed axis; for a particle 
in the tube, this potential energy can therefore be expressed in terms of | 
the are s: we shall denote it by V(s), and the equation of the tube will be ! 
written in the form 


r=g(s). 
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By § 29, the motion of the particle is the same as if the prescribed angular 
velocity w were zero, and the potential energy were to contain an additional 
term —}7r°o*. Hence we can at once write down the equation of energy in 
the form 

$4 — 40° (9 (8)? + V (8) =0, 


where c is a constant. 


Integrating again, we have 
t= [ [2c + w* {g(s)}? — 2 V(s))-2 ds + constant, 


and this relation between ¢ and s represents the solution of the problem. 


Example 1. If the rotating tube is plane, and the particle can describe it with 
constant velocity when the fixed axis is vertical and in the plane of the tube, and the 
field of force is that due to gravity, shew that the tube must be in the form of a parabola 
with its axis vertical and vertex downwards. 


Example 2. A. particle moves under gravity in a circular tube of radius a which 
rotates uniformly about a fixed vertical axis inclined at an angle a to its plane; if 6 be 
the angular distance of the particle from the lowest point of the circle, shew that 


__ ao" COs a gcosa 
sec 6= 6g +e} Ja, (-toh, 
where the function @ is formed with the roots : 
1,7 cosa _aw*cosa  aw*cosa 
gr? 6g, 22 3g? 


and ¢) is a constant. 


(ii) ‘Lube moving with constant acceleration parallel to a fixed direction. 


Consider now the motion of a particle in a straight tube, inclined at an 
angle a to the horizontal, which is constrained to move in its own vertical 
plane with constant horizontal acceleration 


Taking the axis of « horizontal and that. of y vertically upwards, with the 
origin at the initial position of the particle, we have for the kinetic energy 


T= 3 (2 + 7), 
where e=ycotats fe, 
so T= z(yootatfiy+sy 


=1ycosecta+ycota.fe+h fr, 
and the potential energy is 
V=gy. 
The equation of motion 
GH ae ME 
dt (ay) ie 
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gives therefore 
e (y cosec?a + ft cot a) = — g, 


or “y=(—g—f cot a) sin? a. 
Integrating, we have, supposing the particle to be initially at rest, 
y= }0(—gsina—fcos a) sina, 
and Coch 2=4(—gcosa+/sin a) sin a. 


These equations constitute the solution of the problem: it will be observed 
that in this system the kinetic energy involves the time explicitly, so no 
integral of energy exists. 


46. Motion of two interacting free particles. 


We shall next consider the motion of two particles, of masses m, and m, 
respectively, which are free to move in space under the influence of mutual 
forces of attraction or repulsion, acting in the line joining the particles and 
dependent on their distance from each other. 


The system has six degrees of freedom, since the three rectangular coordi- 
nates of either particle can have any values whatever. We shall take, as the 
six coordinates defining the position of the system, the coordinates (X, Y, Z) 
of the centre of gravity of the particles, referred to any fixed axes, and the 
coordinates (x, y, z) of the particle m, referred to moving axes whose origin is 
at the particle m, and which are parallel to the fixed axes. 


The coordinates of m,, referred to the fixed axes, are 


(x - ss Vee oe a eses ) 


Mm, + Me mM, + mM,’ Mm, + m,/’ 
and those of m,, referred to the fixed axes, are 
(x+ M,& ite tilt ioieg T+ M,Z ie 
Mm, + Mz M + Ms, M, + Mz 
The kinetic energy of the system is therefore 


T=}$m, (x - tials vo, —) + 4m, (F- mV" 5 bm, (4- me 


m+ 7 Mm, + M, Mm, + Ms, 


Mz my We 
sy Yt dm, (¥4 atm) 4 bm, (24 ee)’ 


or =4(m, + m,)(X? +¥*4 2) 44 = (#4 P+ 2) 


The potential energy of the system ave only on the position of the 
particles relative to each other, so can be expressed in terms of (a, y, 2); let 


it be V (a, y, z). 
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The Lagrangian equations of motion of the system are 
x= 0, Y= 0, ZO 
My Mey OV mm . OV LS i BAY 
m +m 02 
The first three of these equations shew that the centre of gravity moves in 


a straaght line with uniform velocity, and the other three equations shew that 
the motion of m, relative to m, is the same as uf m, were fixed and m, were 


attracted to m, with the force derived from the potential energy mim ie 
1 


Example, If two free particles move in space under any law of mutual attraction, 
shew that the tangents to their paths meet an arbitrary fixed plane in two points, the 
line joining which passes through a fixed point. (Mehmke.) 

47. Central forces in general: Hamilton’s theorem. 

The last article shews that the problem of two interacting free particles 
is reducible to the problem of the motion of a single free particle acted on by 
a force directed towards or from a fixed centre. This is known as the problem 


of central forces. There is clearly no loss of generality if we suppose the 
mass of the particle to be unity. 


- If the particle be projected in any way, it will always remain in the plane 
which passes through the centre of force and the initial direction of projec- 
tion: for at no time does any force act to remove it from this plane. We can 
therefore define the position of the particle by polar coordinates (r, @) in this 
plane, the centre of force being the origin. Let P denote the acceleration 
directed to the centre of force. We shall not suppose for the present that P 
is necessarily a function of r alone. 

The kinetic energy of the particle is 
T=3(7+r6), 
and the work done by the force in an arbitrary infinitesimal displacement 
(dr, 50) is 
— Pr. 
The Lagrangian equations of motion of the particle are therefore 
7 —r? =— P, 
Ee (726) = 0. 
The latter equation gives on integration 
6 =h, where fh, is a constant ; 
this is the integral corresponding to the ignorable coordinate @, and can be 
physically interpreted as the integral of angular momentum of the particle 
about the centre of force. 
* Newton, Principia, Book 1. Sect. 11. 
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To find the differential equation of the path described (which is generally 
called the orbit or trajectory), we eliminate d¢ from the first equation by using 
the relation ; 


eek. 
dtr? a0’ 
we thus obtain the equation 
hd (3 ) BES 


7 dO\r7 db) 
or, writing w for'l/r, 
du od 
ae? Wie ey CHE 


This is the differential equation of the orbit*, in polar coordinates ; its 
integration will introduce two new arbitrary constants in addition to the 
constant h, and a fourth arbitrary constané will occur in the determination of 
‘t by the equation 


t= : [ dé + constant. 


The differential equation of the orbit in (7, p) coordinates, (where p 
denotes the perpendicular from the centre of force on the tangent to the 
orbit), is often of use: it may be obtained directly from Siacci’s theorem 
(§ 18), which (since / is now constant) gives at once . 

hr 


or P=——+, 


which is the differential equation of the orbit. 
Since h=vp, where v is the velocity in the orbit, we have from this equation 
t= PPP 
P 


which may be written in the form 
=$Pq, 


where g is the chord of curvature of the orbit through the centre of force. 
We frequently require to know the law of force which must act towards a 


gwen point in order that a given curve may be described; this-is given at once 
by the equation . 


du 
P = hut (w+ FB), 


if the equation of the curve is given in polar coordinates; while if the equa- 


* This is substantially given in Newton’s Principia, Book 1. §§ 2 and 3, and in Clairaut’s 
Théorie de la Lune (1765) ; and in the above form in Whewell’s Dynamics (1823). 
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If the equation of the curve is given in rectangular coordinates, we pro- 
ceed as follows: 


Take the centre of force as origin, and let J (#, y)=0 be the equation of 
the given curve. The equation of angular momentum is 


LY — ye =h, 
Differentiating the equation of the curve, we have 
fo &+fy.y=0, where 7, stands for ce 
From these two equations we obtain 
pee iientist hv bf 
fy + yfy’ fet Ufy” 
Differentiating again, we have 
{Se aes ee Wa hfe 2 (_ Bf, 
mos + 95,” of taf, ta ) ( ). 


fot Wy) Ufa fy dy \thet Uy 
Performing the differentiations, this gives 
Aa ha (—Sfy fee + fa Sy Say — fe fyy) ; 
(afz + yfy) 
- But the required force is P, where #=— P =; and therefore we have 
ee hr (Sy Sex ~ fe fu Sry + fa? Sy) . 
(afz + ufy) 


this equation gives the required central force. 
The most important case of this result is that in which the curve 
I («, y)=0 is a conic, 
2f (a, y) = aa? + 2hay + by? + 29x + 2fy +c=0. 
In this case we find at once that the expression 


Sua Sy? — fry faty + Say Se 


has, for points on the conic, the constant value 


— (abe + 2fgh — af? — bg? — ch’), 
while the quantity 


has the value 

— (ge + fy + ¢), 
and so is a constant multiple of the perpendicular from the point (a, y) on the 
polar of the origin with respect to the conic. We thus obtain, for the force 
under which a given conic can be described, an elegant expression due to 
Hamilton*, namely that the force acting on the particle. in the position (x, y) 


* Prog. Roy. Irish Acad. 1846. 
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varies directly as the radius from the centre of force to the point (2, y), and 
inversely as the cube of the perpendicular from (a, y) on the polar of the centre 


of force. 

The two following theorems, the proof of which is left to the student, may together be 
regarded as the converse of Hamilton’s theorem. 

(i) If a particle moves under the action of a force directed to a fixed point, varying 
directly as the distance from the fixed point and inversely as the cube of the distance 
from a given straight line, the orbit is always a conic. 

(ii) If a particle moves under the action of a force directed to the origin, of 
magnitude 
p (oy)! (ax?+ 28ay + yy?) 4, 
where (x, y) are rectangular coordinates and p, a, B, y are constants, the orbits are conics 


which touch the lines 
ax? + 2Baxy + yy?=0. 


Darboux (Comptes Rendus, LXxxiv. p. 936) has shewn that these two laws of force are 
the only Jaws for which the orbits are always conics, if the force depends only on the 
position of the particle. Suchar (Vouwv. Ann.‘ vi. p. 532) has found other laws of force, 
which involve the components of velocity of the particle. 


Example 1. If a conic be described under the force © a given ty Hamilton’s theorem, 


shew that the periodic time is = Pro's where is the perpendicular from the centre of 
i ; 
the conic on the polar of the centre of force. (Glaisher.) 


Example 2, Shew that if the force be 
me bred 
(Aa? +2Hxy + By? + 1)°’ 


a particle will describe a conic having its asymptotes parallel to the lines 

5 Au? +2Hxy + By?=0, 

if properly projected. (Glaisher. ) 
48. The integrable cases of central forces ; problems soluble in terms of 

circular and elliptic functions. 


The most important case of motion under central forces is that in which 
the magnitude of the force depends only on the distance r. Denoting the 
force by f(r), the differential equation of the orbit is 


au T(r) 
dg + = Fae 
Integrating. we have 
Gals -5) S (r)dr—-w, 


where ¢ is a constant: integrating this equation again, we have 


6 = |e _ [roa S, 
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and this is the equation of the orbit in polar coordinates. When r has been 
found from this equation in terms of @, the time is given by the integral 


1 6 
t= 5 | r2?d@ + constant. 


The problem of motion under central forces is therefore always soluble by 
quadratures when the force is a function of the distance only. 


Example. Shew that the differential equations of motion of a point P are always 
integrable by a simple quadrature when the central force F' is of the form 


—_ 99) 
r2(at+6)’ 
where ¢ is a function of 6 only, while a and 8 are arbitrary constants. (Armellini.) 
We shall now discuss the cases in which the quadrature can be effected 
in terms of known functions, the central force being supposed to vary as some 
positive or negative integral power,—say the nth,—of the distance. 


Let us first find those problems for which the integration can be effected 
in terms of circular functions. The above integral for the determination of 0 
can be written in the form 


ou i (a + bu? +.cu-")-3 du, 


where a, b, c are constants; except when n=—1, when a logarithm replaces 
the term in u-"—._ If the problem is to be soluble in terms of circular func- 
tions, the polynomial under the radical in the integrand must be at most of the 
second degree; this gives 

—n—1=0, l, or 2, 
and consequently 

n=-—1, —2, or —3. 

The case n = —1 is however excluded by what has already been said, and 
the case n=1 is to be added, since in this case the irrationality becomes 
quadratic when wu? is taken as a new variable. 

Next, let us find the cases in which the integration can be effected by the 
aid of elliptic functions*. For this it is necessary that the irrationality to be 
integrated should be of the third or fourth degree} in the variable with 
respect to which the integration is taken. But this condition is fulfilled if 

n= 0, —4, or — 5, when wu is taken as the independent variable ; 
n=8, 5, or —7, when w? is taken as the independent variable. 

It follows that the problem of motion under a central force which varies as 
the nth power of the distance is soluble by circular or elliptic functions in the 


cases 
n=5, 8, 1,0, —2, —8, —4, —5, —7. 
* These cases were first investigated by Legendre, Théorie des Fonctions Elliptiques (1825) 
and afterwards by J. F. Stader, Crelle’s Journal, xuv1. (1853), p. 262. 
+ Whittaker and Watson, Modern Analysis, § 22°7. 


w. D. 
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Example. Shew that the problem is soluble by elliptic functions when n has the 
following fractional values: . 
n= — 2, —t, —h eo hy as 
The general case of fractivnal values of n is discussed by Nobile, Giornale di Mat. Xvi. 
(1908), p. 313. 


The cases in which motion under a central force varying as a power of 
the distance is soluble by means of circular functions are of special interest. 
They correspond, as shewn above, to the values 1, — 2, —3 of n; the case 


n= —2 will be considered in the next article: the cases n=] and n=—38 
can be treated in the following way. 
Gi) n=1. 
In this case the attractive force is 
f(r) = pr, 


~so the equation of the orbit becomes 


v +4 
=-3] (co — wt) dv, where wu? = 2, 
--/4G-8)-(-9)" 
SO 20 | \\a ~ aes dv, 
eee 
or 2(@ — y) = arccos : 2 \? where ¥ is a constant of integration, 
Cb 
(Gi 
Teee Cc? 3 
or a-3+(g-h) cos (26 — 2+). 


This is the equation of an ellipse (when ~>0) or hyperbola (when p< 9) 
referred to its centre. The orbits are therefore conics whose centre is at 
the centre of force*. 


(ii) n=-3. 
In this case the attractive force is 
ptt ed 
I(r) ed 3’ 


so the equation of the orbit becomes 


u / -$ 
o=—| e+ (G-1) a4 du. 
* Newton found that if s body move in an ellipse under the action of a force directed to the 


centre of the ellipse, the force is directly proportional to the distance: Principia, Book 1. § 2, 
Prop. x. 
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Integrating, we have 


u=A cos (kO+.e), where = 12 when p< h?, 
u = A cosh (k@ +e), where k= 1, when p>h?, 
u=Ad+e, when p=h?, 


where in each case A and e are constants of integration. 


These curves are sometimes known as Cotes’ spirals; the last is the 
reciprocal spiral *. 


In connexion with forces varying as the inverse cube of the distance, it may be observed 


that if 
r=f (8) 

be an orbit described under a central force P(r) to the origin, then the orbit 
r= (k®), 


where & is any constant, can be described under a central force P(r) +5, where c¢ is 


a constant: the intervals of time between corresponding points, i.e. points for which the 
radius vector has the same value, in the two orbits being the same. 


For, if accented letters refer to the second orbit, we have 


eee (w + aa) 


2-7? 
=h2ys + - u 


=h/243 a (P- h2 u>), 


If therefore we choose the new constant of momentum /’ so that 
W=hk 
(this equation implies that the intervals of time between corresponding points in the two 


dt dt 
orbits are the same, since it can be written a a) we have 


»_ p_YO-#) 
Yl Bea ea 


which establishes the result. This is sometimes known as Mewton’s theorem of revolving © 


orbits. 
The types of central motion corresponding to 
n= 5, 3, 0, —4, —5, —7 


lead, as has been shewn, to elliptic integrals: on inverting the integrals, we 
obtain the solution in terms of elliptic functions. As an example we shall 
take the case of n= — 5. 


* Newton, Principia, Book 1. § 2, Prop. 1x.; R. Cotes, Harmonia Mensurarum, pp. 31, 98. 
6—2 
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Let pu® be the force towards the centre of attraction; we shalt suppose 
the particle initially projected with a velocity less than that which would be 
acquired by a fall from rest at an infinite distance to the point of projection, 
so that the total energy : 


5 yl 
37? + 37°6? 4p 


is negative: call this quantity — $y. Then the equation of energy 


: she fe Fi 
ag eee ponaet ol 0 
together with the equation 
6 = h 
: ar\3 ee oe 
gives 4) =-pr — + 373° 


Introducing in place of r a new variable p defined by the equation 


et (y' 1 
Avalos oe aero 
| h(p+4) 
the differential equation becomes 
dp\? _ p_ 2 By 
(ag) = #0 + (5-5 - ay): 
The roots of the quadratic 


are real when y is positive; their sum is $, and the smaller fof them is less 
than —}. Hence if the greater and less of the roots be denoted by e, and e, 
respectively, and if e, denotes —4, we have the relations 


6. +@+e,=0, 


Q > €2 > é3, 
‘dp\? 
(35) = 4 (p — @)(p — &) (p — és), 
BO p=9(8—e), 


where ¢ is a constant of integration, and the function @ is formed with the 
roots @€, €, €;. Thus we have 


2 
aC herreerert 
h{p@—«) +4}? 
Now r is real and positive, and, as we see from the equation of energy, 


4 
cannot be greater than “i a So g(@—e)+4 is real and positive and 


has a finite lower limit; but when e,>e,>e;, the function g (8—e) is real 
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and has a finite lower limit for all real values of @ only when e is real; 


So € is purely real, and by measuring 6 from a suitable initial line we can 
take « to be zero. We have therefore . 


kat (x) isl AN 
27 h{e(0) +3}? 
and this is the equation of the orbit in polar coordinates*. 


The time can now be determined from the equation 


t= 5, | 7249, 
or t= ee ae * 
2h? | (0) —e, 
Performing the integration, we have 
A> (9) 
Ps IEA aac ask ATO | pal eA ARE sie } 
2(e— alana) + * p@)—a * f 


where ¢(@) is the Weierstrassian zeta-function+. This equation determines t. 


Example 1. Shew that the equation of the orbit of a particle which moves under the 
influence of a central attractive force p/r> can be written in the form 


6 
r=asn K-——., k ’ 
( V1+2 ) 


a ( 
pa ken (Ke, t), 


provided 44> 4y#>0, where fA is the angular momentum round the origin and His the 
excess of the total energy over the potential energy at infinity. 
(Cambridge Math. Tripos, Part I, 1894.) 


or else in the form 


Example 2. A particle is attracted to the origin with constant acceleration p» ; shew 
that the radius vector, vectorial angle, and time, are given in terms of a real auxiliary 
angle w by equations of the type 


r=@ (+0) - P(o2+a), 


(g)" tate (o, +41) + up (wy a) —cC (ay), 


ei — 9 2ius (ws+a) 7 (@ +0 +24) o (1-2-4) : (Schoute.) 
o (@1+21U— w2— @) o (@) + 02+) 


Among the points of special interest on an orbit are the points at which 
the radius vector, after having increased for some time, begins to decrease : 
or after having decreased for some time, begins to increase. A point. 
belonging to the former of these classes is called an apocentre, while points 
of the latter class are called pericentres; both classes are included under the 


* The orbits are discussed and classified by W. D. MacMillan, Amer. Journ. Math, xxx. 


(1908), p. 282. 
+ Cf. Whittaker and Watson, Modern Analysis, § 20°4. 
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general term apse. At an apse, if the apse is not a singularity of the orbit 


(e.g. a cusp), we have 
dr 


: dé 
which implies that the tangent to the orbit is perpendicular to the radius 
vector. 


= ()), 


The words aphelion and perihelion are generally used instead of apocentre 
and pericentre when the centre of force is supposed to be the Sun. 

Example. A particle moves under an attraction 
ae. 
rs 


to a fixed centre; shew that the angle subtended at the centre of force by two consecutive 
apses is + ee 


pb 
at 
Tv 


ey ———— | 
v 
yee 


where / is the constant of angular momentum. 


49. Motion under the Newtonian law*. 


The remaining case in which motion under a central force varying as an 
integral power of the distance can be solved in terms of circular functions is 
that in which the force varies as the inverse square of the distance. This 
case is of great importance in Celestial Mechanics, since the mutual attractions. 
of the heavenly bodies vary as the inverse squares of their distances apart, in 
accordance with the Newtonian law of universal gravitation. 


(i) The orbits. 

Consider then the motion of a particle which is acted on by a force 
directed to a fixed point (which we can take as the origin of coordinates), of 
magnitude yu?, where wu is the reciprocal of the distance from the fixed point. 
Let the particle be projected from the point whose polar coordinates are 
(c, a) with velocity v in a direction making an angle y with c; so that the 


angular momentum is 
h=cv, sin ¥. 


The differential equation of the orbit is 


du 2 pb 
la ee eee en 
dé? hu? v,2c? sin? y 
this isa linear differential equation with constant coefficients, and its 
integral is 
iv 
ee Ee zat 
LS oc arity +.ecos(6 —=a)}, 


* Newton, Principia, Book 1. § 3, Props. x1., xII., XIII. 
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where e and @ are constants of integration. This is the equation, in polar 
coordinates, of a conic whose focus is at the origin, whose eccentricity is ¢, 
and whose semi-latus rectum J is given by the equation 
I _ we? sin? y 
pe 
the constant a determines the position of the apse-line, and is called the 
perthelion-constant. 


The circumstance that the focus of the conic is at the centre of force is in accord with 
Hamilton’s theorem; for if the centre of force is at the focus of the conic the perpen- 
dicular on the polar of the centre of force is the perpendicular on the directrix, which is 
‘proportional to r, as by Hamilton’s theorem the force must be proportional to 1/r®. 


To determine the constants e and @ in terms of the initial data c, a, ¥, %, 
we observe that initially 


1 
d= a, Ses ge Ae ig ee 
substituting these values in the equation of the orbit and the equation 
obtained by differentiating it. with respect to 6, we have 


; U2C Sin? y = w+ we Cos (a — @), 
a2c SIN Fy COS y = we Sin (a— aw). 

Solving these equations for e and w, we obtain 

vic? sin? y 2v,2c sin? y 

co By, ae DeREAL ala BO 


 . 
+ tan y. 


e’=1+ 


—H 


a We mad a: CU,” Sin ry COS 


The semi-major axis, when the conic is an ellipse, is generally called the 


mean distance of the particle; denoting it by a, we have 


l 


mek Tees? 


and substituting the-values of / and é already found, we have 


2 2 1 . 
ven-}) 


this equation determines a in terms of the initial data. 


The time occupied in describing the whole circumference of the ellipse, 
which is generally called the periodic tume, is 


; x area, of ellipse, 
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since h represents twice the rate at which the area is swept out by the radius 


: Seackyiegt: , Qarab Paar hess : 
vector; the periodic time is therefore aa where 6 is the semi-minor axis. 


But we have : 3 
= nosin y= Vel -5/ 4, 
z 


as wf 
so the periodic time is 2a eh a It is usual to denote the quantity p*a * 


by n; the periodic time can then be written 


290 
“? 


n is called the mean motion, being the mean value of 6 for a complete period. 


It has been shewn by Bertrand and Koenigs that of all laws of force which give a zero 
force at an infinite distance, the Newtonian law is the only one for which all the orbits are 
algebraic curves, and also the only one for which all the orbits are closed curves. 


Example. Shew that if a centre of force repels a particle with a force varying as the 
inverse square of the distance, the orbit is a branch of a hyperbola, described about its 
outer focus. 


(11) The velocity. 
Consider now the case in which the orbit is an ellipse; the equation 


establishes a connexion between the mean distance a and the velocity v) and 
radius vector c at the initial point of the path. Since any point of the orbit 
can be taken as initial point, we can write this equation 


=o) 
=- r a p) 


where v is the velocity of the particle at the point whose radius vector is 7. 


Similarly if the orbit is a hyperbola, whose semi-major axis is a, we find 


ye = (= + *) 
Cer Ga)? 
and if the orbit is a parabola, the relation becomes 
va da ; 
r 


It is clear from this that the orbit is an ellipse, parabola, or hyperbola, 


according as 0? = Soe le. according as the initial velocity of the particle is 
less than, equal to, or greater than, the velocity which the particle would 
acquire in falling from a position of rest at an infinite distance from the 


centre of force to the initial position. 
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It can further be shewn that the velocity at any point can be resolved into 
& component . perpendicular to the radius vector and a component “a perpen- 
dicular to the aais of the conic; each of these components being constant. 


For if S be the centre of force, P the position of the moving particle, 
G the intersection of the normal at P to the conic with the major axis, GD 
the perpendicular on SP from G,and SY the perpendicular on the tangent at 
P from S, it is known that the sides of the triangle SPG are respectively 
perpendicular to the velocity and to the components of the velocity in the 
two specified directions; and therefore we have 


Component perpendicular to the radius vector = : Se = oe = Ga 
ede 
perlite 

and Component perpendicular to the axis = ae x Component perpendicular 
to the radius vector 
aide 
=>) 


which establishes the result stated. 


Example 1. Shew that in elliptic motion under Newton’s law, the projections, on the 
external bisector of two radii, of the velocities corresponding to these radii, are equal. 
Shew also that the sum of the projections on the inner bisector is equal to the projection 
of a line constant in magnitude and direction. (Cailler.) 


Example 2. Shew that in elliptic motion under Newton’s law, the quantity | T dt, 


where 7’ denotes the kinetic energy, integrated over a complete period, depends only on 
the mean distance and not on the eccentricity. (Grinwis.) 


Example 3. Ata certain point in an elliptic orbit described under a force p/r*, the 
constant is suddenly changed by a small amount. If the eccentricities of the former and 
new orbits are equal, shew that the point is an extremity of the minor axis. 


(iii) The anomalies in elliptic motion. 


If a particle is describing an ellipse under a centre of force in the focus S, 
the vectorial angle ASP of the point P at which the particle is situated on 
the ellipse, measured from the apse A which is nearer to the focus, is called 
the true anomaly of the particle and will be denoted by @; the eccentric 
angle corresponding to the point P is called the eccentric anomaly of the 
particle, and will be denoted by w: and the quantity nt, where n is the 
mean motion and ¢ is the time of describing the are AP, is called the mean 
anomaly of the particle. We shall now find the connexion between the three 


anomalies. 
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The relation between 6 and u is found thus: 


We have 
v =1+ecos 08, 
. r 
and r =a —ea, where « is the rectangular coordinate of P referred 
to the centre of the ellipse as origin, 
or r=a(1—ecos u). 
Hence (1—ecos u) (1 + cos 0) = 1 —e’, 


an equation which can also be written in the forms 


—e\t 
tan 5 = (7 ‘) tan, 


2, l+e 
Peis © — e)' sin 6 
oo armel He cone 


The relation between u and nt can be obtained in the following way : 


We have 
t=7 x Area ASP = =. : : x Area ASQ, where Q is the point on the auxiliary 

circle corresponding to the point P on the ellipse 

aed {Area ACQ — Area SCQ}, where C is the centre of the 

na? : 

ellipse ; 

REACH 

Brae eos eh 

so nt=u—esinu. 


This is known as Kepler’s equation. 


A nomogram for the solution of this equation is described by H. Chrétien, Assoc. Frang. 
Congres, Reims (1907), p. 83. The solution by analytical expansion has been discussed by 
many writers, an important recent, memoir being that by Levi-Civita, Atti della R: Acc. 
det Lincei, Rendiconti, (5) x11. (1904), p. 260. 


Lastly, the relation between @ and nt can be found as follows: 
We have nt'=u—esinu. 
Replacing u by its value in terms of 0, this becomes 


(1 —e)3 sin *} ass e*)3 sin 0 


ae i 
n aresin | Riereewy: Teeeccse 


which is the required relation ; this equation gives the time in terms of the 
vectorial angle of the moving particle. 


A solution of the problem of calculating the True Anomaly from the Mean Anomaly, 
based on a geometrical deduction, was found among the unpublished papers of Newton. 
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Example 1. Shew that 


al 
u=nt+2 3 — J,(re) sin rnt, 
r=1T 


where the symbols J denote Bessel coefficrents*. 
For we have 
ate 


n adi l-—ecosu 


el d (nt) $ cos rnt 


Qe 
cos rat. d (nt) , by Fourier’s theorem t 


27 fo re a pi l—ecosu 
1 $ cos rnt 
ae du 5 oH cos {r (u—esin u)} du 
Bees 0 P 
=1423 J, (re) cos rntt. 
r=1 


Integrating, we have the required result. 


Example 2. Shew that 
6=nt + 2e sin nt + $e? sin Qnt+.... 


Example 3. In hyperbolic motion under the Newtonian law, shew that 


Per ven ee fee hieee te ean cekitt 
(e+1)? cos 30+ (e— 1)3 sin }6 


and in parabolic motion, shew that 


sin 6 
1+ecos6’ 


pe by | 6 6 
lee r= bani ye 
(5 :) t tan5+$ tan 3? 


where p is the distance from the focus to the vertex. 


Example 4. In elliptic motion under Newton’s law, shew that the sum of the four 
times (counted from perihelion) to the intersections of a circle with the ellipse is the same 
for all concentric circles, and remains constant when the centre of the circle moves parallel 
to the major axis. - (Oekinghaus. ) 


(iv) Lambert's theorem. 


Lambert in 1761 shewed that in elliptic motion under the Newtonian 
law, the time occupied in describing any arc depends only on the major axis, 
the sum of the distances from the centre of force to the initial and final 
points, and the length of the chord joining these points: so that if these 
three elements are given, the time is determinate, whatever be the form 


of the ellipseS. 


* The name of Bessel is commonly connected with this expansion: but it is really due to 
Lagrange, Oeuvres, ur. p. 130. 
. Cf. Whittaker and Watson, Modern Analysis, Chapter 1x: 


+ Ibid, Chapter xvi. 
§ Lambert’s original demonstration was geometrical and synthetic: the theorem was proved 


analytically and generalised by Lagrange in 1778 (Oeuvres de Lugrange; tv. p. 559). 
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Let u and w’ be the eccentric anomalies of the points; then we have 
n x the required time = uw’ — e sin w’ —(u—e sin w) 


; . wu u+u 
=(u —u)— 2e sin —5— cos — > — 
Now if c be the length of the chord, and r and r’ be the radii vectores, 
we have 


‘ ; utu u—U 
ENT eosin = dead tl = 2 26 cos 3 COS —o— 
a, 
and c? = a? (cos u’ — cos u)? + b? (sin w’ — sin uw)? 
wu eee 
= 2 2 aye 2 
= 4a? sin 9 (1 e? cos’ —o— J}, 
. u—u uturt 
so © 2 sin (1 — e* cos? ) , 
: a 7 2 


Hence we have 


nat a0 Loe ek aren lear) 
and delhi Cok 2 eos | — (cos), 
a 


and therefore * 


: ey u — 
2 arcsin = Sars.” 


+ arccos (< cos us “ 
2 2 aa 


1 


eo 4 , oe / 
and 2 arcsin = (r=) oa nN bad + arccos (c cos ee ) ; 
2 a 2 eZ, 


Thus if quantities a and 8 are defined by the equations 


dingo a( ey make (easicad 
Ps ED a ‘ DRAB Oe 
the last equations give 

a—B=wu —u, and cos A+ Foon 


Thus finally we have 


n x the required time = a— 8 —2 cos ea sin ~ ats 
= (a —sin a) —.(8 — sin B). 


This is Lambert's theorem. 


Example 1. Examine the limiting case when the minor axis of the ellipse vanishes, so 
that the orbit is rectilinear. ’ 


* It will be noticed that owing to the presence of the radicals, Lambert’s theorem is not free 
from ambiguity of sign. The reader will be able to determine without difficulty the interpretation 
of sign corresponding to any given position of the initial and final points. 
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Example 2. To obtain the form of Lambert's theorem applicable to parabolic motion. 


If we suppose the mean distance a to become large, the angles a and 8 become very 
small, so Lambert’s theorem can be written in the approximate form 


‘ ; ike 
Required time= Bn 
i ease rie cae 
=e 6 a ) ( a )} 
=A (tr +0)t- (rr —0)4}, 
Gut 


and this is the required form*. 


Example 3. Establish Lambert’s theorem for parabolic motion directly from the formulae 
of parabolic motion. _ 


50 The mutual transformation of fields of central force and fields of 
parallel force. 


If in the general problem of central forces we suppose the centre of force 
to be at a very great distance from the part of the field considered, the lines 
of action of the force in different positions of the particle will be almost 
parallel to each other; and on passing to the limiting case in which the 
centre of force is regarded as being at an infinite distance, we arrive at the 
problem of the motion of a particle under the influence of a force which is 
always parallel to a given fixed direction. 


For the discussion of this problem, take rectangular axes Ox, Oy in the 
plane of the motion, Oz being parallel to the direction of the force; and let 
X (a) be the magnitude of the force, which will be supposed to be independent 
of the coordinate y. The equations of motion are 

=X (aH); ¥ = 0, 


and the motion is therefore represented by the equations 
z= ay +b=[" {2/X (0) de+ o\-t de +1, 


where a, b, c, l are the constants of integration; the values of these are 
determined by the circumstances of projection, i.e. by the initial values of 
TRIER 

While the problem of motion in a parallel field of force is a limiting case 
of the problem of motion under central forces, it is not difficult to reduce the 
latter more general problem to the former more special one. 


For if a particle is in motion under a force of magnitude P directed to 


* This result was given by Euler in his Determinatio Orbitae Cometae Anni 1742 (1743), before 
Lambert published the general theorem. 
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a fixed centre (which we may take as origin of coordinates), the equations 
of motion are 
, x $ y 
% = — P- =— a sae 
" Jig y 


The angular momentum of the particle Sa the origin (which is con- 
stant) is xy — ya: let this be denoted by h. Introduce new coordinates X, Y, 


defined by the homographic transformation 


pate Ae 
a vs 
and let 7’ be a new variable defined by the equation 
r= |<. 
2 
Then we have 
aX ad (az a (2-4) Pros) 
> aly) ae oe 
GY pod (IN dt tay, tn ee 
GD diy) dP yt ——% 
aX OY i uv teins y 
me ia ee aT es ar 


These equations shew that a particle whose coordinates are (X, Y) would, 
if T were interpreted as the time, move as if acted on by a force parallel to 


a 


the axis of Y and of magnitude -—*. As the solution of this transformed 


problem will yield the solution of e original problem, it follows that the 
general problem of motion under central forces ts reducible to the problem of 
motion in a parallel field of force. 


Example\. Shew that the path of a free particle moving under the influence of gravity 
alone is a parabola with its axis vertical and vertex upwards. « 


Example 2. Shew that the magnitude of the force parallel to the axis of # under which 
the curve f(z, y)=0 can be described is a constant multiple of 


(Gz) {am (3) +2 axty ae 3y ~ 598 Gn) J 


Example 3. If a parallel field of force is such that the path described by a free particle 
is a conic whatever be the initial conditions, shew that the force varies as the inverse cube 
of the distance from some line perpendicular to the direction of the force. 


51. Bonnet’s theorem. 

We now proceed to discuss the motion of a particle which is simultaneously _ 
attracted by more than one centre of force. An indefinite number of particular 
cases of motion of this kind can be obtained by means of a theorem due to 
Legendre*, but generally known as Bonnet’s theorem, which may be stated 


thus: 
* Legendre, Exere. de Cale. Int. 11. (1817), p. 383. 
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If a given orbit can be described in each of n given fields of force, taken 
separately, the velocities at any point P of the orbit Geng Uy Ua, eee la 
respectively, then the same orbit can be described in the field of force which 
as obtained by superposing all these fields, the velocity at the point P being 
(UP+VUF +... +O? 

For suppose that in the field of force which is obtained by superposing 
the original fields, an additional normal force R is required in order to make 
the particle move on the curve in question; and let it be projected from 
a point A so that the square of its velocity at A is equal to the sum of the 
squares of its velocities at A in the original fields.of force. Then on adding 
the equations of energy corresponding to the original motions, and comparing 
with the equation of energy for the motion in question, we see that the 
kinetic energy of the motion in question is the sum of the kinetic energies 
of the original motions, i.e. that the velocity at any point P is 


(0,2 + 22 + 0. + U,2)2. 
Hence, resolving along the normal to the orbit, we have 


vp tuet+ ... + 9,? 
m 


=F,+F,+...4+F,4+ RB, 


p 
where m is the mass of the particle, p the radius of curvature of the orbit, 
and F,, F,, ..., F, are the normal components of the original fields of force 
at P. 
But a ae ea Meaney 
p p p 


and therefore R is zero; the given-orbit is therefore a free path in the field 
of force which is obtained by superposing the original fields. 
Example. Shew that an ellipse can be described if forces 


r+ 8a . 73 + 8a 
Pe “8a3r2 Pe Ba372 


respectively act in the directions of the foct. 
This result follows at once from Bonnet’s theorem when it is observed that the given 


forces are equivalent to forces 5 and = acting in the directions of the foci, together with 


a force iia * distance acting in the direction of the centre of the ellipse. 
a 


52. Determination of the most general field of force under which a given 
curve or family of curves can be described. 


Let p(x, y) =e 
be the equation of a curve; on varying the constant c¢, this equation will 
represent a family of curves. We shall now find an expression for the 
most general field of force (fhe force being supposed to depend only on the 
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position of the particle on which it acts) for which this family of curves is 
‘a family of orbits of a particle. 

Let v denote the velocity of the particle, and (X, Y) the components of 
force per unit mass parallel to the coordinate axes. The tangential and 


: mel de v be a 
normal components of acceleration being S775 and 5 respectively, we have 


2 = dv? » 
et : pz (px + $y’) 3 a 3 as Py (pa? + py’) , 


2 as d 2 S 
Y= == by (be + dy) 4+ 5G, be (be + $y’) * 


eed ie 
Substituting for — its value, namely 


by pax — 2pcby Pay + Pe Pyy 


($2! + $44)? 
we have ied 
X =—dyz.’. by’ Pex (ies dx’ byy oe : a by (ha? + $,2) 3. 
Writing v =—u(pz? + dy); 


and replacing i by (¢22+ by) 3 (¢ , . — dy ) , this equation becomes | 


X =u (dr byy — py bay) + 4 hy - (b27 + $y’)? 


Now uw is arbitrary, since it depends on the velocity with which the given 
orbits are described; and as X and Y are to be functions of the position of 
the particle, we can take w to be an arbitrary function of x and y; we have 
therefore 


X= u (dehy — Pypry) + thy (batty — byte), 
VY =u (dyzx — bahay) + 3 be (py ue — Patty), 
where w is an arbitrary function of z and y. These expressions for the field 


of force under which the curves of the given family are orbits were first given 
by Dainelli*. | 


and similarly 


Example 1. Shew that a particle can describe a given curve under any arbitrary forces 
P,, Po, ... directed to given fixed points, provided these forces satisfy the relations 


Ad (Pypep\_ 
2 aa ( Tk )=o 


where 7, is the radius and p, the perpendicular on the tangent, from the kth of the given fixed 
points, und where p is the radius of curvature of the given curve. 


For the tangential and normal components of force on the particle are 
a dr, Pr 
Yi AIF and EH Nee 


* Giornale di Mat. xvu. (1880), p. 271. 
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so from the equation 


d(v*) ad 
2T= ds a= ye Ms 
we have 
: dr, a PP 
>> {2 seth (2, = \h =o, 
or Ble (= ee) 
k pe ds TE 


Example 2. A particle can describe a given curve under the single action of any one 
of the forces $1, go, ...; acting in given (variable) directions. Shew that the condition to 
be satisfied in order that the same curve may be described under the joint action of forces 
Ff, Fy, ..., acting in the directions of ,, de, ..., respectively, is 


Tepgppd (Ge =0, 
rs kPr sik b) 
where ¢, is the chord of curvature of the curve in the direction of dx. ~ (Curtis.) 


Example 3. A point moves in a field of force in two dimensions of which the work 
function is V; shew that an equipotential curve is a possible path, provided V satisfy the 
equation 


zs @V(aV\?_ , BV aVEV BV /aV\y , (/aV\2, /aV\%\2 
0=f(V) {ae (=) ore ay tae (Ge) } +1(s5) +(3) } . (Coll. Exam.) 
53. The problem of two centres of gravitation. 


-The equations of motion of a particle moving in a plane under arbitrary 
forces cannot be integrated by quadratures in the general case. The most 
famous of the known soluble problems of this class, other than problems of 
central motion, is the problem of two centres of gravitation, i.e. the problem 
of determining the motion of a free particle in a plane, attracted by two fixed 
Newtonian centres of force in the plane; its integrability was discovered by 
Euler *. 


Let 2c denote the distance between the two centres of force; and take 
the point midway between them as origin, and the line joining them as axis 
of «, so that their coordinates can be taken to be (c, 0) and (—c, 0). The 
potential energy of the particle (whose mass is taken to be unity) is therefore 


Va—pie-opty)t—w (erortyl 


where yw and p’ are constants depending on the strength of the centres of 
attraction. 

Now any ellipse or hyperbola with the two centres of force as foci is a 3 
possible orbit when either centre of force acts alone, and therefore by Bonnet’s 
theorem it is a possible orbit when both centres of force are acting. It 
is therefore natural, in defining the position of the particle, to replace the 
rectangular coordinates (a, y) by elliptic coordinates (£, 7), defined by the 
equations ; 

*x=ccosh&cos7, y=csinh &sin 7. 
* Buler, Mém. de Berlin, 1760, p. 228; Nov. Comm. Petrop. x. (1764), p. 207; xt (1765), 
p. 152: Lagrange, Mém. de Turin, tv. (1766-9), pp. 118, 215, or Oeuvres, 11. p. 67. 


W. D. 7 
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The equations £ = Constant and 7 = Constant then represent respectively 
ellipses and hyperbolas whose foci are at the centres of force; and these are 
a particular family of orbits. 

The potential energy, when expressed in terms of £ and 7, becomes 


Si 


V=- £ = e : 
c(cosh #—cosm) ce (cosh & + cos 7)’ 


and the kinetic energy 7 is given by the equations 
Taheedy 


= (cosh? £ — cos'n) (2 + #). 


This problem is evidently of Liouville’s type (§ 43), and can therefore 
be integrated by the method applicable to this class of questions. The 
Lagrangian equation for the coordinate & is 

vr 2 {(cosh? £ — cos? n) £} — c? cosh & sinh & (E+ #7) = - oe 
or 
¢ ss {(cosh?  — cos? n)? &*} — 2c? cosh & sinh £ (cosh? £ — cos® n) & (£ + 9”) 
= — 2 (cosh? £ — cos? n) & SE 
or, using the equation of energy T+ V=h, 

e e {(cosh? € — cos? 9)? E} 

We 
0g 
= 2b {(h — V) (cosh? & — cos? )} 


= — 2 (cosh? £ —cos’n) => + 2(h—-V) £ 4 (cosh? & — cos? n) 


= 2b \" (cosh? & — cos? n) + = (cosh & + cos 7) + 2 (cosh £ — cos mt 


= 25, (heoshe e+ 4*# cosh f). 


Integrating, we have 
& wtp 
a (cosh? & — cos? 7)? £? = h cosh? & + oar cosh & — y, 


where ¥ is a constant of integration. 


Subtracting this from the equation of energy, which can be written 
2 
3 (cosh? E — cos? m)? (E+ 9?) 


= h (cosh? & — cos? n) + = (cosh & + cos 7) + = (cosh £& — cos n), 
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we have 


5 (cosh? £ — cos? n)?44? = — h cos? n — 7 cos n + ¥. 
Ehminating dt between these equations, we have 
(déP = (dn)? 
heosh?é +” e 


pe - 
cosh £—¥ — heostn —"— P cos n +y 


Introducing an auxiliary variable u, we have therefore 


G -3 
u=[jheoshrg +4 P cosh Ey} "dé, 


/ 
u=[|—2 cost — : P cos n+ 7} dn. 


These are elliptic integrals, and we can therefore express & and 7 as elliptic 
functions of the parameter wu, say 


s x (u), n=  (u). 
These equations determine the orbit of the particle, the elliptic coordinates 
(&, n) being expressed in terms of the parameter u*. 


54. Motion on a surface't. 


We shall next proceed to consider the motion ot a particle which is free 
to move on a smooth surface, and is acted on by any forces. 


Let (X, Y, Z) be the components, parallel to fixed rectangular axes, of 
the external force on the particle, not including the pressure of the surface: 
let (x, y, 2) be the coordinates and v the velocity of the particle, s the arc and 
p the radius of curvature of its path, y the angle between the principal 
normal to the path and the normal to the surface, and (A, yu, v) the direction- 
cosines of the line which lies in the tangent-plane to the surface and is 
perpendicular to the path at time t; the mass of the particle is taken as unity. 


The acceleration of the particle consists of components vdv/ds along the 
tangent to the path and v*/p along the principal normal ; the latter component 
‘ean be resolved into (v?/p)siny along the line whose direction-cosines are 
(A, , v) and (v?/p) cos y along the normal to the surface. We have therefore 
the equations of motion 


dv _ dx dy | gl 
y= Xo + Le Seine se ese 


(v?/p) sin Y= XA+ Vt Bv..ccccrcrscevesseseeeeenees (B), 


* Some generalisations of the problem of two fixed centres will be found in a paper by 
: Hiltebeitel, Amer. Journ, Math. xxxitt. (1911), p. 337. 
+ The earliest investigation of motion on a surface was Galileo’s study of the motion of a 
heavy particle on an inclined plane (Discourses, Third Dialogue, 1638). The motion of a heavy 
particle moving in a horizontal circle on a sphere was examined by Huygens (Horvlog. oscill., 


1673). 


: 
: 
: 
: 


7—2 
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and these, together with the equation of the surface, are sufficient to determine 
the motion; for the equation of the surface may be regarded as giving z in 
terms of # and y, and by using this value for z we can express all the 
quantities occurring in equations (A) and (B) in terms of 2, y, 4, 98, Ys 
equations (A) and (B) thus become a system of differential equations of the 
fourth order for the determination of # and y in terms of ¢. 


If the forces are conservative, the expression 
— Xdx — Ydy — Zdz 


will be the differential of a potential-energy function V (a, y, z); equation (A) 
can therefore be integrated, and gives on integration the equation of energy | 


40 +V (a, .y, 2)=c, 


where c is a constant. Substituting the value of v* given by this equation 


in (B), we have 
sin y¥ 


2(c—V) =XN+VYu4+ Zp. 

This is (on eliminating z by means of the equation to the surface) a 
differential equation of the second order between « and y, and is in fact the 
differential equation of the orbits on the surface. 


The differential equations of motion on a surface are not integrable by 
quadratures in the general case: there are however two cases in which the 
problem can be formulated in such a way as to utilise results obtained in 
other connexions. 


(1) Motion under no forces. 


When no external forces act on the particle, equation (B) gives y = 0, so 
the orbit is a geodesic on the surface* ; the integral of energy shews that this 
geodesic is described with constant velocity. 


Example. A particle moves under no forces on the fiaed smooth ruled surface whose line 
of striction is the axis of 2, the direction-cosines of the generator at the point z being 


: z F See 
sinacos—, sinasin—, cosa, 
m m 


respectively. To determine the motion. 
Pp ¥ 


Let v denote the distance of the point on the surface whose coordinates are (a, y, 2) 
from the line of striction, measured along the generator, and let (0, 0, ¢) be the coordinates 
of the point in which this generator meets the line of striction. Then wé have 


¢ 


w=vsina cos, y= sinasin -, z=(+v cos a. 


* This theorem is due to Euler, Mechanica (1736), 11. cap. 4, 


pre nated 
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The kinetic energy of the particle is 
| Tad (P+ P+2) 


+, ve 4 ° 
=3(#+6 S sin? a+ (?+42¢6 cos a) : 


We can take v.and ¢ as the two coordinates which define the position of the particle ; it is 
evident that the coordinate ¢ is ignorable, and the corresponding integral is 


ae where & is a constant, 
ae : 
or e sin? a+1) ¢+% cos a=h, 
The integral of energy is 
T=h, where / is a constant. 


Eliminating ¢ between these two integrals, we have 
0 (v? +m?) = Qhv? + (2h — k?) m? cosec? a. 


If ¢ is initially sufficiently large compared with ¢, the quantity (24 —£°) is positive ; we 
shall suppose this to be the case, and shall write 


(2h — k*) m? cosec? a=2hd2, where A is a new constant ; 


the equation thus becomes 
O (v? +m?) =2h (v2 + r2). 


The integration of this equation can be effected by introducing a real auxiliary variable u, 
defined by the equation 


v 
u= | {emt +08) (2-4 0%)} “Fd, 
Writing v=dna~ 4, this becomes 
w= | {4ar (+22) (x +m2)} ~ 2d, 
a 
and this is equivalent to the equation 
L=O (u)—e, 
where the roots e,, é2, ¢3 of the function @ (w) are real and are defined by the equations 
€1 — eg = 4, €1 —e3 =m’, €+ @,+e3=0. 
The connexion between the variables v and u is therefore expressed by the equation 
v=dm {9 (u)—e}*. 


Substituting this value of v in the equation which connects v and ¢, we have 


(2h) tt= [2 = ae = Ooh ty + Constant 


=|i-«+0 (u+;)} du +Constant* 
= —e,u—¢ (w+) + Constant. 


* Of. Whittaker and Watson, Modern Analysis, § 20°33. 
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This equation expresses the time ¢ in terms of the auxiliary variable uv, and thus in 
conjunction with the equation 

v=AM{@ (uw) — et 3, 
gives the connexion between v and ¢. 


(ii) Motion on a developable surface. 


If the surface on which the particle moves is developable, we can utilise 


the known theorems that the are s and the quantity ae are unaltered by 


developing the surface on a plane: these results, applied to the equations of 
motion given above, shew that if in the motion of a particle on a developable 
surface under any forces the surface is developed on a plane, the particle will 
describe the plane curve thus derived from its orbit with the same velocity as 
before, provided the force acting in the plane-motion is the same in amount 
and direction relative to the curve as the component of force in the tangent- 
plane to the surface in the surface-motion. 


Example 1. A smooth particle is projected along the surface of a right circular cone, 
whose axis is vertical and veriex upwards, with the velocity due to the depth below the vertex. — 
Prove that the path traced out on the cone, when developed into a plane, will be of the form 

r? sin 3 0=a?. ; (Coll. Exam.) 

For on. developing the cone, the problem becomes the same as that of motion in a plane 
under a constant repulsive force from the origin, and with the velocity compatible with 
rest at the origin. We therefore have the integrals 

#2 4. 7262 — Or, where C is a constant, 
r°6=h, where A is a constant. 


1 dr\? Crs 
4) pears 


These equations give 


= a say, where @ iS a new constant, 


du\?_1—abut 
Gy) Gay 


o=[ aut du 
B (1—atu3)2 


=e aa where v=ur at 


ee : =#sin71y, 
which is equivalent to the equation 


; ] 
so if u=—, we have 


and therefore 


$) 


i ee 3 
7? sin 30=a?. 


Example 2. Jf in the motion of a point P on a developable surface the tangent JP to 
the edge of regression describes areas proportional to the times, shew that the component 


of force perpendicular to JP and in the tangent-plane is proportional to —?_ Tpi on where p is 


the radius of curvature of the edge of regression. (Hazzidakis, ) 
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55. Motion on a surface of revolution ; cases soluble in terms of circular 
and elliptic functions*. | 

The most important case of surface-motion which is soluble by quadra- 
tures is the motion of a particle on a smooth, surface of. revolution, under . 
forces derivable from a potential-energy function which is symmetrical with 
respect to the axis of revolution of the surface. 

Let the position of a point in space be defined by cylindrical ‘coordinates 
(z, r, 6), where z is a coordinate measured parallel to the axis of the surface, 
r is the perpendicular distance of the point from this axis, and ¢ is the: 
azimuthal angle made by r with a fixed plane through the axis. The 
equation of the surface will be a relation between z and r, say: 

r= f(z), 

and the potential energy will be a function of z and r (it cannot involve b,. 
since it is syrametrical with respect to the axis), which for points on the 
surface can, on replacing r by its. value f(z), be expressed as a function of z 
only, say V(z); the mass of the particle can be taken as unity. 


The kinetic energy is, by §18, 
T=4(2+74+7d%) 
=${/’@P+ 2+ (SP $- 


The coordinate is evidently ignorable; the corresponding integral is 


—= where & is a constant, 


or [Far o=k; 
this equation can be interpreted as the integral of angular momentum about 
the axis of the surface. Ser 


The equation of energy is 
T+V=h, where A is a constant, 


and substituting for ¢ in this equation from the preceding, we have 
[Lf + La + [fF @|A+2V @) = 2h; 
integrating this equation, we have 


t= fur (z)}? + i? [2h—2V(z)—# { f(2)}@] dz + Constant. 


The relation between ¢ and z is thus given by a quadrature; the values 
of r and ¢ are then obtained from the equation of the surface and the 
equation , 

[S@)}? o =F, 
respectively. 
* The motion of a particle on a surface of revolution was investigated by Newton, Principia, 


Book 1. Section 10. 


104 The Soluble Problems of Particle Dynamics (cH. IV 


We shall now discuss the motion on those surfaces for which this quad- 
rature can be effected by means of known functions, when the axis of the 
surface is vertical (z being measured positively upwards) and gravity is the 
only external force, so that 

V (2) = 92. 
(3) The circular cylinder. 
When the surface is the circular cylinder r=a, the above integral 


becomes } 
S| (2h — age — =) dz, 


and if the origin of coordinates is so chosen that 2ha* = k*, we have 
= | (- Qgz) 2 dz, 


or z=—tg(t—b), where f, is a constant. 
The equation 


ath =k 
then gives 
$- d= a(t- ty); where dy is.a constant. 
(ii) The sphere. i 
The case in which the surface is the sphere 
r=(k—28 
is called the problem of the spherical pendulum*, and can be realised by 


supposing a heavy particle attached to a fixed point by a light rigid wire 
capable of moving freely about the point. 


In this case the quadrature for t becomes 


t-te 3 is s+ i {2A - 292 — ae dz, 
or ss | (2h — 2gz) (I? — 28) — 8} Ede. 


The integral on the right-hand side of this equation is an elliptic 
integral, which we shall now reduce to Weierstrass’ canonical form. Denote 
by 2, 22, 2; the roots of the cubic 


2(h—gz)(PF—2#)—-k=0; 
2(h—gz)(P—2)—k? 


* Lagrange, Mécanique Analytique. The complete solution in terms of (Jacobian) elliptic 
functions was obtained by A. Tissot, Liouville’s Journal, (1) xv. (1852), p. 88: Jacobi’s own 
solution of the problem of a rotating rigid body in terms of elliptic functions had been published 


previously, in 1839. The analysis connected with the spherical pendulum is essentially that for 
Lamé’s equation of order 2, 


since the expression 


2 en 
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1s negative for the values J and —I of z, and positive for very large positive 
values of z and also for the values of z which occur in the problem considered 
(which must necessarily lie between —1 and +, since the particle is on the 
sphere) we see that one of the roots (say z,) is greater than J and the other 
two (say 2, and z;, where z,>z;) are between J and —/. The values of z in 


the actual motion will lie between z, and z,, since for them the cubic must 
be positive. 


: oma 
Write z= 3g + 7 g. where. € is a new variable, 
h , 22 
and ayes ios oats os 
tre gat oF (r = 1, 2, 3) 


so that @,, ¢, ¢, are new constants, which satisfy the relation 


te te= se (ata+a—2)=0, 


and also satisfy the inequalities ¢, > e,> é5. 


The relation between ¢ and z now becomes 


t= |{4(6-a)(E-e)(— ef bas 
or . C= (t+), 


where ¢ is a constant of integration and the function g is formed with the 
Toots @,, @:, 3. 


Now when @¢,, &, @ are real and in descending order of magnitude, 
~@(u) and g’(u) are both real when ~ is real, in which case ¢(w) is greater 
than e,, and also when wu is of the form ;+a real quantity, where , is 
the half-period corresponding to the root e,; in this latter case, @(u) lies 
between e, and ¢;. Since in the actual motion z lies between z, and 2,, it 
follows that ¢ lies between e, and e¢;, and therefore the constant ¢« must con- 
sist of an imaginary part @, and a real part depending on the instant from 
which time is measured: by a suitable choice of the origin of time, we can 
take this real part of e to be zero, and we then have 


hv ed 2E 
ee OG, 
Zz 3g + A Q(t + ws) 
This equation gives the connexion between z and ¢. We have now to 
determine the azimuth ¢. For this we have the equation 


pets tee kut 
dt 
so $- =k [ap Q]2 2? 
aie) ae apt 
l eee 9 g(t ay | 


where ¢, is a constant of integration. 
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To effect: the integration, we take X and 4 to be the (imaginary) values of — 
t + w, corresponding to the values / and.—.l of z respectively ; so that > and pw 
are new constants defined by the equations 
h ~ 2P foe 2F oe. 
nO d —-l=~,-=— : 
L Bio g(a) an eee @ (Hz) ; 
these equations give 


6 O)= 6 (u) = Fe 
The integral now becomes ; 

‘ kg dt: 
ie h=- h liperay=P Ol p (¢ + @)— 9 (H)} 


kg [{(-2- 1 @t parentage el 
~ 4b I le (t+o)-@(A) @(t+o;)—e(H) 
=s lta ward .  @ujdt. t. 
~ 2) le +ea)—e9A) e¢+.)—¢ () 


But* we have 


pr) = (2-2) = (240) + 260), 


TORTI 
i eta pecs ae 


and therefore 
e264) — g21F)- supe T+ os — pw) a (E+ ws +2), 
a(t + @,+ pw) a (t+ @;— 2) 
this equation expresses the angle 4 as a function of t, and so completes thé 
‘solution of the problem. 


We see that when ¢ increases by 2@,, $, increases by 


— Lie, {£(w) — E(0)} - Bin, (X—p). | 

Example. When the bob of the spherical pendulum is executing periodic oscillations 
between two parallels on the sphere, shew that one of the points reached on the higher 
parallel, and the point on the lower parallel at which the bob arrives after a half-period, 
have a difference of azimuth which always lies between one and two right angles. 

(Puiseux and Halphen.) 

The problem of the spherical pendulum has been discussed from the standpoint of 
periodic solutions by F. R. Moulton, Palermo Rend. xxx11.. (1911), p. 338. 

Gu) The paraboloid. 

Consider next the problem of motion on the paraboloid, whose equation is 

r= 2a 2}, 
In this case the quadrature for t becomes 


roe © 
2 


t= f(a +2)2 (22 — 2921-7) dz. 


* Cf. Whittaker and Watson, Modern Analysis, § 20-58, Ex. 2. 


a 
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To obtain the solution of the problem in terms of elliptic functions, we 
introduce an auxiliary quantity v, defined by the equation 


4 = ke\-2 
v= : Zi oh pee EPS Gea 
| (a +2) ( Zz — 2gz2? ne dz. 
If a and 8 (where a > 8) denote the roots of the quadratic 


ke 
2hz — 2g2?-— — = 
a eres 2 


we can write this integral in the form 


doris 
v= (-$) | {4 (2 +a) (2 —f)(e—a)}~? de. 
Define a new variable ¢ by the equation 


Se Gels 


Z=—(a+a)O+ 3 ; 


_ and let @,, &, @ be the values of £ corresponding to the values of —a, B, a 


respectively of z; then the integrals become : 


$ 
ee) v=[ (4 CG _ e,) (f- €2)(F — €3)} ~? df, 


and it is easily proved that the quantities ¢,, ¢, e, satisfy the relations 
€, + Cy + €; = 0, €, > €2 > 63. 


The auxiliary quantity v can now be replaced by an auxiliary quantity w, 
defined by the equation 


Sree.) 
om | a ah u, 


and then the inversion of the integral gives 


c= (ute), 
where ¢ is a constant of integration and the function g is formed with the 
roots @,, @, @s, Which are given by the equations 


2a+a+B8 —a+a—28 _-—a-—2a+B 
Be Gap ye eG eeei. | 8644 
- As in the actual motion z evidently lies between @ and 8, it follows that 
@ (w+ e) hes between es and ¢, and therefore (as we wish w to be real) the 
imaginary part of the constant « must be the half-period @,; the real part can 
be taken to be zero, since it depends merely on the lower limit of the integral 


for u. 
We have therefore 
— ag 


Z=—(a+) Gey eat since Ann 
fa capac 80a" 9 
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The equation to determine tf is 


t= |(a + 2) dv 
— 2O+ ON ip (ut on)—e) da 


Ff (a +a))? 
f= eee {— 
eT 
and this equation gives ¢ in terms of the auxiliary variable w. 


is (u ah @s) a eu}, 


Lastly, we have to determine the azimuth ¢: for this we have 


ts kdt 
dp =~ ia 
2 2 . « (U + @3) — & du, 
~ 4a |g(a+a)y * —a+a+ 
OUT) aa) 
and therefore 
g(a+a) at+a+B } du 
poe He Disa rem iery| A fe eae vegas 
OOS saa aye 


=u- 


a(at+ a)? (- 20)" | @’ (1) du 
k Q (u+ ws) — w(l)’ 
where q, is a constant of integration, and / is an auxiliary constant defined by © 
the equation 
k 
l Le R so g' (l) = —________, . 
P= (Bata) ” e (— 2g)? (a + «)% 
The equation can now be written 
KE nem LS Me oe y’ (l) du 
a {Sg(a+a)}2 2J» lu 2a) y (L)’ 


the integral of which is found (as in the problem of the spherical pendulum) 
to be . 


Qik 


e2ild- $0) = Laiiperat u 


AU Cras 


this equation expresses ¢ in terms of the auxiliary variable w, and so completes 
the solution. 


(iv) The cone. 
Consider next the cone, whose equation is 


r= z tan @, 
where a@ is the semi-vertical angle. 
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_ Since this is a developable surface, we can apply the theorem of § 54, and 
we see that the orbit of a particle on the cone under gravity becomes, when 
the cone is developed on a plane, the same as the orbit of a particle of unit 
_ Mass in the plane under a force of constant magnitude g cos a acting towards 

a fixed centre of force (namely the point on the plane which corresponds to 
the vertex of the cone). This (§ 48) is one of the known cases in which the 
problem of central motion can be solved in terms of elliptic functions, and 


this solution furnishes at once the solution of the problem of motion on the 
cone. 


Example 1. Shew that the motion of a particle under gravity on a surface of revolution 
whose axis is vertical can also be solved in terms of elliptic functions when the surface is 
given by any one of the following equations 


9ar? =z (z—3a)?, 
Qr4 + 8a2r? — 2z2a3=0, 
(7? —az—4a?)? =a%z. (Kobb and Stickel.) 


Ezample 2. Shew that the same probleu can be solved in terms of elliptic functions 
when the surface is 


(x2 + 47)3 + 2a8 = Barz (4? + y?). (Salkowski.) 
Example 3. Shew that if an algebraic surface of revolution is such that the equations 
of its geodesics can be expressed in terms of elliptic functions of a parameter, the surface 
must be such that r? and z can be expressed as rational functions of a parameter, i.e. the 
equation of the surface regarded as an equation between 7? and z is the equation of 
a unicursal curve; where z, 7, @ are the cylindrical coordinates of a point on the 
surface. (Kobb.) 


Example 4. Shew that in the following cases of the motion of a particle on a surface 
of revolution, the trajectories are all closed curves: 


1°. When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to cosec? 6, where @ is the angular distance from the particle to 
the pole. (The trajectories are in this case sphero-conics having one focus in the pole.) 


2°. When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to tan 6 sec?@. (The trajectories in this case are sphero-conics 
having the pole as centre*.) 


56. Joukovsky’s theorem. 

We shall now shew how to determine the potential-energy function under 
which a given family of curves on a surface can be described as the orbits of 
a particle constrained to move on the surface. 

The three rectangular coordinates of a point on the surface can be expressed 
in terms of two parameters, say u and v, so that an element of are ds on the 
surface is given in terms of the increments of u and v to which it corresponds 
by an equation of the form 

ds? = Edu? + 2F dudv+ Gav’, 
where H, F, G are known functions of u and v. 


* Darboux has examined the possibility of other cases, in Bull. de la Soc. Math. de France, v. 
(1877). 
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Let the family of curves which are io be the orbits under the required system 
of forces be defined by an equation 


~ gq (u, v) = Constant, 


and let 
p(u, v) = Constant 


denote the family of curves which is orthogonal to these. 


Then instead of u and v we can take p and q as the two parameters 
which define the position of a point on the surface; let the line-element 
in this system of parameters be expressed by the equation 

ds? = E’ dq + G' dp’, 
the term in dqdp being absent, because the curves p = Constant and 
q = Constant cut at Hight angles: H’ and G@’ being known functions of 
p and q. 
The kinetic energy of a particle which moves on the surface is 
T= 3 (EG + OP); 
the Lagrangian equations of motion are therefore 


5 (Ha) 4 (Gas S pw) a- 


oq ag * 0g ” 
OG> samo 
£ (@'p)— +(F p+ Fp) Te 


where V denotes the unknown potential-energy function, which it is required 
to determine. 


These equations are to be satisfied by the value g=0; they then become 


; eG aig 
2 0q P= aq’ 
EN Bree RA 
3 ene P) aa: 
Eliminating 7, we have 
OV 
r) og \ aV 
ap OG ap Op =0 
oq 
Integrating this equation, we have 


qe 
sat +V=f(q), where / is an arbitrary function, 


0q 
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| oe eG" 
vs Opt ag @) 


0 
and therefore “ 


neh = | d 
; G @ J dq I(@) dq, 
where g denotes an arbitrary function. 


Now 


da: : é 
@ is A, (p), the differential parameter* of the first order of the 


function p; and thus we have a theorem enunciated by Joukovsky in 1890, 
that. of q= Constant is the equation of a family of curves on a surface, and 
p= Constant denotes the family of curves orthogonal to these, then the curves 
q = Constant can be freely described by a particle under the influence of forces 


derived from the potential-energy function 


V=A,(p)9(p)+:(P) [Fa 5 rent dq, 


where f and g are arbitrary functions, and A, denotes the first differential 
parameter. 


The above equations give 


eels 1eG i I@ 
LOS Tg ati = ek eT 


and hence the equation of energy in the motion is 
2G + V=f(q). 


MISCELLANEOUS EXAMPLES. 


1. A particle moves under gravity on the smooth cycloid whose equation is 
“< s=4asin , 
where s denotes the arc and ¢@ the angle made by the tangent to the curve with the 


horizontal: shew that the motion is periodic, the period being 4x al 7 


2. A particle moves in a smooth circular tube under the influence of a force directed 
to a fixed point and proportional to the distance from the point. Shew that the motion is 
of the same character as in the pendulum-problem. 


* If the line-element on a surface is given by the equation 
ds? = EF du? + 2F dudv + G dv?, 


the first differential parameter of a function ¢ (w, v) is given by the formula 


il ag \? 0¢ 0b 0g \"| 
Ai(9)=F@—R {z (3) A rae a } 
The differential parameter is a deformation-covariant of the surface, i.e. when a change of 


variables is made from (u, v) to (w’, v’), the differential parameter transforms into the expression 
formed in the same way with the new variables (u’, v’) and the corresponding new coefficients 


(Eee Gia) 
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3. A particle moves in a*straight line under the action of two centres of repulsive 
force of equal strength p, each varying as the inverse square of the distance. Shew that, 
if the centres of force are at a distance 2c apart and the particle starts from rest at 
a distance ke, where & <1, from the middle point of the line joining them, it will perform 
oscillations of period > 


TT 
= 2 ; 
2 /e(1—R)/p | (1 — #2 sin? 6)? a. 
0 
(Camb. Math. Tripos, Part I, 1899.) 

4. A particle under the action of gravity travels in a smooth curved tube, starting 
from rest at a given point O of the tube. If the particle describes every arc OP in 
the same time that would be taken to slide down the corresponding chord OP, shew that 
the tube has the form of a lemniscate. 

5. A particle is projected downwards along the concave side of the curve y3+az7=0 
with a velocity 4 (2ag)t from the origin, the axis of x being horizontal ; shew that the 
vertical component of the velocity is constant. (Nicomedi.) 

6. A particle moves in a smooth tube in the form of the curve r?=2a* cos 26, under 
the action of two attractive forces, varying inversely as the cube of the distance, towards 
the two points on the initial line which are at a distance a from the pole. Prove that if 
the absolute force is p, and the velocity at the node Qt /a, the time of describing one loop 
of the curve is ra?/2y>, (Camb. Math. Tripos, Part I, 1898.) 

7. A particle describes a space-curve under the influence of a force whose direction 
always intersects a given straight line. Shew that its velocity is inversely proportional 
to the distance of the particle from the line and to the cosine of the angle which the 
plane through the particle and the line makes with the normal plane to the orbit. 

(Dainelli.) 
8. A heavy particle is constrained to move on a straight line, which is made to 


rotate with constant angular“velocity round a fixed vertical axis at given distance from 
it. Shew that the motion is given by the equation 


r= Ae” cosa+ Be~ “' cosa, 
where 7 is the distance of the particle from a fixed point on the line, a is the angle made 
by the line with the horizontal, and A, B are constants. (H. am Ende.) 

9. A heavy particle is constrained to move on a straight line, which is made to 
rotate with given variable angular velocity round a fixed horizontal axis. Shew that the 
equation of motion is ‘ me 

7= Fg sin asin 6 — 76? sin? a} a6 sina, 
where a is the angle between the line and the axis of rotation, 6 the angle made with 
the vertical by the shortest distance a between the lines, and 7 the distance of the 
particle from the intersection of this shortest distance with the moving line. 
(Vollhering.) 

10. A particle slides in a smooth straight tube which is made to rotate with uniform 
angular velocity about a vertical axis: shew that, if the particle starts from relative 
rest from the point where the shortest distance between the axis and the tube meets the 
tube, the distance through which the particle moves along the tube in time ¢ is 


29 
2g as ; 
2 cot a cosec a sinh? (4 @¢ sin a), 


where a is the inclination of the tube to the vertical. 
(Camb. Math. Tripos, Part I, 1899.) 
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11. A particle is constrained to move under no external forces in a plane circular tube 
which is constrained to rotate uniformly about any point in its plane. Shew that the 
motion of the particle in the tube is similar to that in the pendulum-problem. 


12. A small bead is strung upon a smooth circular wire of radius a, which is con- 
strained to rotate with uniform angular velocity about a point on itself. The bead is 
initially at the extremity of the diameter through the centre of rotation, and is projected 
with velocity 2b relative to the wire: shew that the position of the bead at time ¢ 
is given by the equation 


sin d=sn bat/a (modulus a/d) 
or 


sin @=(b/a) sn of, (modulus }/a) 


according as a< or >b, ¢ being the angle which the radius vector to the bead makes 
with the diameter of the circle through the centre of rotation. 


(Camb. Math. Tripos, Part I, 1900.) 


13. Shew that the force perpendicular. to the asymptote under which the curve 
B+ p=as 
can be described is proportional to 
ay (ay?) 8. 


14. A particle is acted on by a force whose components (X, Y) parallel to fixed axes 
are conjugate functions of the coordinates (*, y). Shew that the problem of its motion is 
_ always soluble by quadratures, 


15. If(C) be a closed orbit described by a particle under the action of a central force, 
S the centre of force, O the centre of gravity of the curve (C), G the centre of gravity of 
the curve (C) on the supposition that the density at each point varies inversely as 
the velocity, shew that the points S, 0, @ are collinear and that 2S@=38S0. 
(Laisant. ) 


16. Shew that the motion of a particle which is constrained to move in a plane, 
under a.constant force directed to a point out of the plane, can be expressed by means 
of elliptic functions. 


17. Shew that the curves 
an+by+c=af ({) ; 


where a, 5, ¢ are arbitrary constants and f is a given function, can be described under the 
same law of central force to the origin. 


18. Shew that when a'circle is described under a central attraction directed’ to 
a point in its circumference, the law of force is the inverse fifth power of the distance. 


19. A particle describes the pedal of a circle, taken with respect to any point in 
its plane, under the influence of a centre of force at this point. Shew that the law 
of force is of the form 


AB 
at pe? 
where A and B are constants. 
Shew that the law of force is also of this form when the inverse of an ellipse with 
respect to a focus is described under a centre of force in the focus. (Curtis. ) 


W. D. 8 
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20. Prove <hat, if when projected from r=, 0=0 with a velocity V in a direction 
making an angle a with the radius vector the path of a particle be f(r, 6, R, V, sin a)=0, 
the path with the same initial conditions but under the action of an additional central 


force a is “ 
a 
FOF ROS TGV (n? sin? a-+cos?a)?, n sin a (n* sin? a+cos? a) *)=0, 
where 
If ee ee Coll. Exam. 
w=S— WaRssin® a eesti oni 
21. A particle of unit mass describes an orbit under an attractive force P to the 
origin and a transverse force 7 perpendicular to the radius vector. Prove that the 
differential equation of the orbit is given by 
au Pee ee Tae 
dei gl tek dae ge 
If the attractive force is always zero, and the particle moves in an equiangular spiral 
of angle a, prove that ! : 
Ta pr2 4-3 and h=(psinacos a)t psec" a 
(Camb. Math. Tripos, Part I, 1901.) 


22. A particle, acted on by a central force towards a point O varying as the distance, 
is projected from a point P so as to pass through a point @ such that OP is equal to 0 ; 
shew that the least possible velocity of projection is OP (usin POQ)?, where pz. OP is the 
force per unit mass at P. (Camb, Math. Tripos, Part I, 1901.) 


23. Find a plane curve such that the curve and its pedal, with regard to some. point 
in the plane, can be simultaneously described by particles under central forces to that 
point, in such a manner that the moving particles are always at corresponding points 
of the curve and the pedal; and find the law of force for the pedal curve. 

(Camb. Math.. Tripos, Part I, 1897.) 


24. If f(x, y) be a homogeneous function of one dimension, then the necessary 
and sufficient condition that the curve f(x, y)=1 be capable of description under accele- 
ration tending to the origin and varying with the distance alone, is that f be subject 
to a condition of the form 


af Of 
Ant ats etn ORO 


Hence shew that the only curves of this class are necessarily included in the equation 
r(4+Bsin 6+C cos 6)=1. 


Proceed to the discussion of the case wherein f(z, y) is homogeneous and of ‘n 
dimensions. (Coll. Exam.) 


25. An ellipse of centre C is describéd under the influence of a centre of force 
at a point 0 on the major axis of the ellipse ; shew that 
nt=u—esin u, 
where 22/n is the periodic time, e is the ratio of CO to the semi-major axis, and wu is the, 
eccentric angle of the point reached by the particle in time ¢ from the vertex. 


26. Two free particles » and M move in a plane under the influence of a central force 
to a fixed point 0. Shew that the ratio of the velocity of the particle » at an arbitrary 
point m of its path, to the velocity which is possessed at m by the central projection of UM 
on the orbit of p, is equal to the constant ratio of the areas described in unit time by the 
radii Op, OM, multiplied by the square of a certain function f of the coordinates of m, 
which expresses the ratio of O&M, Om. (Dainelli,) 
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27. A particle is moving freely in a parabola under an attraction to the focus. Shew 
that, if at every instant a point be taken on the tangent through the particle, at distance 
4a cos }6/(8+sin 6) from the particle, this point will describe a central orbit about 
the focus, and the rate of description of areas will be the same as in the parabola ; where 
4a is the latus rectum, and 6 the vertical angle of the particle measured from the apse 


line. (Camb. Math. Tripos, Part I, 1896.) 


28. When a periodic comet is at its greatest distance from the sun, its velocity 
receives a small increment $v. Shew that the comet’s least distance from the sun 
will be increased by the quantity 


480. fa3(1—e)/p(1+e)}2. (Coll. Exam.) 


29. If POP’ is a focal chord of an elliptic path described round the sun, shew that 
the time from P’ to P through perihelion is equal to the time of falling towards the 
sun from a distance 2a to a distance a(1+cosa), where a=2m —(u'—w), and w—w is the 
difference of the eccentric anomalies of the points P, P’. (Cayley.) 


30. A particle moves in a plane under attractive forces p/7r3’2, y/r?r'3 along the 
radii 7, 7 drawn to two fixed points at distance 2d apart. Shew that, if it is projected 
with the velocity due to a fall from rest at infinity, a possible path is a circle with regard 
to which the two fixed centres are inverse points, and that, if the radius of this circle is a, 
the periotic time is 

4raty? (a2 +42). (Coll. Exam.) 


31. A heavy particle is projected horizontally with a velocity v inside a smooth 
sphere at an angular distance a from the vertical diameter drawn downwards: shew that 
it will never fall below or never rise above its initial level according as 


> or <agsina tana. (Coll. Exam.) 


32. A partiele is projected horizontally with velocity V along the interior of a smooth 
sphere of radius a from a point whose angular distance from the lowest point is a. Shew 
that the highest point of the spherical surface attained is at an angular distance 8 from 
the lowest point, where 8 is the smaller of the values of , x given respectively by 
the equations 

(3 cos yy — 2 cos a) ag+ Aearde 
of 


Coll. E : 
(cos y +cos a) V?— 2ag sin? x= (Co xam.) 


33. If the motion of a spherical pendulum of length @ be wholly between the levels 
2a, $a below the point of support, shew that at a time ¢ after passing a point of greatest 
depth, the depth of the bob is 

ta {4—sn?t,/(13g/14a)} (mod. ./(7/65)) 
and that a horizontal coordinate referred to the point of support as origin is determined 
by the equation 
eae #=(garla) {—38-+4 an*t J(13g/140)}, 
which is a case of Lamé’s equation. (Coll. Exam.) 


34, Shew that if.a conical pendulum is executing small oscillations, the horizontal 
projection of the bob describes an ellipse whose axes turn in the sense of the motion 


with the angular velocity 
260 ’ 


where 6, is the angle of greatest deviation from the vertical, 6, that of least deviation, 
1 the length of the pendulum, and g«gravity. (Résal.) 
8—2 
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35. A particle is constrained to move on the surface of a sphere, and is attracted to a 


fixed point Y on the surface of the sphere with a force that varies as r—? (d2—r2) 8, where 
d is the diameter of the sphere and 7 is the rectilinear distance from the particle to HU. 
If the position of the particle on the sphere be defined by its colatitude 6 and longitude ¢, 
with M as pole, shew that the equations of motion furnish the differential equation 
It fGdoNe 1 
sn? aa) an?d 
where a and b are constants; and integrate this equation, shewing that the orbit is 
a sphero-conic. 
36. A particle of mass m moves on the inner surface of a cone of revolution whose 
semi-vertical angle is a, under the action of a repulsive force mp/r? from the axis; the 
angular momentum of the particle about the axis being m »/» tan a, shew that the path 


is an arc of a hyperbola whose eccentricity is sec a. 
(Camb. Math. Tripos, Part I, 1897.) 


37. Shew that the necessary central force to the vertex of a circular cone in order 
that the path on the cone may be a plane section is 
A B 
ri 7" 
38. A particle of unit mass moves on the inner surface of a paraboloid of revolution, 
latus rectum 4a, under the action of a repulsive force yr from the axis, where 7 is the 
distance from the axis; shew that, if the particle is projected along the surface in a 


=acot 6+, 


(Coll. Exam.) 


direction perpendicular to the axis with velocity 2ap2, it will describe a parabola. 
(Coll. Exam.) 


39. A smooth surface of revolution is formed by rotating the catenary s=ctang 
about its axis of symmetry, and a particle is projected along its surface from a point 


distant 6 from that axis with velocity h(a2+b2)2 /b?. The direction of projection is such 
that the component velocity perpendicular to the axis is /b and the particle moves in 
contact with the surface, under the influence of a force of attraction A? (r?+2a?)/r5 in the 
direction of the perpendicular r to the axis. Shew that, if gravity be neglected, the 
projection of the path on a plane at right angles to the axis will have a polar equation 


e sinh “ =a6. (Coll. Exam.) 


40. A particle moves on a smooth helicoid, z=ad, under the action of a force pr 
per unit mass directed at each point along the generator inwards, r being the distance 
from the axis of z. The particle is projected along the surface perpendicularly to the 
generator at a point where the tangent plane makes an angle a with the plane of ry, its 


velocity of projection being pia. Shew that the equation of the projection of its path on 


the plane of wy is 
a?/r?= sec? a cosh? (@ cos a) — 1. 
(Camb. Math. Tripos, Part. I, 1896.) 
41. Shew that the problem of the motion of a particle under no forces on a‘ ruled 
surface, whose generators cut the line of striction at a constant angle, and for which the 
ratio of the length of the common perpendicular to two adjacent generators to the angle 
between these generators is constant, can be solved by quadratures, (Astor.) 
42. A particle (x, y, 2) whose potential energy is (ax?+by?+cz®) is constrained to 
move, on the sphere 2#+y?+2?=1. Determine the motion. 
(C. Neumann, Journal fiir Math. Lv1. (1859), p. 46.) 


CHAPTER V 


THE DYNAMICAL SPECIFICATION OF BODIES 


57. Definitions. 


Before proceeding to discuss those problems in the dynamics of rigid 
bodies which can be solved by quadratures, it is convenient to introduce and 
calculate a number of constants which can be assigned to a rigid body, and 
which depend on its constitution: it will be found that these constants 
determine the dynamical behaviour of the body. 

Let any rigid body be considered; and let the particles of which (from 
the dynamical point of view) it is constituted be typified by a particle of 
mass m situated at a point whose coordinates referred to fixed rectangular 
axes are (a, y, 2). 

The quantity =m (y? + 2°), 
where the symbol = denotes a summation extended over all the particles of 
_ the system, is called the moment of inertia of the body about the axis Ow*. 
Similarly the moment of inertia about any other line is defined to be the sum 
of the masses of the particles of the body, each multiplied by the square of 
its perpendicular distance from the line. These summations are evidently in 
the case of ordinary rigid bodies equivalent to integrations; thus =m (y* + 2’) 


is equivalent to | | (y? + 2") pdadydz, where p is the density, or mass per 


unit volume, of the body at the point (a, y, 2). 

The quantity Zmaxy 
is called the product of inertia of the body about the axes Ox, Oy; and 
similarly the quantities 2myz and Xmzw# are the products of inertia about 
the other pairs of axes. 

For the moments and products of inertia with reference to the coordinate 
axes, the notation 

A= im(y?+ 2), B==m(22+2*), C= im(a'+ y’), 
F=myz, G = Xmzz, H = Xmzy 
will be generally used. 

Two bodies whose moments of inertia about every line in space are equal 
to each other are said to be equimomental. It will be seen later that this 
involves also the equality of the products of inertia of the bodies with respect 
to any pair of orthogonal lines. 


* Moments of inertia were first introduced by Huygens in his researches on the pendulum 
(Horolog. oscill., 1673). The name is due to Kuler. 
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If M denotes the mass of a body and if k is a quantity such that Mk’ is 
equal to the moment of inertia of the body about a given line, the quantity 
k is called the radius of gyration of the body about the line. 


In the case of a plane body, the moment of inertia about a line perpen- 
dicular to its plane is often spoken of as the moment of inertia about the 
point in which this line meets the plane. 


58. The moments of inertia of some simple bodies*. 
(i) The rectangle. 


_ Let it be required to find the moment of inertia of a uniform rectangular 
plate, whose sides are of lengths 2a and 26 respectively, about a line through 
its centre O parallel to the sides of length 2a. Taking this line as axis Oz, 
and a line through O parallel to the other sides as axis Oy, the required 
moment of inertia is 


b 
my’, or [ | : oydady, 
“ -b/ —a 


where o is the mass per unit area of the plate, or the surface-density as it is 
frequently called; evaluating the integral, we have for the required moment 


of inertia 
4cab’, or Mass of rectangle x 4 


The moment of inertia of a uniform rod, about a line through its middle 
point perpendicular to the rod, can be deduced from this result by regarding 
the rod as the limiting form of a rectangle in which the length of one pair: 
of sides is indefinitely small. It follows that the moment of inertia in 


question is 
Mass of rod x 15, 


where 20 is the length of the rod. 


(ii) The rectangular block. 


Consider next a uniform rectangular block whose edges are of lengths 2a, 
2b, 2c; let it be required to find the moment, of inertia about an axis Ox 
passing through the centre O and parallel to the edges of length 2a. This 


moment of inertia is 
a b c 
=m(y?+ 2), or | | , [ p(y’ + 2) dzdyda, 
-a i fe) 


where p is the density. Evaluating the integral, we have for the moment of 
inertia 


8pab 
(b*+ 02), or Mass of block x (0? +c). 


* For practical purposes the moments of inertia of a body are determined experimentally ; 
convenient apparatus is described by W. H. Derriman, Phil. Mag. v. (1903), p. 648, and by 
W. R. Cassie, Phys. Soc. Proc, xx1. (1909), p. 497. 
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Gu) The ellipse and the circle. 


Let it now be required to find the moment of inertia of a uniform elliptic 
plate whose equation is 


about the axis of x. It is 


ue 


Evaluating the integral, we have for the required moment of inertia 
t7abic, or Mass of ellipse x 46%. 


2 (a*- x)t 


oydydz, where o is the surface-density. 
-4 (a?—«2)4 


The moment of inertia of a circle of radius b about a diameter is therefore 


Mass of circle x }b*. 


(iv) The ellipsoid and the sphere. 


The moment of inertia of a uniform solid ellipsoid of density p, whose 
equation is 
about the axis of 2 is similarly 
| i [e (y? + 2?) dadydz, integrated throughout the ellipsoid. 


To evaluate this integral, write 
e=ak, y=bn, z=cF, 
where &, 7, € are new variables: the integral becomes 


ete i | [ntdédn dt + pabe? i I i redtédndt, 


where the integration is now taken throughout a sphere whose equation is 


Cat acuce ee 
Since the integrals 


[[[eaganas, [[[reaganas, and [[[eaeanas 


are evidently equal, the required moment of inertia can be written in the 
form 


- pabe (b? + ¢2) i | | eedédndt 


ee mpabe (b* + ¢’) i : £2(1— £) dé, 


or 4; mpabe (b? + c*), 
or Mass of ellipsoid x $(6? + c’). 
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The moment of inertia of a uniform sphere of radius a about a diameter 
is therefore 
Mass of sphere x 2a’. 


(v) The triangle. 

Let it now be required to find the moment of inertia of a uniform 
triangular plate of surface-density o, with respect to any line in its plane; 
the position of the line can be specified by the lengths a, 8, y of the per- 


pendiculars drawn to it from the vertices of the triangle. n 


Taking (2, y, z) to be the areal coordinates of a point of the plate, the 
perpendicular distance from this point to the given line is (aw + By + yz), and 
the required moment of inertia is therefore 


o| [(aa + By +42) a8, 


where dS denotes an element of area of the plate. 


Now if Y denotes the length of the perpendicular from the point (#, y, 2) 
on the side c of the triangle, and if X denotes the length intercepted on the 
side ¢ between the vertex A and the foot of this perpendicular, we have 


Y =zbsin A 
and X sin A — Y cos A = perpendicular from (a, y, z) on the side b 


= ye sin A. 
We have therefore 
oy, 2) 
WEEE ira yy) ier = psc aXdY ==, dS, 


where A denotes the area of the triangle. Hence the integral | | y’dS, where 
the integration is extended over the area of the triangle, can be written in 
the form 2A | | y-dydz, where the integration is extended over all positive 


values of y and z whose sum is less than unity: this is equal to 
1 
A [ y—y)dy, 


or t4. By symmetry, the integrals i i vdS and i i 2S have the same value, 


and a similar calculation shews that the integrals 


[[yeas, [[ecas, [[2yas 


each have the value 7, A. 
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Substituting these values in the integral o | | (ax + By+-yz)dS, the 
moment of inertia of the triangle about the given line becomes 
bo (+ P+ + By +ya +48), 
or x * Mass of triangle x (752) + (7 “y ae (* a ey. 


2 2 
é But this expression evidently represents the moment of inertia about the 
given line of three particles situated respectively at the middle points of the 
sides of the triangle, the mass of each particle being one-third the mass of 


_ the triangle; the triangle is therefore equimomental to this set of three 
particles, 


Example. Shew that a uniform solid tetrahedron of mass ¥ is equimomental to a set 
of five particles, four of which are each of mass 4, and are situated at the vertices 


of the tetrahedron, while the fifth particle is at the centre of gravity of the tetrahedron 
and is of mass 4. 


59. Derivation of the moment of inertia about any axis when the moment 
of inertia about a parallel axis through the centre of gravity is known. 


The moments of inertia found in the preceding article were for the most 
part taken with respect to lines specially related to the bodies concerned: 
these results can however be applied to determine the moments of inertia of 


the same bodies with respect to other lines, by means of a theorem which will 
now be given. 


Let f(x, y, 2, & ¥, 2, #, ¥, Z) be any polynomial (not necessarily homo- 
geneous) of the second degree in the coordinates and the components of 
velocity and acceleration of ‘a particle of mass m. Let (@, ¥, 2) denote the 
coordinates of the centre of gravity of a body which is formed of such particles, 
and write 

2=L+H, Y= YN, Z=24+2. 

If now we substitute these values for «, y, z, respectively, in the function f, 
we obtain the following classes of terms: 

(1) Terms which do not involve a, %, 41: these terms together evidently 
give 


(2) Terms which do not involve &, y, Z: these terms give 
f(a, Yi» cau &), I, 4A, x, th, Zi): 
(8) Terms which are linear IN %, Yi, 2, Bis Ji» A, Bs Pr 5 when the 
expression Lmf (a, y, 2, & Y, 2, % Y, 2) is formed, the summation being taken 
over all the particles of the body, these terms will vanish in consequence of 


the relations 
Sma, = 0, xmy, = 0, =mz,= 0. 
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We have therefore the equation 
Lmf (a, y; Zz, L, y, z, a, y, Z) a mf (a, Ys 4, ay, "As 4, ,, jy 4) 


+f (&, Y, 2, 2, Y, % &, Y, Z). =m, 
and consequently the value of the expression Xm/f, taken with respect to 
any system of coordinate axes, is equal to its value taken with respect to a 
parallel set of axes through the centre of gravity of the body, together with 
the mass of the body multiplied by the value of the function f at the centre 
of gravity, taken with respect to the original system of axes. 

From this it immediately follows that the moments and products of inertia 
of a body with respect to any axes are equal to the corresponding moments and — 
products of inertia with respect to a set of parallel axes through the centre of 
gravity of the body, together with the corresponding moments. and products 
of inertia, with respect to the original axes, of a particle of mass equal to that 
of the body and placed at the centre of gravity. 


As an example of this result, let it be required to determine the moment of inertia 
of a straight uniform rod of mass M and length / about a line through one extremity 
perpendicular to the rod. It follows from the last article that the moment of inertia 

: \? F 
about a parallel line through the centre of the rod is $M (5) ; and hence, applying the 


above result, we see that the required moment of inertia is 


\2 1\2 
ar(5) +440 (9) 5 
or 4 M12. 


60. Connexion between moments of inertia with respect to different sets of 
axes through the same origin. 

The result of the last article enables us to find the moments of inertia of 
a given body with respect to any set of axes, when the moments of inertia 
are already known with respect to a set of axes parallel to these. We shall 
now shew how the moments of inertia of a body with respect to any set of 
rectangular axes can be found when the moments of inertia are known with 
respect to another set of rectangular axes having the same origin. 

Let A, B, C, F, G, H be the moments and products of inertia with respect 
to a set of axes Oxyz, and let Oux'y'z’ be another set of rectangular axes 
having the same origin 0; the direction-cosines of either set of axes with 
respect to the other will be supposed to be given by the scheme 


a y cA 
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If the moments and products of inertia with respect to the axes Ox'y'2’ 
are denoted by A’, B’, CO’, F’, G’, H’, we have 


A’ = Xm(y?+2?), where the summation is extended over all the particles of 
the body, 
= 2m {(1,0 + my + nz) + (Ise + my + n32)} 
= Xm {a? (1? + 12) + y? (me + mz) + 2?.(ng + 3?) + yz (mene + MsNs) 

+ 22% (Nel, + Nglz) + 2Zry (lym. + 1yms)} 
= Xm {a? (m,? + n,2) + Y (mm? + 1?) + 2 (Le + m2) — 2Amynyz — 21,2 — 2m xy} 
= 2am {h? (y? + 2) + m2? (2? + @) +n? (2 + 9?) — 2mymyz — Wylex — Ahm ay} 
= Al?+ Bm? + On? — 2F mn, — 2Gnl, —2H,m,, 

and similarly 
B= Al? + Bm? + Cn? —2F mn, — 2Gngl, — 2H1m., 
= Al? + Bm? + Cn? — 2F myng — 2G ngly — 2H lym. 
We have also 
¢ Yau ae Zmy'2’ 
= Xm (le + my + Ngz) (Igv + my + 2) 
=1,),. Uma? + mms. Umy? + nyns. Vmz? + (Mens + Msn.) . Umyz 
+ (Nols+ Nglo) . Ymex + (lym; + lymy) . Umay 
=$ll,(B+C—A)+ tm, (C+ A—B)+ hn (A+ B-C) 
+ (Mons + MsNz) F + (Nal + Nola) G + (Lams + lyme) H, 
or 
— F’= Al,|, + Bm ym, + Cnn; — F (mn; + m3n2) — G (lsn. + Lynz) — H (lms + lynrs), 
and similarly 
— G’ = Al,l, + Bmym, + Cnn, = F (m,n, + mn;) — G (Lyn; + Un.) — H (l,m, + lms), 
— H’= All, + Bmym,+ Cryn, — F (myn, + myn.) — G (len, + Lyn) — H (ym, + ln). 
The quantities A’, B’, C’, F’, G’, H’ are thus determined; these results, 
combined with those of the last article, are sufficient to determine the 
moments and products of inertia of a given body with respect to any set of 


rectangular axes when the moments and products of inertia with respect to 
any other set of rectangular axes are known. 


Example. If the origin of coordinates is at the centre of gravity of the body, prove 


that the moments and products of inertia with respect to three mutually orthogonal 
and intersecting lines whose coordinates are 


(A, My, M4, Ny P15 11), (le, M2, N25 doy 25 v2), (ds, M3, 23, X35 B35 v3) 
are A’+ M (A? + py? + v1’) ete. and F’ — M (dgA3+ pops + v2¥3) etc., 


where A’, B’, 0’, F", G', H’ have the same values as above and ¥ is the mass of the 
body. (Coll. Exam.) 
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61. The principal ames of inertia ; Cauchy's momental ellipsoid. 
If now we consider the quadric surface whose equation is 
Aa? + By? + Cz — 2Fyz — 2Gza —2Hay =1, 


where A, B, C, F, G, H are the moments and products of inertia of a given 
body with respect to the axes of reference Oxyz, it follows from the equation 
A'= Al? + Bm? + On?— 2F'm,n, — 2Gn,l, — 2Hl,m, 
that the reciprocal of the square of any radius vector of the quadric is equal 
to the moment of inertia of the body about this radius. The quadric is 
therefore the same whatever be the axes of reference provided the origin 
is unchanged, and consequently its equation referred to any other rectangular 
axes Ox'y’z’ having the same origin is 
A’a? + Bly? + O'2 — 2F’y'a — 2G’ 2'a' — 2H's'y' =1; 
where A’, B’, C’, F’, G’, H’ are the moments and products of inertia with 
respect to these axes. 
This quadric is called the momental ellipsoid of the body at the point O; 
its principal axes are called the principal axes of inertia of the body at O; 
the equation of the quadric referred to these axes contains no product-terms, 
and therefore the products of inertia with respect to them are zero: and 
the moments of inertia with respect to these axes are called the principal 
moments of inertia of the body at the point O*. 
The momental ellipsoid is also called the ellipsoid of inertia; its polar reciprocal with 
regard to its centre is another ellipsoid, which is sometimes called the ellipsoid of gyration. 


Example. The height of a solid. homogeneous right circular cone is half the radius 
of its base. Shew that its momental ellipsoid at the vertex is, a sphere. 


62. Calculation of the angular momentym of a moving rigid body. 


We shall now shew how the angular momentum of a moving rigid body 
about any line, at any instant of its motion, can be determined. 


Let M be the mass of the body, (%, 7, Z) the coordinates of its centre of 
gravity G, and (u,v, #) the components of velocity of the point G, at the 
instant t, resolved along any (fixed or moving) rectangular axes Oaryz whose 
origin O is fixed; and let (@,, @,, @3;) be the components of the angular 
velocity of the body about G, resolved along axes Ga,y,2,, parallel to the axes 
Oxyz and passing through G. Let m denote a typical particle of the body, 
and let (a, y, z) be its coordinates and (wu, v, w) its components of velocity at 
the instant ¢; and write 

G=L+H, Yr¥Ytn, ~6=2+2,, 
U=U+N, v=VU+Y, W=W+U,, 
* The existence of principal axes was discovered by Euler, Mém. de Berl., 1750, 1758,°and by 


J. A. Segner, Specimen Th. Turbinum, 1755. The momental ellipsoid was introduced by Cauchy 
in 1827, Exerc. de math. 1. p. 93. 
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so in virtue of the properties of the centre of gravity we have 
x<mz, = 0, Xmy, = 0, =mz,=0; 
moreover since (§ 17) we have 
Uy = 2; M2 — Y1@3, U1 = 2%, M3 — 2,0, Wi = Yi @ — Lp, 
it follows that 
=mu, = 0, =m, = 0, =muw, = 0. 
Tf }; denotes the angular momentum of the body about the axis Oz, we 
have therefore 
hy = im (av — yu) 
= =m {(@ +a) (0+ %) — (y ae 41) (u+ u)} 
= xm (Zv — yu) + =m (a0, — Yity) . 
= M (&v — Yu) + Xm (ao; — 2,2,0,— 412,02. + y,205) 
= M (xv — yu) — Go, — Fo, + Cog, 
where A, B, C, F, G, H are the moments and products of inertia of the body 
with respect to the axes Ga,m2. _ 


Similarly the angular momenta about the axes Ox and Oy respectively 
_ are 
h, = M (yw — 2) + Aw, — Ho, — Goa,, 
h, = M (Zu — 27w) — Hw, + Bo, — Fo,. 
The angular momentum about any other line through the origin can be 
found (§ 39) by resolving these angular momenta along the line in question. 


Corollary. If the body is constrained to turn round one of its points, 
which is fixed in space, it is unnecessary to introduce the centre of gravity. 
For let (@,, @:, @3) be the components of the angular velocity of the body 
about the fixed point with respect to any rectangular axes (fixed or moving) 
which have the fixed point as origin, and let A, B,C, F, G, H denote the 
moments and products of inertia with respect to these axes. The com- 
ponents of velocity (u, v, w) with respect to these axes of a particle m whose 
coordinates are (a, y, 2) are (§ 17) 

U = ZW. — YOs, Vv = LW; — 20), W = YO, — LW, 
and the angular momentum about the axis of z, which is xm (xv — yu), can 
therefore be written in the form 
Em (aw, — L20, — YZ@, + Ys) 
or = Gea, — Fo, + Cos. 
Similarly the angular momenta of the body about the axes of « and y 


respectively are 
P - Aw, — Ho, — Go; 


paid — Ho, + Bo, - Fo. 
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63. Calculation of the kinetic energy of a moving rigid body. 


The kinetic energy of a rigid body which is in motion can be calculated 
in the same way as the angular momenta. If the general theorem obtained 
in §59 is applied to the éase in which the polynomial f(a, y, 2, #, y, 2, #, ¥, 2) 
has the form (# +4? + 2), we immediately obtain the result that the kinetic 
energy of a moving rigid body of mass M is equal to the kinetic energy of a 
particle of mass M which moves with the centre of gravity of the body, together 
with the kinetic energy of the motion of the body relative to its centre of 
gravity. 

To determine the kinetic energy of the motion of the body relative to its 
centre of gravity G, take any rectangular axes (whose directions may be fixed 
or moving) having their origin at G; let (@,, @:, #,) be the components of 
the angular velocity of the body about G, relative to these axes, and let 
(x, y, 2) denote the coordinates of a typical particle m of the body referred 
to these axes. The components of velocity of the particle parallel to these 
axes, in the motion relative to G, are (§ 17) 

ZW, — YW3, LW3— 201, YO, — LW, 

and therefore the kinetic energy of the motion relative to the centre of 
gravity is 
$m {(z@, — yas)? + (ww; — 2a,)? + (yo, — xo,)'}, 

or ' $ (Ao? + Bo? + Co, — 2Fo,.@; — 2Go,0, — 2H, 0), 


where A, B, C, F, G, H are the moments and products of inertia relative to 
the axes. 


This expression may (by use of §60) be interpreted as half the square 
of the resultant angular velocity of the body in the motion relative to the 
centre of gravity, multiplied by the moment of inertia of the body about 
the instantaneous axis of rotation in this motion. 


Corollary. If one of the points of the body is fixed in space, it is not 
necessary to introduce the centre of gravity. For let (w,, w,, @) denote the 
components of angular velocity of the body about the fixed point O resolved 
along any rectangular axes (fixed or moving) Oxyz which have the point O 
as origin, and let (a, y, z) be the coordinates of a typical particle m of the 
body referred to these axes. The components of velocity of the particle 
are (§ 17) 

20, — YW3, LW3— 204, YW, — LOs, 
and so as before we see that the kinetic energy of the motion is 
4 (Aw? + Bo, + Co,? — 2Fa,0; — 2Ga,0, — 2H @,@2), 


where A, B, C, F, G, H denote the moments and products of inertia of the 
body with respeet to the axes Oxyz. 
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From. this it follows that if one of the coordinate axes—say the axis of x 
—is the instantaneous axis of rotation of the body, the kinetic energy 1s 
3Aa,’; and hence, since the directions of the axes can be arbitrarily chosen, 
the kinetic energy of any body moving about one of its points, which is fixed, 
is 4Jw°, where J is the moment of inertia of the body about the instantaneous 
axis of rotation, and is the angular velocity of the body about this axis. 

Example. A lamina can ‘turn freely about a horizontal axis in its own plane, and the 


axis turns about a fixed vertical line, which it intersects. If @ be the azimuth of the 
horizontal axis, and y the inclination of the plane of the lamina to the vertical, shew that 


the kinetic energy is FS ere oa 

34 (oy? +h? sin’ p) +3 BG? + Hyg cos y, 
where A, B, H are the moments and product of inertia of the lamina about the horizontal 
axis anda perpendicular to it at the point of intersection with the vertical. (Coll. Exam.) 


64. Independence of the motion of the centre of gravity and the motion 
relative to it. 

The result of the last article shews that the kinetic energy of a moving 
body can be regarded as consisting of two parts, of which one depends on the. 
motion of the centre of gravity and the other is the kinetic energy of the motion 
relative to the centre of gravity. We shall now shew that these two parts of 
_ the motion of the body can be treated quite independently of each other*. 

Let a rigid body of mass M. be in motion under the influence of any 
forces. As coordinates defining its position we can take the three rectangular 
coordinates (a, y, 2) of its centre of gravity G, relative to axes fixed in space, 
and the three Eulerian angles (0, ¢, ) which specify the position, relative 
to axes fixed in direction, of any three orthogonal lines, intersecting in G, 
which are fixed in the body and move withit. The kinetic energy is therefore 

P= MHP+P+A) +S. 4,4 8 4 W), 
where f(@, $, v, 6, d, +) denotes the kinetic energy of the motion relative 
to G. 

Let Xba+YVby + 282 + O50 + DSp + VSy 
denote the work done on the body by the external forces in an arbitrary dis- 
placement (6a, dy, 5z, 80, 5, dy) of the body. The Lagrangian equations of 
motion are 


Me=X, My=Y, Mz=Z 
‘)-5-° 


di 30 
(i) oa 


dt als a 


* Euler, Scientig navalis, 1. (1749), § 128. 
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The first three of these equations shew that the motion of the centre of 
gravity of the body is the same as that of a particle of mass equal to the whole 
mass of the body, under the influence of forces equivalent to the total external 
forces acting on the body, applied to the particle parallel to their actual 
directions ; since the work done on such a particle in an arbitrary displace- 
ment would evidently be X da + Ydy+ Zéz. 


The second three equations shew that the motion of the body about its 
centre of gravity is the same as if the centre of gravity were fixed and the body 
subjected to the action of the same forces; for in the motion relative to the 
centre of gravity, the kinetic energy of the body is f(, ¢, ¥, 6, d, yr), and 


the work done by the forces in an arbitrary displacement is 
O50 + Pdh + Voy. 


These results are evidently true also for impulsive motion. 


Corollary. Ifa plane rigid body (e.g. a disc of any shape) is in motion in 
its plane, and if (#, y) are the coordinates of its centre of gravity, M its mass, 
@ the angle made by a line fixed in the body with a line fixed in the plane, 
Mi? the moment of inertia of the body about its centre of gravity, and if 
(X, Y) are the total components parallel to the axes of the external forces 
acting on the body, and Z the moment of the external forces about the centre 
of gravity, then the kinetic energy is 


$M (#2 + 9 + 6%), 
and the work done by the external forces in a displacement (82, Sy, 50) is 
X 6a+V by + LS, 
and therefore the equations of motion of the body are 
Mi=X, My=Y, Me6=L. 


Example. Obtain one of the equations of motion of a rigid body in two dimensions in 
the form bd 
M (pf+k?0)=L, 
where J is the mass of the body, f is the acceleration of its centre of gravity, p is the 
perpendicular from the origin upon this vector, Mk? is the moment of inertia about the 
origin, 6 is the angle made by a line fixed in the body with a line fixed in its plane, and L 
is the moment about the origin of the external forces. (Coll. Exam.) ) 
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MISCELLANEOUS EXAMPLES. 


ea homogeneous right circular cone is of mass ; its semi-vertical angle is B, and 
the length of a slant side is 7. Shew that its moment of inertia about its axis is 


35 M/? sin? B, 
and that its moment of inertia about a line through its vertex perpendicular to its axis is 


2 MP? (1—# sin? 8), 
and its moment of inertia about a generator is 
$M? sin? B (cos? 8 +4). 
2. Shew that the moment of inertia of the area enclosed by the two loops of the 


lemniscate f 


r2= a? cos 26 
about the axis of the curve is 


ia 8) a x mass of 
re s of area. 
3. Any number of particles are in one plane; if the masses are m,, ms, ..., their 


. distances apart dj,, ..., the relative descriptions of area hy., ..., and the relative velocities 
t12) ..-, prove that 


* (3m modyo")/Sm, (Sm Mehyo)/Sm, (Sm, MeV4q2)/2Bm 
are respectively the moment of inertia about the centre of inertia, the angular momentum 
about the centre of inertia, and the kinetic energy relative to the centre of inertia. 
(Coll. Exam.) 


4. Prove that the moment of inertia of a hollow cubical box about an axis through 
the centre of gravity of the box and perpendicular to one of the faces is 


0 Ma2 
19 Ma’, 


where & is the mass of the box and 2a the length of an edge. The sides of the box are 
* supposed to be thin. (Coll. Exam.) 


5. Shew that the moment of inertia of an anchor-ring about its axis is 
Qrp?are (c? + fa*), 


where @ is the radius of the generating circle, c is the distance of its centre from the axis 
of the anchor-ring, and p is the density. 


6. Shew how to find at what point, if any, a given straight line is a principal axis of a 
body, and if there is such a point find the other two principal axes through it. 


A uniform square lamina is bounded by the axes of x and y and the lines w= 2c, y= 2c, 
and a corner is cut off it by the line z/a+y/b=2. Shew that the two principal axes at 
the centre of the square which are in its own plane are inclined to the axis of 2 at angles 
given by 
ab—2c¢ (a+6) +3¢? 


ab —2¢(a+0)+3e" Jol. Exam. 
CAC (Co xam. ) 


tan 26 = 


7. Shew that the envelope of lines in the plane of an area about which that area has a 
constant moment of inertia is a set of confocal ellipses and hyperbolas. Hence find the 
direction of the principal axes at any point. (Coll. Exam.) 


WwW. D. : 
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8. Find the principal moments of inertia at the vertex of a parabolic lamina, latus 
rectum 4a, bounded by a line perpendicular to the axis at a distance 4 from the vertex. 


Prove that, if 15> 28a, two principal axes at the point on the parabola whose abscissa 
is —a+(a? —4ah/5 + 3h2/7)% ave the tangent and normal. (Coll. Exam.) 


9. Find how the principal axes of inertia are arranged in a plane body. Write down 
the conditions that particles m, at (x;, y;), where i=1, 2, ..., may be equimomental to a 
given plate. Shew that the six quantities m,, me, 21, 2, Y1, Y2 can be eliminated from 
these conditions. 

If three equal particles are equimomental to a given plate, the area of the triangle 
formed by them is 3,/3/2 times the produét of the principal radii of gyration at the 
centre of gravity. (Coll, Exam.) 


10.. A uniform lamina bounded by the ellipse 6%x?+a?y?=a7b? has an elliptic hole 
(semi-axes c, d) in it whose major axis lies in the line +=y, the centre being at a 
distance 7 from the origin; prove that if one of the principal axes at the point (a, y) 
makes an angle @ with the axis of x, then 

8abay — cd [4 (x ./2—7) (y J/2—7) - (2 - d*)] 

ab [4 (x? — y?) +a? —b*] - ed [2 (2 /2—r)?-2(y J/2—r)?] 

(Coll. Exam.) 
11. If a system of bodies or particles is moved or deformed in any way, shew that 
_ the sum of the products of the mass of each particle into the square of its displacement 
is equal to the product of the mass of the system into the square of the projection in any 
given direction of the displacement of the centre of gravity, together with the sum of the 
products of the masses of the particles into the squares of the distances_through which 
they must be moved in order to bring them to their final positions after communicating 
to them a displacement equal to the projection in the given direction of the displacement 
of the centre of gravity. (Fouret.) 

12. The principal moments of inertia of a body at its centre of gravity are (A, B, C); 
if a small mass, whose moments of inertia referred to these axes are (A’, B’, C’), be added 
_ to the body, shew that the moments of inertia of the compound body about its new 
principal axes at its new centre of gravity are 

A+A’, B+B, C+C’, 
accurately to the first order of small quantities. (Hoppe.) 


tan 26= 


13. Shew that the principal axes of a given material system at any point are the 
normals to the three quadrics which pass through the point and belong to a certain 
confocal system. 

If (7, m, n, », p, v) be the six coordinates of a principal axis and the associated 
Cartesian system be the principal axes at the centre of gravity, then shew that 


Alh+ Bmp + Cnv =0, 


and therefore all principal axes of a given system belong to a quadratic complex. 
(Coll. Exam.) 


14. A smoothly jointed framework is in the form of a parallelogram formed by 
attaching the ends of a pair of rods of mass m and length 2a to those of a pair of rods of 
mass m' and length 26. Masses I are attached to each of the four corners. Express the 
angular momentum of the system about the origin of coordinates, in terms of the 
coordinates (a, y) of the centre of gravity and the angles 6 and @ between the two pairs of 
sides and the axis of w. (Coll, Exam.) 


CHAPTER VI 
THE SOLUBLE PROBLEMS OF RIGID DYNAMICS 


65. The motion of systems with one degree of freedom: motion round 
a fined axis, ete. 


We now proceed to apply the principles which have been developed in 
the foregoing chapters 1 in order to determine the motion of holouomic systems 
of rigid bodies in those cases which admit of solution by quadratures. 


It is natural to consider first those systems which have only one degree of 
- freedom. We have seen (§ 42) that such a system is immediately soluble by 
quadratures when it possesses an integral of energy: and this principle is 
sufficient for the integration in most cases. Sometimes, however (e.g. when 
we are dealing with systems in which one of the surfaces or curves of con- 
straint is forced to move in a given manner), the problem as originally formu- 
lated does not possess an integral of energy, but can be reduced (e.g. by the 
theorem of § 29) to another problem for which the integral of energy holds; 
when this reduction has been performed, the problem can be integrated as 
before. 


The following examples will illustrate the application of these principles. 


(i) Motion of a rigid body round a fixed axis. 

Consider the motion of a single rigid body which is free to turn about an axis, fixed in 
the body and in space. Let J be the moment of inertia of the body about the axis, so that 
its kinetic energy is $/6?, where 6 is the angle made by a moveable plane, passing through 
the axis and fixed in the body, with a plane passing through the axis and fixed in space. 
Let © be the moment round the axis of all the external forces acting on the body, so that 
©86 is the work done by these forces in the infinitesimal displacement which changes @ to 
6+86. The Lagrangian equation of motion 


{Ee 
As, 7 386 


then gives 16=0, 


which is a differential equation of the second order for the determination of 6. 
9—2 
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If the forces are conservative, and V(6) denotes the potential energy, this equation 
becomes 
OV 
*e ; 068 ‘ 
which on integration gives the equation of energy 
3162+ V(6)=c, where ¢ is a constant. 


l= - 


Integrating again, we have 
=I} | (9, (e— V)} ~#d6-+ constant, 
and this relation between 6 and t determines the motion, the two constants of integration 
being determined by the initial conditions. 
The most important case is that in which gravity is the only external force, and the 
axis is horizontal. In this case let @ be the centre of gravity of the body, C the foot of 
the perpendicular drawn from @ to the axis, and let CG=A. The potential energy is 


— Mgh cos 6, where M is the mass of the bedy and @ is the angle made 7, CG with the 
downward vertical : and the equation of motion is 


iy ae" sin 6=0. 


This is the same as the equation of motion of a simple pendulum of length J/Mh, and 
the motion can therefore be expressed in terms of elliptic functions as in § 44, the solution 


being of the form ; 
Bey) Mgh 
sin ied sn {(“#*) (t-—29), x} 


in the oscillatory case, and of the form 


sin $ — sn py (¢—t), i} 


in the circulating case. The quantity J/Mh is called the length of the equivalent simple 
pendulum. 

If O be a point on the line C@ such that OC=1/Mh, the points O and C are called 
respectively the centre of oscillation and the centre of suspension. A curious result in this 
connexion is that the centre of oscillation and the centre of suspension are convertible, 
i.e. if O is the centre of oscillation when C is the centre of suspension, then ' will be 
the centre of oscillation when 0 is the centre of suspension. To prove this result, we 
have by § 59 

Moment of inertia of the body about O= Moment of inertia about G+ M. GO? 


=I-U.CG?+M. GO?, 
and therefore we have 


Moment of inertia of body about O | I—Mh?+ M (I/Mh—h)? 
Distance of centre of gravity from 0 L/Mh—h 


= M/1.+M (I/Mh—h) 
=I/h. 
If therefore the body were suspended from Q, the equation of motion would still be 


Ps be sin 6=0, 


which establishes the result. It is evident that the period of oscillation would be the 
same about either of the points Cand 0. 
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(il) Motion of a rod on which an insect is crawling. 


We shall next study the motion of a straight uniform. rod, of mass m and length 2a. 
whose extremities can slide on the circumference of a smooth tixed horizontal circle of 


radius ¢ ; an insect of mass equal to that of the rod is supp 
. to crawl al 
a constant rate v relative to the rod. oroe pong roe rod 36 


Let @ be the angle made by the rod at time ¢ with some fixed direction, and let x be 
the distance traversed by the insect from the middle point of the rod. The kinetic 


. 2a2\ . 
energy of the rod is 3m (2-5) 6, and the kinetic energy of the insect is due to 


a component of velocity {a — (c2 — a2)26}. along the rod and a component of velocity x 
perpendicular to the rod, so the total kinetic energy of the system is 


T=1m (e- +) 62+ bn {& —(c2 — a?)2 6}2 + dn? ; 
there is no potential energy. 
Since x=vt, (¢ being measured from the epoch when ~ is zero), we have 
T=} (0? ~ 2a2/3) 62+ 4m {v— (2 — a2)? B24 dmv? 


The coordinate 8, which is now the only coordinate, is ignorable, and we have therefore 


ev constant, 
06 


: 2\ . . 
or m (e - =) 6—m(c?— aye {y—(e— a2)h 6} + mv?i?é = constant, 


or 6 (Qe? — $a? +v¢*) =constant. 
Integrating this equation, we have 
6—6)=k arctan {vt (2c? — $a?) ~ 2, 


where 6) and & are constants. This formula determines the position of the rod at any time. 


(iii) Motion of a cone on a pextectly rough inclined plane. 


Consider now the motion of a homogeneous solid right circular cone, of mass and 
gemi-vertical angle 8, which moves on a perfectly rough plane (i.e. a plane on which only 
rolling without sliding can take place) inclined at an angle a to the horizon. Let / be the 
length of a slant side of the cone, and let 6 be the angle between the generator which is 
in contact with the plane at time ¢ and the line of greatest slope downwards in the plane. 
Then if x be the angle made by the axis of the cone with the upward vertical, y is one 
side of a-spherical triangle whose vertices represent respectively the normal to the plane, 
the upward vertical, and the axis of the cone ; the other two sides are a and (37 — 8), the 
angle included by these sides being (w— 6). We have therefore 


Cos x=cos asin B—sin a cos 8 cos 8 ; 


- but the vertical height of the centre of gravity of the cone above its vertex is 31 cos B cos, 
and the potential energy of the cone is Mg x this height ; if therefore we denote by V' the 
potential energy of the cone, we have (disregarding a constant term) 


= — 3 Mgisin a cos? 8 cos 0. 
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We have next to calculate the kinetic energy of the cone; for this the moments of 
inertia of the cone about its axis and about a line through the vertex perpendicular to the 
axis are required : these are easily found (by direct integration, regarding the cone as 
composed of discs perpendicular to its axis) to be 75 M7? sin? B and 2211? (cos? 8+ sin? 8) 
respectively, and so the moment of inertia about a generator is, by the theorem of § 60 
(since the direction-cosines of the generator can be taken to be sin B, 0, cos 8 with respect 
to rectangular axes at the vertex, of which the axis of z is the axis of the cone), 


3 MP (cos? 8 +4 sin? 8) sin? B+ 3% M7 sin? B cos? 8, 
or 2 M7 sin? B (cos? 8 +4). 
Now all points of that generator which is in contact with the plane are instantaneously 
at rest, since the motion is one of pure rolling, and therefore this generator is the 


instantaneous axis of rotation of the cone. If denotes the angular velocity of the 
cone about this generator, the kinetic energy of the cone is therefore (§ 63, Corollary) 


3 ME sin? B (cos? B+ 4) o?. 
o=6 cot B, 


and substituting this value for #, we have finally for the kinetic energy T of the cone 
the value 


But (§ 15) we have 


T'=% ME cos? B (cos? 8 +}) 6. 
The Lagrangian equation of motion 
7 (ar) - of av 
dt \36 o6--—ts« 
becomes therefore in this case 
3 M7? cos? B (cos? 8+4) 6+ 3 Mgl sin a cos? B sin 6=0, 
or 6+ ary sin 06=0. 
This is the same as the equation of motion of a simple pendulum of length 
Ucosec a (cos? B+ t) ; 


the integration can therefore be effected in terms of elliptic functions, as in § 44. 


(iv) Motion of a rod on a rotating frame. 


Consider next the motion of a heavy uniform rod, whose ends are constrained to move 
in horizontal and vertical grooves respectively, when the framework containing the grooves 
is made to rotate with constant angular velocity about the line of the vertical groove. 


Let 2a be the length of the rod, M its mass, and 64 its inclination to the vertical. 
By § 29, the effect of the rotation may be allowed for by adding to the potential energy 
a term 


- duty | sin? 6dz, 
where p is the density of the rod and «xr denotes distance measured from the end of the rod 
which is in the vertical groove ; integrating, this term can be written 
— § Moa? sin? 6. 

The term in the potential energy due to gravity is 

— Mga cos 6, 
and the total potential energy V is therefore given by the equation 

) V= — Mga cos 6 —% Mo?a? sin? 6. 
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The horizontal and vertical components of velocity of the centre of gravity of the rod 
are asin 6.6 and acos6.6, so the part of the kinetic energy due to the motion of the 
centre of gravity is } Ma?é?; and since the moment of inertia of the rod about its centre 
is 3Ma?, the part of the kinetic energy due to the rotation of the rod about its centre 
is $ Ma*6*; we have therefore for the total kinetic energy 7' the equation 

T=} Mare? 

The integral of energy is therefore 


3 Ma?6é? — Mgacos 6-— $ Mw*a? sin? 6=constant, 


aan {e-(- &)) 


where € denotes a constant: this constant must evidently be positive, since ? and (1—.”) 
are positive. We shall suppose for definiteness that ¢ is not very large and that 3g/4a? 
is less than unity, so that x oscillates between the values 39/4aw? + €/o. 


or, writing cos 6=2, 


To integrate this equation, we write* 


3g € 3g € 

1 2 eee ees a 

hy ( 4aw? ‘) (1 4a” “J ‘) 
3g «5 C 39? e 2 


$+ 3a 13° Shaka? t 12 


e=1+ 


where é is a new dependent variable. Substituting this value for x in the differential 
_ equation, we have 
&?=4 (E—e1) (E—e2) (€— es), 
where the values 
E=e,, §=¢2, E=63 
correspond respectively to the values 


3g € 3q (ip 


z=) a a your 
4a? @’ 4aw* ww 


’ 


it is easily seen that e;+¢2+e3 is zero and that e)>¢,>¢3. 


We have therefore £=@ (¢+y), where the function @ is formed with the roots ¢), é, 3, 
and where y denotes a constant. Since e,>e,>¢s, and @ (t+) lies between ¢: and es for 
real values of ¢ (since x lies between 39/4¢w? — ¢/w and 3g/4aw*+e/o), the imaginary part of 
the constant y must be the half-period 3; the real part of y can then be taken as zero, 
since it depends only on the choice of the origin of time. We have therefore 


E=@ (t+0s), 
and hence 
3g__¢ 3g ‘) 
pot (1-79, — £) (gots 


cos 6=1+ 2 ; 


3g 5a? 3q° ee 
@ (+s) +37 — 1a 6da®e?* 12 


this equation determines 6 in terms of ¢. 


(v) Motion of a disc, one of whose points is forced to move tn a given manner. 


Consider next the motion of a disc of mass ¥. resting on a perfectly smooth horizontal 
plane, when one of the points A of the disc is constrained to describe a circle of radius ¢ 
in the horizontal plane, with uniform angular velocity o. 


* Cf. Whittaker and Watson, 4 Course of Modern Analysis, § 20°6. 
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Let G be the centre of gravity of the disc, and let AG be of length a. The acceleration 
of the point A is of magnitude cw?, and is directed along the inward normal to the circle: 
if therefore we impress an acceleration cw*, directed along the outward normal to the 
circle, on all the particles of the body and suppose that A is at rest, we shall obtain the 
motion relative to 4. The reSultant force acting on the body in this motion relative to A 
is therefore Mew, acting at @ in a direction parallel to the outward normal to the circle. 


Let 6 and ¢ be the angles made with a fixed direction in the plane by the line AG@ and 
the outward normal to the circle respectively ; then the work done by this force in a small 


displacement 56 is 
Mcw*a, sin (f — 6) 88, 


and the kinetic energy of the body is }./4?6?, where MZ? is the moment of inertia of the 
body about the point 4. The Lagrangian equation of motion is therefore 


Mk*6 = Maco? sin (6 — 6). 
. But since =a, we have =O; so if p be written for (@—@), we have 
Say 
This is the same as the equation of motion of a simple pendulum of length /%g/acw? ; 
the integration can therefore be performed by means of elliptic functions as in § 44. 


hike 


a sa Sin p=0. 


(vi) Jotion of a dise rolling on a constrained disc and linked to tt. 


Consider the motion of two equal circular discs, of radius a and mass JM, with edges 
perfectly rough, which are kept in contact in a vertical plane by means of a link (in the 
form ofa uniform bar of mass m) which joins their centres: the centre of one disc is fixed, 
and this disc A is constrained to rotate with uniform angular acceleration a; it is required 
to determine the motion of the other disc B and the link. 


Let be the angle which the link makes with the downward vertical at time t, and 
let 6 be the angle turned through at time ¢ by the disc A. The angular velocity of disc A 
is 6, and the velocities of the points of the discs which are instantaneously i in contact are 
therefore each a6. Since the velocity of the centre of the disc B is 2a, it follows that the 
angular velocity of the dise B about its centre is 24-6. Since the moment of inertia of 
each disc about its centre is } Ma’, the kinetic energy of the system is 

2. Ut eihees 5 on 
T=3M.TOLEM.S (24-6) 44M. (20)? $244. < oe 
and 6=at+e, where e is a constant. 

The potential energy of the system is 

; _ V= ~(2M+m) ag cos ¢, 


and the Lagrangian equation of motion is 


Z (S) oh OF 
dt\ag/ op op’ 
or e {((6M+4m) a®p — Ma%6} = - (2M+m) ag sin dp. 
Since 6=a, this equation gives 
(6M+ $m) a®p — Mata + (2M +m) ag sin p=0. 
Integrating, we have 


(3M + 2m) af? — Mead — (2M +m) ag cos p=c, 
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, 


where ¢ is.a constant depending on the initial conditions: and as the variables ¢ and p are 
separable, this equation can again be integrated by a quadrature: this final integral 
determines the motion. 


Example. If the system is initially at rest with the bar vertically downwards, shew 
that the bar will reach the horizontal position if 


4g m 


66. The motion of systems with two degrees of freedom. 


In the dynamics of rigid bodies, as in the dynamics of a particle, the 
possibility of solving by quadratures a problem with two degrees of freedom 
generally depends on the presence of an-ignorable coordinate. The integral 
corresponding to the ignorable coordinate can often be interpreted physically 
as an integral of momentum or angular momentum. The formation and 
solution of the differential equations is effected by application of the 
principles developed in the preceding chapters: this will be shewn by the 
following illustrative examples. ; 


(i) Rod passing through ring. 


Consider, as a first example, the motion of a uniform straight rod which passes through 
~.a small fixed ring on a horizontal ‘plane, being able to slide through the ring or turn in any 
way about it in the plane. 


’ Let the distance from the ring to the middle point of the rod at time ¢ be 7, and let the 
‘rod make an angle 6 with a fixed line in the plane; let 27 be the length of the rod, and 
its mass. 


The moment of inertia of the rod about its middle point is } ¥/, and the kinetic energy 


is therefore ; : 
P=3M (P4762 44262); 


there is no potential energy. 
The coordinate 6 is ignorable and the corresponding integral is 
es constant, 
06 
or (r? +422) 6= constant. 
The integral of energy is ' 
72 47292 +. 4/262 = constant. 


Dividing the second of these integrals by the square of the first, we have 


(Sa) 
peNUC/E a ie =6, where ¢ is a constant, 
(72 4 404)2 7244]? 


or 6+ constant = | {(72 +41?) (7? + kel? — 1)} 4 dr, 
Writing er?=s, this becomes 


r) +constant= | {48 (s+4el*) (s+ hel? —1)} “4 ds. 
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If therefore @ denotes the Weierstrassian elliptic function with the roots 
e=4(-1+$el*), e=4(2-fel?), e=$(-1—fel?), 
which satisfy the relation ¢>3é,>es if e is sufficiently great initially, we have 


8=@ (9—6))—e,, where 6 is a constant of integration ; 


since s is positive, we have @(@—6,)>e, for real values of 6, and consequently the 
constant 6 is real. 


The solution of the problem is therefore contained in the equation 
cr?= @ (8-0) +4- $el?. 
(ii) One cylinder rolling on another under gravity. 


Let it now be required to determine the motion of a perfectly rough heavy solid 
homogeneous cylinder of mass m and radius 7, which rolls inside a hollow cylinder of mass 
M and radius R, which in turn is free to turn about its axis (supposed horizontal). 


_ Let denote the angle which the plane through the axes of ‘the cylinders at time ¢ 
makes with the downward vertical, and let 6 be the angle through which the cylinder of 
mass Y has turned since some fixed epoch. The angular velocities of the cylinders about 
their axes are easily seen to be 6 and {(R—7r) ¢— R6}/r respectively ; and the moments of 
inertia of the cylinders about their axes are MR? and 4 mr? respectively; so the kinetic 
energy 7’ of the system is given by the equation 


ip? 


7” 


, 5 .\2 A 
T= 3 R62 Yr? ( “$- 6) 44m (R—r)* 42, 


while the potential energy is given by the equation 
V=—mg (R—-7) cos p. 


The coordinate @ is clearly ignorable; the integral corresponding to it is 


a constant, 
06 


or MR4—1mR {((R-r)b—R4}=k, — where & is a constant. 
The integral of energy is 
T+ V=h, where / is a constant, 
or LMR? +14m (Rr) p— RA 44m (R—r)? 62— mg (R-r) cos p=h. 
Eliminating 6 between the two integrals, we obtain the equation 
m (3M +m) Bas ke 
5} (2M+m) (R-7r) co) —mg (R-r) cos O—h— Or my RY 
This is the same as the equation of energy of a simple pendulum of length 
3U+m 
aM m -7)5 


the solution can be effected by means of elliptic functions as in § 44. 
(iii) Rod moving in a free circular frame. 


We shall next consider the motion of a rod, whose ends can slide freely on a smooth 
vertical circular ring, the ring being free to turn about its vertical diameter, which is fixed. 
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Let m be the mass of the rod and 2a its length; let M be the mass of the ring apd r 
its radius ; let @ be the inclination of the rod to the horizontal, and @ the azimuth of the 
ring referred to some fixed vertical plane, at any time ¢. 

The moment of inertia of the rod about an axis through the centre of the ring 
: perpendicular to its plane is m(7?—%a?), and the moment of inertia of the rod about the 
vertical diameter of the ring is m {(r?— a?) sin? 44a? cos? 6}. The kinetic energy of the 
system is therefore 

T=km (r° — Za?) 6243 Mr? + 4d? (r? sin? 6 — a? sin? 6+ 4a? cos? 6). 
The potential energy is 
V= —mg (r2—a?)3 cos 6. 


The coordinate ¢ is evidently ignorable; the corresponding integral is 
Bh, constant, 
c) 


or 4 Mr + md (r? sin? 6 — a? sin? 6+ 4a? cos? 6) =k, 

where & is a constant. Substituting the value of ¢ found from this equation in the 

integral of energy 
T+V=h, 

we have 

1 - 

2 4 Mr? +m (r? sin? 6 — a? sin? 644.4? cos? 6) ° 


dm (7° — 30%) P=h+mg (r?— a2)? cos 6 — 


In this equation the variables @ and ¢ are separable; a further integration will 
therefore give @ in terms of ¢, and so furnish the solution of the problem. 


(iv) Hoop and ring. 

We shall next discuss the motion of a system consisting of a uniform smooth circular 
hoop of radius a, which lies in a smooth horizontal plane, and is so constrained that it can 
only move by rolling on a fixed straight line in that plane, while a small ring whose mass 


is 1/A that of the hoop slides on it. The. hoop is initially at rest, and the ring is projected 
from the point furthest from the fixed line with velocity ». 


Let ¢ denote the angle turned through by the hoop after a time ¢ from the commence- 
ment of the motion, and suppose that the diameter of the hoop which passes through the 
ring has then turned through an angle y. Taking the ring to be of unit mass, so that the 
mass of the hoop is X, the moment of inertia of the hoop about its centre is Aa’, and this 
centre moves with velocity a¢, while the velocity of the ring is compounded of components 
a and ays, whose directions are inclined to each other at an angle y. The kinetic energy 
of the system is therefore 


T=}na?d? + 3 rag? +4 (a2? + a2y? + 2a°py cos Wp) 
=} (2A +1) a?+Lary?+ apy cos y, 
and the potential energy is zero. 
The coordinate ¢ is evidently ignorable, and the corresponding integral is 
mes constant, 
é 
or (24+1) eptay cos y =the initial value of this expression 


=av. 
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Integrating this equation, we have 
(2A+1) P+sin p— ~ =the initial value of this expression 


. =0, 


OF os ania -siny). 


This equation determines. ¢ in terms of . 


The equation of energy is 
7 =its initial value= 4, 


and substituting for ¢ its value (v/a—cos yp. y)/(24+1) in this equation, we have 
a? (2X +sin® Wy) P? = 2d, 


a v F 
80 a ii ray dy. 


Writing sin ~=2, this becomes 


7 ara ih (2d +22)3 (1 — x?) - 4 dex. 


In order to evaluate this integral, we introduce an auxiliary variable u, defined by the 
equation 


w= [Garter (1 - «?)- 3 de. 
0 


Write x? =2)/& where & is a new variable ; the last integral becomes 


= |; 4g G41) Em} “48, 
which is equivalent to 
E=@ (w)—4 (1-2), 
where the function @ (wz) is formed with the roots 
m=4(14+4r), Gq =R(1-2d), y= —F(1+4A); 


these roots are real and satisfy the inequality e,>e,>¢3, so @(u) is real and greater than 
é, for real values of w. 


Now we have dt=—— (2A +228 (1-22) -4 dx, 
Jd v dt 2d 
or = {9A+ EEA ad 
{ P(w)—e,J 
Integrating, we have : 
rh t 
ad (L4 4d) wt E(u) +h 5 PY) 


9 (u)—$(1—2X)’ 


where ¢(w) denotes the Weierstrassian Zeta-function. 


Thus finally the coordinate y and the time t are expressed in terms of an auxiliary 
variable u by the equations 
2d 


ont Y= BG) = 4 LBA)? 


Jit _ ae 
=}(14+4A) u+¢(u)+4 P(@)-40—-2)' 
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67. Initial motions. 


We have already explained in § 32 the general principles used in finding * 
the initial character of the motion of a system which starts from rest at 
a given time. The following examples will serve to illustrate the procedure 
for systems of rigid bodies. 

(i) A particle hangs by a string of length b from a point in the circumference of a dise 
of twice its mass and of radiusa. The disc can turn about its axis, which is horizontal, and 
the diameter through the point of attachment of the string is initially horizontal. To find the 
initial path of the particle. 


Let 6 denote the angle through which the disc has turned, and ¢ the inclination of the 
string to the vertical, at time ¢ from the beginning of the motion : let m be the mass of the 
particle. The-horizontal and (downward) vertical coordinates of the particle with respect 
to the centre of the disc are 


acos6+bsing@ and asin6+bcos¢q, 
so the square of the particle’s velocity is 
a?6? +b? — 2ab sin (6+ p) 64, 
and the kinetic energy of the system is 
T =ma*6? + 4mb*p? - mab sin (6 + ¢) 64, 


while the potential energy is 
V= —-mgqg (asin 6+6 cos ). 


The Lagrangian equations of motion are 
ad (=) or. aV 


dt\06/ 36 © 00” 
fF) - 2 oF 
de\ap/ 9p BG” 
2% — ab cos (6 + p) $? - ga.cos 6 — ab sin (+4) p=0, 
a { bq — ab cos (6+ >) 6? +. gb sin pb — ab sin (6+ ¢) 6 =0. 


Initially the quantities 6, ¢, 6, ¢ are all zero: these equations therefore give initially 
6=g/2a and p=0, so the expansion of 6 begins with a term gt?/4a and that of @ with a 
term higher than the square of ¢. Assuming 


gt? 
6=2—+AF+BHU+..., 
4a 


o=CHb+ Dt + H+ Fe+..., 


substituting in the above differential equations, and equating powers of ¢, we can evaluate 
the coefficients 4, B, C,...:; we thus find 
gt 
6="—+0.#+..., 
4a 
ree ae : 
$= 39ab° — i920ab? * 
Nowif 2 and y are the coordinates of the particle referred to horizontal and (downward) 
vertical axes through its initial position, we have 


346 a 
x=a (1—cos 6) — bsing=$a0?— bp= coat , approximately, 
t? é 
and y=asin 6 +6 (cos p— 1) =06 = , approximately. 
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Eliminating ¢ between these equations, we have 
, a = 30abz, Aer 
and this is the required approximate equation of the path of the particle in the 
neighbourhood of its initia] position. 

(ii) A ring of mass m can slide freely on a uniform rod of mass M and length 2a, which 
can turn about one end. Initially the rod is horizontal, with the ring at a distance ry from 
the fimed end. To find the initial curvature of the path of the ring im space. 


Let (r, 6) denote the polar coordinates of the ring at time ¢, referred to the fixed end of 
the rod and a horizontal initial line, 6 being measured downwards from the initial line. 


For the kinetic and potential energies we have 
é A 2. 
Tahm 2476) 44. S 6 
V=—mrg sin @— Mag sin 6. 
The Lagrangian equations of motion are 


(ea se av 
dt \ or or sor 
\e Ca ey 
\dt \ 06 06—~—*é‘i OD” 
*—r6?—gsin d=0, 
_ : Ma? + mr*6 + 2mrr6 — Mga cos 6 — mgr cos 6 =0. 
Since #, 6, and 6 are initially zero, we can assume expansions of the form 
r=Ty+de?+as+a,tt+..., 
ve bo 0+ 638+... ; 
substituting these expansions in the differential equations, and equating coefficients of 


powers of ¢, we find 
Q,=0, a3=0, ag=7'¢b2 (9 +4b270), 


_ 3g (Ma+mro) 
~ 2 (4Ma? +3mry?)* 

The coordinates of the particle, referred to horizontal and vertical axes at its initial 
position, are 


b; 


w=rcosd—7ry and y=rsin 8, 


or approximately B=(ag—4$7 yb") 4, y=rbot?. 
The curvature of the path is given by the equation 
Lipe toe fag 
-=Lt. iar 


and on substituting the above values of b, and a4, we have 
p  9ro2(Ma+mry)’ 


This is the required initial curvature of the path of the ring. 

Example. Two uniform rods AB, BC, of masses m, and m., and lengths-a@ and } 
respectively, are freely hinged at B, and can turn round the point A, which is fixed. 
_ Initially, 4B is horizontal and BC vertical. Shew that, if C be released, the equation of 
the initial path of the point of trisection of BC nearer to C can be put in the form 

¥? =60 (1+ 2m2/m,) abs. 
(Camb. Math. Tripos, Part I, 1896.) 


67, 65] The Soluble Problems of Rigid Dynamics 143 


68. The motion of systems with three degrees of freedom. 


The possibility of solving by quadratures the motion of a system of rigid 
bodies which has three degrees of freedom depends generally (as in the case 
of systems with two degrees of freedom) either on the occurrence of ignorable 
coordinates, giving rise to integrals of momentum and angular momentum, or 
on a disjunction of the kinetic potential into parts which depend on the 
coordinates separately. The following examples illustrate the procedure. 


(i) Motion of a rod in a given field of force. 


Consider the motion of a uniform rod, of mass m and length 2a, which is free to move 
on a smooth table, when each element of the rod is attracted to a fixed line of the table 
with a force proportional to its mass and its distance from the line. 


Let (a, y) be the coordinates of the middle point of the rod, and @ its inclination to the 
fixed line. The kinetic energy is 
| Tn (8+ 92+ 40862), 
and the potential energy is 
vate | i (y+r sin 6)? dr, where p is a constant, 
a 


or V=pm (hy? +}? sin? 6). 
The Lagrangian equations of motion are therefore 
#=0, 
Y= — PY 
(24) +p sin 26=0. 
The first two equations give 
x=ct+d, 
y=f sin (p2t+e), 


where ¢, d, f, « are constants of integration ; the centre of the rod therefore describes 
a sine curve in the plane. The equation for 6 is of the pendulum type, and can be 
integrated as in § 44. 


(ii) Motion of a rod and cylinder on a plane. 


We shall next discuss the motion of a system consisting of a smooth solid homogeneous 
circular cylinder, of mass ¥ and radius ¢, which is moveable on a smooth horizontal plane, 
and a heavy straight rail of mass m and length 2a, placed with its Jength in contact with 
the cylinder, in a vertical plane perpendicular to the axis of the cylinder and passing 
through the centre of gravity of the cylinder, and with one extremity on the plane. 


Let 6 be the inclination of the rail to the vertical, and z the distance traversed on.the 
plane by the line of contact of the cylinder and plane, at any time ¢. The coordinates of 
the centre of the rod referred to horizontal and vertical axes, the origin being the initial 
point of contact of the cylinder and plane, are easily seen to be 


#=ceot(F _ 5) +4 sin@ and acosé. 


Let be the angle through which the cylinder has turned at time ¢. The kinetic 
energy of the system is 


; Axuxs )2 en, re 
T=}mae?+3m {2—deenseet (— 5) 6+ cos ob} +4ma? sin? 6. 6?+4 Mz? +} Mop 
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The potential energy is given by the equation 
V=mga cos 6. 
The coordinates # and ¢ are evidently ignorable ; the corresponding integrals are 


or =constant 
Ox 


(which may be interpreted as the integral of momentum of the system parallel to the axis 
of wv) and 


oo constant 


(which may be interpreted as the integral of angular momentum of the cylinder about its 
axis). These integrals can be written 
m {i — he cosec? G = 5) .6+a cos 6. al + Mz=constant, 
4 Mc*h = constant. 


Substituting for # and ¢ the values obtained from these equations in the integral of 


energy ; 
T+ V=constant, 


we have the equation 
6?| Ja?+a? sin? 6+ ails a cos 6 —4¢ cosec? eee } =d — 2ga cos 8. 
2 m+M 2 4 2 y 


where @ is a constant. This equation is again integrable, since the variables ¢ and 6 are 
separable ; in its integrated form it gives the expression of @ in terms of ¢: the two 
integrals found above then give x and ¢ in terms of t. 


69. Motion of a body about a fixed point under no forces. 


One of the most important problems in the dynamics of systems with 
three degrees of freedom is that of determining the motion of a rigid body, 
one of whose points O is fixed, when no external forces are supposed to act*. 
This problem is realised (§ 64) in the motion of a rigid body relative to its 
centre of gravity, under the action of any forces whose resultant passes 
through the centre of gravity. 


In this system the angular momentum of the body about every line which 
passes through the fixed point and is fixed in space is constant (§ 40), and 
consequently the line through the fixed point for which this angular momen- 
tum has its greatest value is fixed in space. Let this line, which is called the 
invarvable ling, be taken as axis OZ, and let OX and OY be two other axes 

through the fixed point which are perpendicular to OZ and to each other. 
The angular momenta about the axes OX and OY are zero, for if this were 
not the case the resultant of the angular momenta about OX, OY, OZ would 
give a line about which the angular momentum would be greater than the 


* Euler, Mémoires de Berlin, Année 1758. Elliptic functions were applied to the problem 
first hy Rueb, Specimen inaugurale... (Utrecht, 1834): and the solution was completed by Jacobi, 
Journal fiir Math. xxxtx. (1849), p. 293. 
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9) 


angular momentum about OZ, which is contrary to hypothesis. It follows 
(§ 39) that the angular momentum about any line through O making an 
_ angle @ with OZ is dcos 0, where d denotes the angular momentum about OZ. 


‘The position of the body at any time ¢ is sufficiently specified by the 
knowledge of the positions at that time of its three principal axes of inertia 
at the fixed point: let these lines be taken as moving axes Oxyz; let (0, ¢, ) 
denote the three Eulerian angles which specify the position of the axes Oxyz 
with reference to the axes OX YZ, let (A, B, C) be the principal moments of 
inertia of the body at O, supposed arranged in descending order of magnitude, 
and let (@,, #2, @,) be the three components of angular velocity of the system 
about the axes Ox, Oy, Oz respectively, so that (§§ 10, 62) 


Aw, =— dsin 6 cos wp, 
Bo,= dsin@siny, 


Co,= dcos8, 
or (§ 16) 


(NPI oe ce 


a ésin y= ¢ sin sin y, 


+ 6 cosO= 4008 6. 


These are really three integrals of the differential equations of motion of 
the system (only one arbitrary constant however occurs, namely d, our special 
set of axes being such as to make the other two constants of integration 
zero); we can therefore take these instead of the usual Lagrangian differ- 
ential equations of motion in order to determine @, ¢, . 


Solving for 6, ¢, yr, we have 


6 = cove sin 6 cos sin yf, 


oe dee 
d oi cos? Wr + RB sin? yy, 
ae ee re. (hea es 
v= (4-408 Vinee sin’ yr) c0s 8. 
The integral of energy (which is a consequence of these three equations) 
may be written down at once by use of § 63; it is 


Aw; + Bo? + Co;? = ¢, 


where c is a constant: replacing @, w2, ws by their values in terms of @ and y, 
this equation can be written in either of the forms 


10 
w. D. 
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A-B | Be-d@ B-CO 


AB Gp =— pt Ba 008 6, 
= — qd? en OY 
or Aap sin’ @ sin? y = Act ta cos? 8. 


Since A > B >, the quantity (cA — d*) or B(A —B) w+ C(A — C) a? is 
positive, and (cC — d*) is negative: the quantity (Bc — d?) may be either 
positive or negative: for definiteness we shall suppose it. to be positive. 

The first of the three differential equations may, by use of the last 
equations, be written 

d TCEEG Spe a POMP A6e ao Al +6" 

a ie pare Oe a Se AG cos? @ . 

This equation shews that cos @ is a Jacobian elliptic function* of a linear 
function of t; and the two preceding equations shew that sin 6 cosy and 
sin@siny are the other two Jacobian functions. 

We therefore write 

-snOcosy=Penu, snésiny=Qsnu, cos 0= Rdn u, 
where P, Q, R are constants and wu is a linear function of ¢, say At+ €; the 
quantities P, Q, R,», and the modulus & of the elliptic functions, are then to 
be chosen so as to make the above equations coincide with the equations 


kh? con?'u=— k2+ dn? u, 
ksn?u= 1—dn?*u, 
ee, eee 
du 
The comparison gives 
A (d?—cC) B(d? — cC) C (cA — d*) 
Y Po, So ee =? 
@(A—O)’ P= P(BAO)’ we aay" 
ms (A — B)(d?—cC) ve (Be C)(cA — d?) . 
(B—C) (Ac — d?)’ ABC ' 


The equation for k? shews that h is real, and the equation 

(A —C)(Be — d?) 

(B—C)(Ac — d*) 

shews that (1 —k’) is positive, ie. that k<1. The quantities P, Q, R,X are 
also evidently real. 


1-R= 


Now a real quantity a may be defined by the mutually consistent 
equations 
jedan (d?(A —C) . _{B(A-O)? 
[A (P= c0)§ ’ ena (POO aa =o} 


* The theory of elliptic functions required in this and the succeeding problems will be found 
in Whittaker and Watson’s Modern Analysis, Chs. xx.—xxm. 


snia=t 
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Since (k’) 2 dnia = eas } 
where the theta-functions are defined by the expansions 
Yoo (v) = 1 + 2q cos 2aryv + 294 cos 4arv + 2q° cos Gary + ..., 
Ya (v) = 1 — 2g cos 2arv + 2q4 cos 4arv — 2q° cos Grrv + ..., 
Sue (v) = Qq2 cos my + Qqt cos 37rv + Qgt cos 5rv+..., 
In (v) = Qgt sin 3y — Qqt sin 37rv + age sin 5iry + ..., 


wK'/K 


and q=e , we have 


1+ 2g cosh 2y + 2q¢cosh 4y +... = (y)-4 (BA=O) t 
1 — 2q cosh 2y + 2q*cosh 4ry —... ) Ao , 


where y stands for 7a/2K: from this equation , (and consequently a) may . 
readily be determined by successive approximation. 


_ The Eulerian angles 6 and wf at time ¢ are now given by the equations’ 


iyi ee 
cn ia 
ey erp eee Ath) 
cna 
cos 6 = 82 dn (At + €) 


; 1cn 1a ; 
or (omitting the e) 


. gin 8 cos y= So (1a/2K) So (At/2K) 


Sp (1a/2K) Sq (Ae/2K)’ 
sin @ sin y= Sy (0a/2K) Sm (At/2K)’ 
cos Ox u(t 2K) Seo (At/ 2K) 


TS;0 (ta]/2K) Sa (Mt/2K) 
The modulus k of the elliptic functions is known; we can therefore 
determine the parameter q of the theta-functions by the equation 
ke kt | 21K 
1= 76 * 327 1024 
or by the more rapidly convergent series 
g =} tan’? B + fs tan” + Jf tan® A +..., 
where cos 8 = (k’)*. K may then be calculated from the series 
(2K [rE = So = 1 + 2g + 2g! + 2G? + +++ 
and thus the period 4K/) of the inclinations of the axes Oxyz to the line 
OZ is determined. 


i OOF) 


10—2 
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If now we write (7a/2K)=y and (7A/2K) = p, we have 
(1—2q cosh 2y + 2g*cosh 4y — ...) (cos ut + q° cos 3ut +...) 


Sen, ~ (coshy + g2cosh 3y +...) 1—2¢ cos 2ut + 2g‘cos 4yt+...)’ 
ay _ (1+ 2q cosh Qry + 2q* cosh 4ry + ...) (sin wt — gq? sin 3yt + ...) 
preceetd ~ (cosh y + g? cosh 8y +...) (1 — 2q cos 2ut + 2q* cos 4ut+ ...)’ 
ys (sinh y — q? sinh 3y + ...) (1 + 2q cos 2ut + 29% cos 4yt +...) 


(cosh y + q? cosh 3y + ...) (1 — 2q cos 2ut + 2g* cos duit ...)” 
The quantities g, », y may be regarded as the constants which specify the 
motion. 


Example. Suppose that the body is a homogeneous ellipsoid of unit density, whose 


three semi-axes are 
a=1, b=2, c=3. 


The three principal moments of inertia are 
A= 7 abe (b?+¢”?)=20°8r, B=16r, C=8r.- 
Suppose that the initial velocities of rotation round the principal axes are 
@,=+, w2=4, o3=1. 
The constant of energy is 
c= Aa,?+ Boz? + Coz?=13'32, 
and the constant of angular momentum is given by the equation 
d? = A%o,? + Boo? + Cag? = 155-0412, 

80 d=12452r, Ac—d2=121-60n?, Be—d?=57°6n?, d?—cC=48°64r2. 

The modulus of the elliptic functions is given by the equation 
(A —B) (d?—cC) 
(B-C) (Ac—d?) 
k’2=1 —k?=0°760, 


a =0-240, 


whence we have 


live f.. 1-#3)5 


a +...=0°0171, 
“a ace pe all 


a 1443 
2K\s 
(=) =1429+29'+299+...=1-0342, 
es K=1-68013, 


K'= —* veg, g=2°176. 


We have also 


MB= (B-C) (Ac—d?)_ 
“ST AROO =0'3654, 
so A=0°6045 
d = 
an p= - =0°5651. 


The period of the angles 6 and ¥ is cd or oe , which has the value 11°118. 
B 
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In order to express 6 and as trigonometric series in terms of t, we must determine y. 
For this we have 


re = 1-2308, 
sO (F4— Ol 11004, 


and therefore if g* be neglected we have 


142g cosh 2y _ 1/1094 
1-—2g cosh 2y 0°9337’ 


giving cosh 2y=2°503, 
and hence 2Qy = 1°568 
and y=0°784. 


The quantity a is then given by the equation 
psn y=0°8385. 
T 
A limiting case of the general problem is that in which A=B, so that & reduces to 


zero and the elliptic functions become circular functions. In this case the solution may 
be written 


sin 6 cos pace | = {2 x ee = a 
oe Ae BUNA . C (Ac—d2))% 
sin @sinyy=——7 7}, where : sinh a= \sarot 
3 _{[@(4-0)\$ 
cos 6=tanha [cost a= {4 Roath 


so the motion is a steady precession about the invariable line OZ, the body rotating also 
about its own axis of symmetry Oz. : 


Another limiting case is that in which d?=cB, so that #2=1 and the elliptic functions 
degenerate into hyperbolic functions ; this is illustrated by the following examples. 


Example 1. A rigid body is moving about a fimed point under no forces: shew that 
(in the notation used above) d? = Be, and tf we is zero when t 18 zero, and ws being initially 
positive, then the direction-cosines of the B-axis at time t, referred to the initial directions of 
the principal aues, are 

atanhy—ysinpsech x, cospsech x, y tanh y+asin psech x, 
where 
dt _ dt ((A-B)(B- A 
ene i AC 


Bed eee" 

OB (4-0 > YT B(A-0) 

(Camb. Math. Tripos, Part I, 1899.) 
To obtain this result, we observe that when Bc=d?, the differential equation for the 

coordinate 6 becomes 


d B-C\4 {Ac-—d? _A-oh 
S (sce 6)=4 (AFF) {*car seo? 8 eAC r) 


i 1 of which is 
a i oa eae cosé=y sech x, 
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where y and x are the quantities above defined. The equation 


A=Br yg eaeG ASCs 
aR SD Gxt ie 1G. ) 
then gives > sin 6 sin y=tanh yx, 
and the equation o=4 cos? yp a sin? 
gives sin (b—p)=—ysiny. 


These equations shew that the direction-cosines of the B-axis referred to the axes 
OXYZ, which (§ 10) are é 
— cos $ cos Osinyy—sin pcos, —singcosdsiny+cospcosy, sin Osin y, 


can be written 
—sinsech y, cospsechy, tanh x. 


But if @19, @29, @39 denote the initial directions of the principal axes, since 
A%@,? + C%03?= d?= Be= B (Aw;?+ Cos*), 
so that 4o;=ad and Cog=yd, we see that the direction-cosines of w19, 99, @39, referred to 
OX YZ, are given by the scheme 


X Y Z 
@10 y 0 a 
@90 10) 1 0 
@3| —-a | O y 


and hence the direction-cosines of the B-axis, referred to 19, w99, 39, are 
—ysinp»sech y+atanh x, cospsechx, asin psech y+y tanh x. 
Example 2. When d?=cB, shew that the axis Oy describes, on a sphere with the fixed 


point as centre, a rhumb line with respect to the meridians passing through the invariable 
line. (Coll. Exam.) 


Returning now to the general case, we have to express the third Eulerian 
angle ¢ in terms of the time. We have 


d 1 
= — — 2 
a +4(5 q)sin ~ 
Mt 
N ee 
cs on dn ta sn. At’ 
dn? 7a sn? At 
th 2 oes ee Ne ee ee 
Yaa ANS 1 — k* sn?7a sn? At™ 


This function of ¢ vanishes with t, and has poles when the denominator 
vanishes, i.e. when 


sn At = 


1 : cary 
=e ig tsa tik’); 

so in one period-parallelogram (2K, are it has poles at the points 
At=1a4+ 1K’ and At= — ia + iK’. 
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Near the former of these points, writing Xt = ia + 1K’ + ¢, and retaining 
only the lowest powers of ¢, we have 
anaes dn? ta/h? sn? ta 
1 — {sn? 2a/sn? (a + €)} 
ape meserpvesamerrn NN AF ce 
k* sn? va + ek? . 2 sn ia cn ia dn ia — k* sn? ta,’ 
so the residue at this pole of sin? fy, considered as a function of At, is 


dn ia re 1 (B—C)(Ac— d?) AB) 
2k? sn 1a en 2a’ 2id (A — B) C 


Therefore the residue of a(; - 5) sin? at this point (considered as a 
function of Az) is 
1 ((B-C)(Ac—d*))* dx 
2 ABO } ern: 
and the residue when At/2K is regarded as the variable is consequently —720/4K. 
As we now know the zeros, poles and residues of this function, we can write 
down its expression as a sum of logarithmic derivates of theta-functions: in 
fact, since 3), (v) has a simple zero at v =4@=71K’'/2K, we have 


, {2 Ca) se Ce) 8 


DLN, | pe NS Hela i 
$ A 4K [Se = ‘*) a (“ + “*) a ( = ) 


and therefore 


Nt — ta 2id | d Yor’ (ia/2K) 
Jn Gras i 1 +80 ial) : 
At + 14 
n( yy 


er = constant . 


Now Sark pa 2) z)/ 3 Sn ( a sr 2) ) is purely periodic with respect to the real 


period 2K/A (3 i so the seavrental on the right-hand side gives the mean 
motion of ¢, i.e. the precessional motion of the system round the invariable 
line. We have 

Sq (v) = 1 — 2q cos 2ary + 29* cos 47ry — ..., 

9, (v) = 4arq sin Qarv — 87g‘ sin 47 + ..., 
so the coefficient of t in ¢, ie. the constant part of ¢, or the precession, 


which is 
dist YX Yn (2a/2K) 


A UOha ve Sq (ta/2K)’ 


may be written 
d A qsinh 2y — 2g‘ sinh 4y + ... 
Ae P* 1 — 29 cosh 2y + 2q* cosh 4y — ...’ 


in which form it may be calculated readily. 
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Example 1. In the case previously discussed, of an ellipsoid whose semi-axes are a= 1, 


b=2, c=3, we have 
2y=1°568, sinh 2y=2'294, cosh 2y=2°503, 


d=12452r, A=208m, p=05651, g=00171, 
so the mean motion of ¢, which when ¢* is neglected may be written 


d q sinh 2y 
Ag a a 2q cosh 2y’ 
is 0:5986 + 0:0970, 
or 0°6956. 


Example 2. A uniform circular disc has its centre O fixed, and moves under the 
action of no external forces. The disc is given initial angular velocities 2 about a diameter 
coinciding with O€ in space, and » about its axis coinciding with O¢ in space. Shew that 
at any subsequent time 


x =2arcsin base 


, cai sin {(02 + 4n2)2. ws) 
0744 


= arccot Foe tan {(Q?+ 4n2)t 4 6 | 3 


where x is the angle between O¢ and the axis of the disc Oz and @ is the angle between the 
planes (O€ and ¢0z. (Coll. Exam.) 


For let OZ denote as usual the invariable line, and consider the spherical triangle Z¢z, 
whose vertices are the intersections of the lines OZ, O¢, Oz respectively with a sphere of 


centre 0. In this spherical triangle we have Zz=8, (2e=b. Moreover we have for the 
disc C=2B=24A, so 


a? = A?0? + C2n?= A? (0?+4 4n?) 
and S = (02+ -4n2)3, 
The equations of motion for 6 and ¢ therefore become 
6=0, p=d/A =(0? + 4n2)5, 


$0 6=Z¢=arccos p= (22+ 4n2)h t. 


2n 
(024+4n2)t’ 


In the spherical triangle Zz, we have therefore 


1) aN A 
Zt=Zi= ee =(02+44n2)3 = = 
(= Zz=arccos (ata 4nnt » ¢Zz2=(0?+4n%)3t, Ziz=o, (z= , 
A A A Q 

and hence sin X=sin Z sin 4 (Zz = —_——__ in {(02 +42)? , 1 

be = oy tin (ot tant 3g 
and cot o=cos Z tan 4(Zz= tn 2a tan {(0?+ 4n2)3 , $i}, 

(22+ 4n2)2 


which are the required equations. 


70. Poinsot's kinematical representation of the motion; the polhode and 
herpolhode. 


An elegant method of representing kinematically the motion of a body 
about a fixed point under no forces is the following, which is due to Poinsot*. 


* Poinsot, Théorie nouvelle de la rotation des corps, Paris, 1834. 
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The equation of the momental ellipsoi 
7 psoid of the body at the fix 
referred to the moving axes Oxyz, is sistas Haass 
? Ax? + By? + Cz? =1. 
Consider the tangent-plane to the ellipsoid which is perpendicular to the 
invariable line. If p denotes the perpendicular on this tangent-plane from 
the origin, we have (since the direction-cosines of p are Aw,/d, Bo,/d, Cw,/d) 
»_ Aw,?+ Bo? + Co, 
A’w? + Bw? + Cw, 


c ee 
ae which is constant. 


Since the perpendicular on the plane is constant in magnitude and 
direction, the plane is fixed in space: so the momental ellipsoid always 
touches a fixed plane. | 


Moreover, if (x’, y’, z’) are the coordinates of the point of contact of the 
ellipsoid and the plane, we have on identifying the equations 


Axa’ + Byy' + Czz'=1 and Ao,x+ Bo,y + Co,z=pd 


Ie n,n) , @3 @3 
_ the values etl iose Ua tye teat Bers: 
and hence the radius vector to the point (2’, y’, 2’) is the instantaneous axis 
of rotation of the body. It follows that the body moves as if tt were rigidly 
— connected to tts momental ellipsoid, and the latter body were to roll about the 
fixed point on a fixed plane perpendicular to the invariable line, without 
_ sliding ; the angular velocity being proportional to the radius to the point of 
contact, so that the component of angular velocity about the invariable line is 
constant. 


Example 1. If a body which is moveable about a fixed point is initially at rest and 
then is acted on continually by a couple of constant magnitude and orientation, shew that 
Poinsot’s construction still holds good, but that the component angular velocity about the 
invariable line is no longer constant but varies directly as the time. (Coll. Exam.) 

For in any interval of time dt the addition of angular momentum to the body is Vat 
about the fixed axis OZ of the couple; so that the resultant angular momentum of the 
system at time tis Wt about OZ. Now the components of angular momentum about the 
principal axes of inertia Oryz are Aw,, Bo,, Cw3, where A, B, C are the principal moments 
of inertia and (1, #2, @3) are the components of angular velocity : hence we have 

Ao,=—Ntsin dcosy, Bao,=Nisindsiny, Co3=Nt cos 8, 
where 6, %, are the Eulerian angles which fix the position of the axes Oxyz with. 
reference to fixed axes OXYZ. But these equations differ from those which occur in the 
motion of a body under no forces only in the substitution of tdt for dt; so the motion 
will be the same as in the problem of motion under no forces, except that the velocities are 
multiplied by ¢; whence the result follows. 


Example 2. In the motion of a body, one of whose points is fixed, under no forces, 
let a hyperboloid be rigidly connected with the body, so as to have the principal axes of 
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inertia of the body at the point as axes, and to have the squares of its axes respectively 
proportional to d?— Ac, d?— Be, d?—Cc, where A, B, C are the.moments of inertia of the 
body at the fixed point, ¢ is twice its kinetic energy, and d is the resultant angular 
momentum. Shew that the motion of this hyperboloid can be represented by causing it 
to roll without sliding on a circular cylinder, whose axis passes through the fixed point and 
is parallel to the axis of resultant angular momentum. (Siacci.) 


The curve which in Poinsot’s construction is traced on the momental 
ellipsoid by the point of contact with the fixed plane is called the polhode. 
Its equations, referred to the principal moments of inertia, are clearly the 
equation of the ellipsoid together with the equation p= constant, Le. they 
are ; 

Ag? + By + C2=1, 
Arg? + Bry? + C22? = d?/c. 

Example |. Shew that when A =8B, the polhode is a circle. 


Example 2. Taking A >B>C, shew that there are two kinds of polhodes, one kind 
consisting of curves which surround the axis Oz of the momental ellipsoid, and correspond 
to cB>d?>cC, while the other kind consists of curves which surround the axis Ox, and 
correspond to cA >d*> cB ; and that the limiting case between these two kinds of polhodes 
is a singular polhode which corresponds to cB —d?=0, and consists of two ellipses which 
pass through the extremities of the mean axis. 


The curve which is traced on the fixed plane by the point of contact with 
the moving ellipsoid is called the herpolhode. 


To find the equation of the herpolhode, let p, x be the polar coordinates 
of the point of contact, when the foot of the perpendicular from the fixed 
point on the fixed plane is taken as pole. If (a’, y’, 2’) denote the coordinates 
of the same point referred to the moving axes Oxyz, we have 


e+ y? + 2 = square of radius from point of suspension to point of contact 
See 
= p 4 @ 5 
Substituting for a’, y’, 2’ their values as given by the equations 
a = @,//¢ = — d sin 6 cos /Anc, 
\ ¥ =o,//¢c=  dsin @sin p/Byc, 
| 2’=0,//c= dcosd/Cyc, 
we have 


2 ee 


ae ee righ : 
pP=- 2 ons sin?@ cos? yy + ee sin?@ sin? + & eos'8. 
Replacing @ and by their values in terms of t, this becomes 


,_ (A —d)(d'—cC){,,, (B—Cl(A-—B)& 
eed? A2 BC? |4CB Te) ae 


_ (cA — a?) (dP? —cC) e(t)——(l+oa) 
cd? AC " @(t)-e,  ” 
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where w denotes the half-period corresponding to the root ¢,; this equation 
expresses the radius vector of the herpolhode in terms of the time. 


We have next to find the vectorial angle y in terms of ¢. For this we 


observe that Vcp*y/d is six times the volume of the tetrahedron whose 
vertices are the fixed point, the foot of the perpendicular from the fixed 
point on the fixed plane, and two consecutive positions of the point of contact, 
divided by the interval of time elapsed between these positions, and that this 
quantity can also be expressed in the form 


/ 


az, y; Z| OF © yd itt AW 1 
Aca'/d?, Bey'/@®, Ccz/a2 | & A, B, 0 
ie pane z epee Ny ene a 


All the quantities involved, except y, are ‘known functions of ¢: on 
substituting their values in terms of ¢, and reducing, we have 


Cre d (B—C)e.4+(A—B)e, 
i BpO=pTroy P O- ArT hace } 
which can be written in the form 
Mas psc) g’ (1+ @) 
XBT 3p@)—p( te) 
This equation can be integrated in the same way as the equation for the 
Eulerian angle ¢, and gives 


e24(x-X0o) — gi2id/B—2¢(1+)}t a(t+ito ++ o) : 
a(t—l—w)’ 
where yp 1s a constant of integration. The current coordinates (p, x) of the 
herpolhode are thus expressed as functions of t. 

Example 1. A particle moves in such a way that its angular momentum round the 
origin is a linear function of the square of the radius vector, while the square of its velocity 
is a quadratic function of the square of the radius vector, the coefficient of the highest 
power being negative ; shew that the path is the herpolhode of a Poinsot motion, in which 
however A, B, C are not restricted to be positive. 


Example 2. Discuss the cases in which the polhode consists of (a) two ellipses inter- 
secting on the mean axis of the momental ellipsoid, (8) two parallel circles, (y) two points ; 
shewing that in these cases the herpolhode becomes respectively a spiral curve (whose 
equation can be expressed in terms of elementary functions), a circle, or a point. 


71. Motion of a top on a perfectly rough plane; determination of the 
Eulerian: angle 8. 

A top is defined to be a material body which is symmetrical about an axis 
and terminates in a sharp point (called the apex or vertex) at one end of 
the axis. 

We shall now study the motion of a top when spinning with its apex O 
placed on a perfectly rough plane, so that O is practically a fixed point. The 
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problem is essentially that of determining the motion of a solid of revolution 
under the influence of gravity, when a point on its axis is fixed in space *. 


Let (A, A, C) denote the moments of inertia of the top about rectangular 
axes Oxyz, fixed relativé.to the top and moving with it, the origin being the 
apex and the axis Oz being the axis of symmetry of the top; let (8, ¢, #) be 
the Eulerian angles defining the position of these axes with reference to fixed 
rectangular axes OX YZ, of which OZ is directed vertically upwards. 


_ The kinetic energy is (§ 63) 
T=%(Ao/?+ Ao? + Co’), 


where @,, @,, @; denote the components relative to the moving axes of the 
angular velocity of the top, so that (§ 16) we have 


o, = Osin ~ — ¢ sin 8 cos f, 
w, = bcos + sin 6 sin , 
o,=+ d cos 0; 
the kinetic energy is therefore 
T =4A0+4Ad? sin? O+40 (fb + ¢ cos OF, 
and the potential energy is V = Mghcos 0, where M is the mass of the top 
and / is the distance of its centre of gravity from the apex. 
The kinetic potential is therefore 
L=T—V=}Al + 4A¢?sin? 6 + $C (+ 6 cos 6) — Mgh cos 8. 


The coordinates ¢ and y are evidently ignorable; the corresponding 
integrals are 


53 = constant, and _ = constant, 
or A¢ sin? 0+ C (+ ¢ cos 6) cos 0 =a, 
C (pb + bcos 6) = b, 


where a and 0 are constants: these may be interpreted as integrals of angular 
momentum about the axes OZ and Oz, and so are obvious d@ priori from 
general dynamical principles. 
The modified kinetic potential (§ 38) is 
R=L—-—ad— by 
(a—bcosé?. BF 
2Asinr2@ 20 
The term —0?/2C can be neglected, as it is merely a constant; the 
equation of motion is 


= $A? — — Mgh cos 8. 


ad /oR oR 
Abie eo 


* Lagrange, Méc. Anal. (Oeuvres, x11. p. 251). 
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so the variation of @ is the same as in a dynamical system with one degree 
of freedom for which the kinetic energy is 446? and the potential energy is 

(a — bcos 0)? 

2A sin?6 | 


The connexion between 6 and ¢ is therefore given by the integral of 
energy of this reduced system, namely 


440? = — ee — Mgh cos 6 + ¢, 


ao Mgh cos 6. 


where c is a constant. 
Writing cos 6 = x, this equation becomes 
A*a? = — (a — bx) —2A Mah (a — x) + 2Ac (1 — 2°). 


The right-hand side-of this equation is a cubic polynomial in #; now 
when #=— 1, the cubic is negative; for some real values of 6, i.e. for some 
values of x between —1 and 1, the cubic must be positive, since the left-hand 
side of the equation is positive; when x =1, the cubic is again negative; and 
when #=+ 0, the cubic is positive. The cubic has therefore two real roots 
which le between —1 and 1, and the remaining root is also real and is 
greater than unity. Let these roots be denoted by 


cosa, cos, coshy, 
where cos 8 > cos a, so that a>. 
The differential equation now becomes 
(Mgh/2A)? dt = |4 (a —cos a) (x — cos 8) (# — cosh y)} 2 de. 
If we write 


2A 2A 2Ac+ bh 
tp Sa IGT te a Oe Mh 6AMgh ’ 


we have therefore t + constant =| {4 (z — €,) (z — 2) (2 — @s)} “4dz, 


where the constants @,, é, é, are given by the equations 


Mgh h 2Ac+ 0? 
ie oA cosh y DA’ 
Mgh 2Ac+b? 
(a= gale | 194s? 


Mgh 2Ac+b* 
a 2 > 
2A 12A* 


so that @,, @&, é, are all real and satisfy the relations 


Qteetes=O, 4 > > es. 
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The connexion between z and ¢ is therefore 


z2=@(t+e), 
where ¢ is a constant of integration, and the function @ is formed with the 
roots €,, €, €,; and hencé we have 
2 
e= 2 ene C++ Gatien 
Now in order that # may be real for real values of t, it is evident that # must 
lie between cosa and cos B, ie. Q (¢ +e) must lie between e, and e, for real 
values of ¢: and therefore the imaginary part of the constant « must be the 
half-period o; corresponding to the root es. The real part of e depends on 
the epoch from which the time is measured, and so can be taken to be zero 
by suitably choosing this epoch. We have therefore finally 
2Ac + 6? 
6AMgh.’ 
and this is the equation which expresses the Eulerian angle 0 in terms of 
the time*. 
Example 1. If the cireumstances of projection of the top are such that initially 
6=60°, 6=0, $=2(Mgh/3A)2, Y=(3A—C) (Mgh/3AC%)3, 
shew that the value of @ at any time t is given by the equation 


sec 6=1-+sech ee t), 


8o that the axis of the top continually approaches the vertical. 
For in this case we readily find for the constants a, 6, c the values 
a=b=(3MghA)?, c=Mgh, 
so the differential equation to determine z is 


a) = e (1-2)? (22-1), 


2A 
bos OT fae ers 


whence the result follows. 


Example 2. A solid of revolution can turn freely about a fixed point in its axis of 
symmetry, and is acted on by forces derived from a potential-energy function p cot? 6, where 
6 is the angle between this axis and a fixed line; shew that Te equations of motion can be 
integrated in terms of elementary functions. 


For proceeding as in the problem of the top on the perfectly rough plane, we find for 

the integral of energy of the reduced problem the equation 

; (a—bcos 6)? —_ cos? 6 

y= — CV SP 
ae QAsin?@ sin? 
Writing cos 6=., this becomes 
A*z? = — (a — bx)? -2Apx?+2Ac (1—22). 

The quadratic on the right-hand side is negative when s=1 and x= — 1, but is positive 
for some values of « between —1 and +1, since the left-hand side is positive for some real 
* It may be remarked that the present problem reduces to that of the spherical pendulum 


(§ 55) when the quantities M, C, A, h, a, b, c, cos 6, >, l, & are replaced respectively by 
LOS betty 1 (Ue ti Cat Cay Ny IT 
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values of 6: the quadratic has therefore two real roots between -1 and +1. 


Calling 
these cosa and cos f, the equation is of the form 


74? = (cos a— x) (7 — cos 8), 
the solution of which is 
£= C08 a sin? (t/2d) + cos B cos? (t/2X), 


12. Determination of the remaining Eulerian angles, and of the Cayley- 
Klein parameters ; the spherical top. 

When the Eulerian angle @ has been obtained in terms of the time, as in 
the last article, it remains to determine the other Eulerian angles ¢ and wy. 


For this purpose we use the two integrals corresponding to the ignorable 
coordinates: these, when solved for ¢ and w, give 


, a—bcosé 
| o= Asin O° 
- 6 (a—bcos 8) cos @ 
ar Cremation a 
If we regard the motion as specified by the constants of the body 
(M, A, 0, h) and the constants of integration (a, b, c), it is eyident from 
these equations and the equation for @ that C does not occur except in 
the constant term of the expression for y; and therefore an auxiliary top 
whose moments of inertia are (A, A, A) can be projected in such a way that 
its axis of symmetry always occupies the same position as the axis of symmetry 
of the top considered, the only difference in the motion of the two tops being 
that the auxiliary top has throughout the motion a constant extra spin: 
b(C—A)/AC about its axis of symmetry. A top such as this auxiliary top, 
‘ whose moments of inertia are all equal, is called a spherical top. It follows 
therefore that the motion of any top can be simply expressed in terms of the 
motion of a spherical top, and that there is no real loss of generality in 
supposing any top under consideration to be spherical. 


If then we take (= A, the equations to determine ¢ and yy become 


‘4 :.a—bcosd . a+b a—b 

ee Asm@ 2A (cos 6 + 1) ~ 2A (cos @—1)’ 
b—acos@ _ aap emer esas Cre DSS 

[b= Asin?@6  2A(cos6+1) 2A (cos0—1) 


Substituting for cos @ its value from the equation 
A 2Ac+B 
cos 8 = 977, OE +) + GA Mgh ’ 


and writing Mgh 2Ac-+¥ 
g (1) = 9A 12A? ’ 

mee 2Ac+ 0b? 
p()=— 94 ~~ 12d?’ 
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so that J and k are known imaginary constants (being in fact the values of 
t+, corresponding to. the values 0 and 7 of @), the differential equations 
become ! 


,_Mgh(at8)% 1 Mgh(w-8) 
$= 44? “9(€+0;)—@(k) 4.4? ‘e{t+ ;)—@(l)’ 
|. Mgh(a+b) 1 Mgh (a —b) : 


fp ‘ 
\Y" aa? ‘pG+o)-p®) 44° ‘p+oa)—pO 
Now the connexion between the function g and its derivate g’ can be at 
once written down by substituting for « from the equation 


~ gh 6° * GA Mgh 
in the equation 


dt 


if the argument of the g-function is k, it follows from the definition of k that 
the corresponding value of # is —1; and so the last equation gives 


A?. {2A 9° (k)/Mgh}? = —(a + by, 
or @’ (k) =iMgh (a + b)/2.A?. 


A? (GY = —(a— ba)? — 2A Mgh («— a) + 2Ac(1— 2°); 


Similarly we have 


¢' (1) = iMgh (a —b)/2.A2, 


and therefore the equations for ¢ and yy can be written in the form 


eee ORE AG 
‘PF OG +e,)=9() 4 pGLa)=e0). 
oe ek) g' (1) 
P= b+ on) pO nebo)’ 


Now the function 

BR al ae 

is an elliptic function, whose poles in any period-parallelogram are congruent 

with t+ @,=k and t+ o,=—k, the corresponding residues being 1 and —1; 
and the function is zero when t+@,=0. Hence we have 

DE AGE 3. | 

Q (t+ o;)—@(k 


and therefore 


ir C(t+;,—k)—€(t+a;,+k) + 26(k), 


[ie = Jog 7 E+ 3-4) 
g (t+ @;)—@(k) 5 g(t +0;+h) 


+ 2¢(k)t + constant. 
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The integrals of the equations for ¢@ and wy can therefore be written in 
the form 


e2i (P- bo) — p2is(k)-—F(}t o(t+o,—k)o(t+.,+ 1) 
‘a(t+o,+k)o(t+o,;-—l)’ 


eri — Yo) — e2tF (K+ SY} t a(t+a,—k)o (t+, —l) 
‘o(t+o,+k)c(t+o,+1)’ 


where ¢, and yf, are constants of integration. 


These equations lead to simple expressions for the Cayley-Klein parameters 
a, B, y, 8 (§ 12), which define the position of the moving axes Oxyz with 
reference to the fixed axes OX YZ: for by definition we have 


a=cos$O.ctil@tY), = B=isingd. ct(O-¥), 

y=tsin $d. et (¥-9), 8 = cos$0.e~ tot ¥), 
But we have 

2 cos?40 = 1 + cos 0 


2Ac+b? 
te A ett on)+ 6AMgh 


- ite ih {9 (¢ + ws) - g (k)} 


9A a(t+o,+ b)o(v +; —k) 


~ Mgh’ o? (k) a? (t + ws) , 
{a(t+o,+k)o(t + os — ky}t 
or cos $0 = (A) AOE) 


Similarly we find 
ele: {ott ost Nott o—)}* 
EIS Gfx) © a (l) a(t + @s) 
and on combining these with the expressions for e%'? and e”'¥ already found, 
we have. 


= e ear ae o (t+ w, —k) ott) 
Mgh oa (k) o (t + ws) 


8 ea eb t(h0- Yo) a(t+ostl) 9-1 ) 


~.\Mgh o(l) ° o(t+ os) 
— At ebil¥o- oo) og (t+a;— ) tt 
there (Hoh) - a(l) °~ oa (t+os) 
— AE en bildot Yo) a (t+ +k) oot) 
a eas a(k) © oa(t+s) 


These equations express the parameters a, B, y, 6 as functions of the 


time. 


ll 
W. D. 
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Example 1. A gyrostat of mass M moves about a fimed point in its axis of symmetry: 
the moments of inertia about the axis of figure and a perpendicular to it through the fixed 
point are Cand A respectively, and the centre of gravity is at a distance h from the fimed 
point. The gyrostat is held, so that its axis makes an angle arccos 1/,/3 with the downward 
vertical, and is given an angular velocity »/AMgh J/3/C about its axis. If the amis be now 
left free to move about the fixed point, shew that it will describe the cone 


sin? 6 sin 2 =(—cos 6— 1/./3)* (—cos 6+4/3)2, 
; 2/2 
or sin? @ cos 26 = jaa (./3/2 +cos 6)3, 
where h is the azimuthal angle and 6 the inclination of the axis to the upward vertical. 


(Camb. Math. Tripos, Part I, 1894.) 
For in this problem we have initially 


cos 0=-1//3, p=0, 6=0, ¢=0, P=/AMgh /3/C, 
and these initial values give 
a=—/MAgh|¥3, b=4/3,/MAgh, c= —Mgh/./3. 
Substituting in the general differential equation for 6, namely 


_(a—} cos 6)? 


Asin? d — Ugh cos 0+<e, 


4AQ= 


we have . 
A@ sin? 6 = — Ugh (cos 0+1//3) (4/3 +2 cos 6) (— cos 6 +4/3), 


while the equation 
i a—bcos6 
~ Asin? 6 


gives Fp OE Ba Nee 


sin? 6 


Dividing this equation by the square root of the preceding equation, we have 


p=3t [(-e0s6-1//394 (/3+2 cos 6)~ 2 (—cos 6+ ./3) ~ 3 cosec 406, 


o=at |(e—1/y3)! (/3 — Qa) ~ 3 (w+ /3)~ 2 (1—22)-1 de, where x= —cos 6. 


Now if we write 
um (w — 1/a/3)* (+ 4/8)3 (4/3/2—2) = 4, —— 
we have by differentiation 


poe (1-2?) (2 —1/,/3)2 (a+ /3)~ 4 (/3/2—a) ~¥- 


3 3 
and ee eee 
8 8:(4/3/2 — x) 


We have therefore 


oe 32 du 
4,/2/143%02/8° 
or 2=arctan (322 - i), 
or tan 2p=3#2 ~ # (— cos 6 — 1//3)? (—cos 6-+4/3)3 (/3/2-+c08 6)~ 4, 


which is equivalent to the result given above. 
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Example 2. Shew that the logarithms of the Cayley-Klein parameters, considered as 
functions of cos 6, are elliptic integrals of the third kind. 


Example 3. Obtain the expressions found above for the Cayley-Klein parameters as 
functions of the time ¢t by shewing that they satisfy differential equations typified by 
— Yy=0, 


where Y denotes a doubly-periodic function of ¢, these equations being of the Hermite-Lamé 
type which is soluble by doubly-periodic functions of the second kind. 

A simple type of motion of the top is that in which the axis of symmetry 
maintains a constant inclination to the vertical; in this case, which is 
generally known as the steady motion of the top, 6 and 6 are permanently 
zero; since we have 


— bcos 6) 
4.Ade— — G— boos 5) — Mgh cos 6+¢, 


it follows that 

o- 2 (a — b cos 6)? 
~ dO| 2Asin?6 
_ Performing the differentiation, and substituting for (a —b cos 6) its value 
Ad sin? 6, we have 


+ Mgh cos ot ‘ 


0=—bd¢ + Ad? cos 0+ Moh. 
This equation gives the relation between the constants ¢, 6, and b (which 
depends on the rate of spinning of the top on its axis) in steady motion. 


73. Motion of a top on a perfectly smorin plane. 

We shall now consider the motion of a top which is spinning with its apex 
in contact with a smooth horizontal plane*. The reaction of the plane is now 
vertical, so the horizontal component of the velocity of the centre of gravity, 
G, of the top is constant ; we can therefore without loss of generality suppose 
that this component is zero, so that the point G moves vertically in a fixed 
line, which we shall take as axis of Z; two horizontal lines fixed in space and 
perpendicular to each other will be taken as axes of X and Y. 

Let Gayz be the principal axes of inertia of the top at G, and (A, 4, C) 
the moments of inertia about them, @z being the axis of symmetry: and let 
(0, ¢, +) be the Eulerian angles defining their position with reference to the 
axes of X, Y, Z. , 

The height of G above the plane is hcos 0, where h denotes the distance 
of G from the apex of the top; the part of the kinetic energy due to the 
motion of G is therefore 4Mh?sin? @. 6°, where M is the mass of the top; and 
so, as in § 71, the total kinetic energy is 


T = £Mh?sin® 0. 61+ 4A6? + 5 Ad*sin’ 0 + $C (y+ ¢ cos 0, 


and the potential energy is 
E ed V = Mgh cos 0. 


* Poisson, Traité de Mécanique (1811), 1. p. 198. 
11—2 
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Proceeding now exactly as in § 71, we have two integrals corresponding 
to the ignorable coordinates ¢ and y, namely 
[a sin? 6+ C (yr + ¢cos 8) cos =a, 
. Cb + ¢ cos 0) =b, 
where a and b are constants; and on performing the process of ignoration of 
coordinates we obtain for the modified kinetic potential the expression 
(a—b cos 0)? 
2A sin? 6 
so the variation of @ is the same as in the system with one degree of freedom 
for which the kinetic energy is 


4(4A + Mi? sin? 6) 6, 


4(A + Mh? sin? 6) & — — Mgh cos 0, 


and the potential energy is 
(a —b cos 0)? 
2.A sin? é 
The connexion between @ and ¢ is given by the integral of energy of this 
latter system, namely 


4(A + Mi sin? 6) 6 = 


+ Mgh cos 6. 


_ (a— 6 cos 6)? 
2A sin? 6 
where cis a. constant. Writing cos 6 =z, this becomes 
A(A + Mh? — Mh?s?) a = —(w— ba) — 2A Moh(w — 2*) + 2Ac (1 — 2°). 
The variables « and ¢ are separated in this equation, so the solution can 
be expressed as a quadrature; but the evaluation of the integral involved 


will require in general hyperelliptic functions, or automorphic functions of. 
genus two. 


— Mgh cos 6+, 


74. Kowalevski’s top. 


The problem of the motion under gravity of a body one of whose points is 
fixed is not in general soluble by quadratures: and the cases considered in 
§ 69 (in which the fixed point is the centre of gravity of the body, so that 
gravity does not influence the motion), and in § 71 (in which the fixed point 
and the centre of gravity lie on an axis of symmetry of the body), were for 
long the only ones known to be integrable. In 1888 however Mme. S. 
Kowalevski* shewed that the problem is also soluble when two of the 
principal moments of inertia at the fixed point are equal and double the 
third, so that A = B= 20C, and when further the centre of gravity is situated 
in the plane of the equal moments of inertia. 


Let the line through the fixed point O and the centre of gravity be taken 
as the axis Ox, and let the centre of gravity be at a distance a from the fixed 


* Acta Math. x11. (1888), p. 177. 
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point; let (9, $, yr) be the Eulerian angles which definé the position of the 
principal axes of inertia Oxyz with reference to fixed rectangular axes OX YZ, 
of which the axis OZ is vertical; let (@;, @2, w;) be the components along the 
axes Ozxyz of the angular velocity of the body, and let M be its mass. The 
kinetic and potential energies are given by-the equations _ 
T =} (Ao? + Aa,? + Cw,?) 
= C (6 + sin? +4. + ¢ cos 0), 
V = — Mga sin 6 cos. 
The coordinate ¢ is evidently ignorable, giving an integral 
oF = constant, 
Op 
or 2¢ sin? 0 + (+ d cos 0) cos 0=k, 
where & is a constant: and the integral of energy is 
T + V =constant, 
Mga 
C 
Mme. Kowalevski shewed that another algebraic integral exists, which can 
be found in the following way. 


or 6 4 f? sin? 0+ 4 (+ ¢ cos 0)? — sin 6 cos y= h. 


- The kinetic potential is 
L = C644. Og? sin? 0 +40 (ab + dcos 6)? + Mga sin 0 cos wp, 


and the equations of motion are 


L 
£@)-o 


the first of these is 
Mga 


26 =(pcos 0 —f) d sin 8+ C cos 8 cos fr, 
and on eliminating + between the second and third, we obtain 
. 5 ox Ap atll 
25 (6 sin 0) = —( cos 0 — yr) 6-+—2* cos @ sin yp. 
Adding the first of these equations multiplied by 2 to the second, we have 


ghee. ..  .' Moa 4 
2 “¢@ sin8 + 16)=1(¢ cos 6 — )(p sin8 + 16) +1. a cos Je, 
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an equation which can be written in the form 


= Coad aio ae ai sin ae} 


=1 id cos 0 — fp) \@ sin6+ 76)? + EO ay ae, 


1dU 
or Tea =i(dcos O—), 
where . ie (dsin 0 +16)? + we sin 0e~. 


Similarly, if 
V =(¢sind—16) + Ue si sin Oe”, 
1dV 


we have Dat aaa (¢ cos files W). 
It follows that a 
je HO ee | 
edb Verdin 
or UV =constant. 


We have peti the equation 


\(@ sin 6 +716)? + MOS sin Ge-* a} \@ sin 0— 716)? + ae sin ae} = = constant, 


or 
(6 + ftsin® 6) + (“2) sin? 0+ 724 sind foiv(g sind + ip +e-(psind—i6y} 


= constant, 
_ and this is the required third algebraic integral of the system. 


The first integrals which have been found constitute a system of three 
differential equations, each of the first order, for the determination of 6, ¢, , 
and they can be regarded as replacing the original differential equations of 
motion. The variakle ¢ does not occur explicitly in them and we can there- 
fore use one of the three equations in order to eliminate ¢ from the other two: 
we shall then have a system of two differential equations, each of the first 
order, to determine 9 andy. It has been shewn by Mme. Kowalevski that 
these equations can be solved by means of hyperelliptic functions: for this 
solution reference may be made. to the memoir already referred to*. 


* Cf. also Kotter, Acta Math. xvu. (1893), p. 209 ; Stekloff, Gorjatscheff, and Tchapligine, 
Trav. Soc. Imp. Nat. Moscou, x. (1899) and xu. (1904); G. Dumas, Nouv. Ann. (4) rv. (1904), 
p. 355; Husson, Toulouse Ann. (2) vu. (1906), p. 73; Husson, Acta Math. xxx1. (1907), p. 71; 
N. Kowalevski, Math. Ann. uxv. (1908), p. 528; P. Stickel, Math. Ann. txv. (1908), p. 538; 
O. Olsson, Arkiv for Mat. 1. Nr. 7 (1908); R. Marcolongo, Rom. Acc. Rend. (5) Xvi. (1908), 
p..698; F. de Brun, Arkiv jér Mat. vi. Nr. 9 (1910); P. Burgatti, Palermo. Rend. xxrx. (1910), 
p. 396; O. Lazzarino, Rend. d. Soc. reale di Napoli, (8) xvi. (1911), p. 68. 
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Example. Let y;, y2, y3 denote the direction-cosines of Ox, Oy, Oz referred to OZ, and 
let ‘variables x, y, + be defined by the equations . 


Oe (0 —o;” +e {(s a+ a ome\ = ator 
+ 20302 (20 @2+ a9) (cs @+ ee ) 
oy = (20: @9 + son) {(es oy + a Me axto3s 
Lape (os ok ao) ( ae ig te we) 
2 
2d = {(es @y+ zee 9) + onto dt. 


Shew by use of Kowalevski’s integral (without using the integrals of energy or angular 
momentum) that the equations of motion can be written in the form 


where V is a function of x and y only, so that the problem is transformed into that of the 
motion of a particle in a plane conservative field of force. (Kolosoff. ) 

R. Liouville* has stated that the only other general case in which the motion under 
gravity of a rigid body with one point fixed has a third algebraic integral is that in which 
1°. The momental ellipsoid of the point of suspension is an ellipsoid of revolution. 

2°. The centre of gravity of the body is in the equatorial plane of the momental 
-ellipsoid. : 

3°. If (A, A, C) are the principal :ioments of inertia at the point of suspension, the 
ratio 2C/A is an integer: this integer can be arbitrarily chosen. 

On this, cf. the’ memoirs cited in the footnote on the preceding page. 

Example. A heavy body rotates about a fixed point O, the principal moments of 
inertia at which satisfy the relation d= B=4C: and the centre of gravity of the body lies in 
the equatorial plane of the momental ellipsoid, at a distance 2 from O. Shew that if the 
constant of angular momentum about the vertical through O vanishes, there exists an integral 

@3 (@1? + we”) + gha; cos d= constant, 
where w,, 2, 3 are the components of angular velocity about the principal axes Owyz, 
Ox being the line from O to the centre of gravity; and hence that the problem can be 
solved by quadratures, leading to hyperelliptic integrals. (Tchapligine.) 


75. Impulsive motion. 

As has been observed in § 36, the solution of problems in impulsive 
motion does not depend on the integration of differential equations, and can 
generally be effected by simple algebraic methods. The following examples 
illustrate various types of impulsive systems. 

Example 1. Two uniform rods AB, BC, each of length 2a, are smoothly jointed at B 
and rest ona horizontal table with their directions at right angles. An impulse 1s applied to 
the middle point of AB, and the rods start moving as a rigid body: determine the direction 
of the impulse that this may be the case, and prove that the velocities of A, C will be in the 
ratio J/13: 1. (Goll. Exam.) 

We can without loss of generality suppose the mass of each rod to be unity. Let (4, 7) 
be the component velocities of B referred to fixed axes Ox, Oy parallel to the undisturbed 


* Acta Math. xx. (1897), p. 289. 
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position BA, BC of the rods, and let 6, @ be the angular velocities of BA and BC. The 
components of velocity of the middle point of AB are (#, y+ ab), and the components of 
velocity of the middle point of BC are (#- ad, %), so the kinetic energy of the system is 
given by the equation 
THAP+ EG tab) + pa +4 (o—ag)P 44 + Orgs 

Let the components parallel to the axes of the impulse be J, J. The components of 
the displacement of the point of application of the impulse in a small displacement of the ~ 
system are (dx, 6y+a86); and hence the equations of § 36 become 


oT oT oT oT 


mee ; ay mee rio ee ab 
T=2z— ad, 
J=29 +06, 


rs Ja=ay+ $04, 


O= —at+4a%, 
while the condition that the system moves as if rigid is 6=¢. These equations give 
bi=g=hab=hap=hl=hV. 
Hence J=J, which shews v1«+ the direction of the impulse makes an angle of 45° with BA ; 
and as the components of velocit; of A are (%, y7+2a@), and the components of velocity of 
C are (#—2adg, ¥), we have for the’-elocities of A and of C the values ./65y and »/5y - 
respectively, so the velocity of A is ./13 : the velocity of C: which is the required result. 


Example 2. A framework in the form of a prallelogram is made by smoothly jointing 
the ends of two pairs of uniform bars of lengths 2a, 2v, masses m, m', and radii of gyration 
k,k. The parallelogram is moving without any rotation o) .'. sides, and with velocity V, in 
the direction of one of its diagonals; rt impinges on a smooth fixed wall with which the sides 
make angles 6, and the direction of the velocity V a right angle, the verter which impinges 
being brought to rest by the impact. Shew that the impulse on the wall is 


2V {(m+m')~1+ (mk* + m'a*)—! a? cos? 6+ (mb? + m'k?) —1 6? cos? p} - 
(Coll. Exam.) 
Let x and y be the coordinates of the centre of the parallelogram, « being measured at 
right angles to the wall and towards it. The kinetic energy is 
T= (m+ m') (a?+9?) + (mk* + mia?) 62 + (mb? + mk) 2. 


The x-coordinate of the point of contact is e+asin 4+bsin ¢, so the displacement of the 
point of contact parallel to the axis of x corresponding to an arbitrary displacement 
(8x, by, 50, dp) is du+acos856+6cospdp. The equations of motion, denoting the 
impulse by J, are therefore 


oT 
i _ ey. — Ia cos 6, 


ihe (=) = — Ib cos ¢, 
op \dd/o 
2(m+m’) (4- V)=—1, 
or 2 (mk2+m/’a?)6 = — Tacos 6, 


2 (mb?+m'k) ¢ = —Ibcos ¢. 
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Moreover since the final velocity of the point of contact is zero, we have 
&+acosd.6+bcosp.f=0. 
Eliminating 4, 6, ¢ from these equations, we have 


v=1 1 ae a? cos? 6 Boosh 
2(m+m') — 2 (mk? +m'a®) © 2 (mb? + m’'k?)J ? 


which is the result stated. 


The next example relates to a case of sudden fiature; if one point (or line) 
of a freely-moving rigid body is suddenly seized and compelled to move ina 
given manner, there will be an impulsive change in the motion of the body, 
which can be determined from the condition that the angular momentum of 
the body about any line through the point seized (or about the line seized) 
is unchanged by the seizure; this follows from the fact that the impulse of 
seizure has no moment about the point-(or line). 


Example 3. A uniform circular disc is spinning with an angular velocity 2 about a 
diameter when a point P on its rim is suddenly fixed. Prove that the subsequent velocity of 
the centre is equal to } of the velocity of the point P immediately before the impact. 

. (Coll. Exam.) 


Let m be the mass of the disc, and let a be the angle between the radius to P and the 
diameter about which the disc was originally spinning. The original velocity of P is 
Qesina, where ¢ is the radius of the disc. The original angular momentum about P is 
about an axis through P parallel to the original axis of rotation, and of magnitude }mc?0 ; 
and this is unchanged by the fixing of P, so when P has been fixed, the angular momentum 
about the tangent at P is}mc?Q sina. But the moment of inertia of the disc about its 
tangent at P is $mc*, and so the angular velocity about the tangent at Pis }Q sina. The 
velocity of the centre of the disc is therefore 4.Qc sina, which is } of the original velocity 
of P. 


Example 4. A lamina in the form of a parallelogram whose mass is m has a smooth 
pivot at each of the middle points of two parallel sides. It is struck at an angular point 
by a particle of mass m which adheres to it after the blow. Shew that the impulsive 
reaction at one of the pivots is zero. (Coll. Exam.) 


MISCELLANEOUS EXAMPLES. 


1. Prove that for a disc free to turn about a horizontal axis perpendicular to its plane 
the locus on the disc of the centres of suspension for which the simple equivalent 
pendulum has a given length Z consists of two circles; and that, if A and B are two 
points, one on each circle, and L’ is the length of the simple equivalent pendulum when 
the centre of suspension is the middle point.of AB, the radius of gyration & of the disc 
about its centre of inertia is given by the equation 

KL’? m= (4 L? — 0?) (L?-$ 1? +0), 
where 2c is the length of AB. (Coll. Exam.) 


2. A heavy rigid body can turn about a fixed horizontal axis. If one point in the 
body is given through which the horizontal axis has to pass, discuss the problem of 
choosing the direction of the axis in the body in such a way that the simple equivalent 
pendulum shall have a given length ; shewing that the axes which satisfy this condition are 
the generators of a quartic cone. (Coll. Exam.) 
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3. A sphere of radius 6 rolls without slipping down the cycloid 
x=a(6+sin 6), y=a(1—cos 6). 
It starts from rest with its centre on the horizontal line y=2a. Prove that the velocity V 
of its centre when at the lowest point is given by 
‘ V2=109 (2a—b). (Coll. Exam.) 

4, A uniform smooth cube of edge 2a and mass WV rests symmetrically on two shelves 
each of breadth 6 and mass m and attached to walls at a distance 2c apart. Shew that, if 
one of the shelves gives way and begins to turn about the edge where it is attached to the 
wall, the initial angular acceleration of the cube will be 

Mg (c— a)? (c—b) +$mgb (c—a) (c—b+a) 
M (c—a)? {k? + (c— b)34+1 (e—b+a)? 
where MM? and J are respectively the moments of inertia of the cube about its centre and . 
of the shelf about its edge. (Camb. Math. Tripos, Part I, 1899.) 


’ 


5. A homogeneous rod of mass M and length 2a moves on a horizontal plane, one end 
being constrained to slide without friction in a fixed straight line. The rod is initially 
perpendicular to the line, and is struck at the free end by a blow J parallel to the line. 
Shew that after time ¢ the perpendicular distance y of the middle point of the rod from 
the line is given by the equation 


| * (1 —g0%)t (1 22)" bdr =31t/2Ma. (Coll. Exam.) 
yIa 


6. Four equal uniform rods, of length 2a, are smoothly jointed so as to form a 
rhombus ABCD. The joint A is fixed, whilst C is free to move on a smooth vertical rod 
through A. Initially C coincides with A and the whole system is rotating’ about the 
vertical with angular velocity «. Prove that, if in the subsequent motion 2a is the least 


angle between the upper rods, : 
aw* cos a=3g sin? a. 
(Camb. Math. Tripos, Part I, 1900.) 


7. A disc of mass ¥ rests on a smooth horizontal table, and a smooth circular groove 
of radius a is cut in it, passing through the centre of gravity of the disc. A particle of 
_mass }// is started in the groove from the centre of gravity of the disc. Investigate the 

motion. Prove that if ag is the arc traversed by the particle and 6 the angle turned 
round by the disc, then 


be  (a@4ey 
tan4¢=-—_———. tan ‘-___+__ (4-6) 
bom pte b=) 
Mk* being the moment of inertia of the disc about a vertical line through its centre 
of gravity. (Coll. Exam.) 


8. A rigid body is moving freely under the action of gravity and rotating with angular 
velocity » about an axis through its centre of gravity perpendicular to the plane of its 
motion. Shew that the axis of instantaneous rotation describes a parabolic cylinder of 
latus rectum (,/4a+ ./29/w)?, whose vertex is at a distance ./2ga/o above that of the path 
of the centre of gravity of the body; where 4a is the latus rectum of the parabola 
described by the centre of gravity. (Coll. Exam.) 

9. A particle of mass m is placed in a smooth uniform tube which can rotate in a 
vertical plane about its middle point. The system starts from rest when the tube is 
horizontal. If @ is the angle the tube makes with the vertical when its angular velocity is 
a Maximum and equal to a, prove that 

4 (mr*+ Mk?) w* — 8mgre? cos 6+ mg? sin? 6=0, 
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where MZ? is the moment of inertia of the tube about its centre and r the distance of the 
particle from the centre of the tube. _ (Coll. Exam.) 


10. Four uniform rods, smoothly jointed at their ends, form a parallelogram which 
can move smoothly on a horizontal surface, one of the angular points being fixed. 
Initially the configuration is rectangular and the framework is set in motion in such a 
manner that the angular velocity of one pair of opposite sides is ©, that of the other pair 
being zero. Shew that when the angle between the rods is a maximum or minimum, the 
angular velocity of the system is Q. (Coll. Exam.) 


11. Two homogeneous rough spheres of equal radii a and of masses m, m' rest on a 
smooth horizontal plane with m’ at the highest point of m. If the system is disturbed, 
shew that the inclination of their common normal 6 to the vertical is given by the 
equation fs 
af? ("7m + 5m’ sin? 6) =5g (m +m’) (1 —cos 6). (Coll. Exam.) 


12. A uniform rod AB is of length 2a and is attached at one end to a light inexten- 
sible string of length c. The other end of this string is fixed at O to a point in a smooth 
horizontal plane on which the rod moves. Initially OAB is a straight line and the rod is 
projected without rotation with velocity V in the direction perpendicular to its length. 
Prove that the cosine of the greatest subsequent angle between the rod and string is 
1—a/6e. (Coll. Exam.) 


13. To a fixed point are smoothly jointed two uniform rods of length 2a, and upon 
them slides, by means of a smooth ring at each end, a third rod similar in all respects. ' 
Initially the three rods are in a horizontal line with the ends of the third rod at the 
middle points of the other two and, on the application of an impulse, the rods begin to 
rotate with angular velocity 2 in a horizontal plane. Shew that the third rod will slide 


right off the other two unless § 
0?>29/a /3. (Coll. Exam.) 


14, A hollow thin cylinder of radius @ and mass M is maintained at rest in a 
horizontal position on a rough plane whose inclination is a, and contains an insect of mass 
m at rest on the line of contact with the plane. The cylinder is released as the insect 
starts off with velocity V: if this relative velocity be maintained and the cylinder roll up 
hill, shew that it will come fo instantaneous rest when the radius through the insect 
makes an angle @ with the vertical given by 


V2 {1 — cos (6—a)}-+ag (cos a—cos 6)=(1-+M/m) ag (6—a) sin a. 
(Coll. Exam.) 


15. A uniform smooth plane tube can turn smoothly about a fixed axis of rotation 
lying in its plane and intersecting it: the moment of inertia of the tube about the axis 
is J. Initially the tube is rotating with angular velocity 2 about the axis, and a particle 
of mass m is projected with velocity V within the tube from the point of intersection of 
the tube with the axis. The system then moves under no external forces. Prove that, 
when.the particle is at a distance 7 from the axis, the square Of its velocity relative to the 


tube is. 


dr? 2 Coll. Exam. 
VA ee ( ) 


16. A uniform straight rod of mass ¥ is laid across two smooth horizontal pegs so 
that each of its ends projects beyond the corresponding peg. A second uniform rod of 


mass m and length 27 is fastened tb the first at some point between the pegs by a 
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universal joint. This rod is initially held horizontal and in contact with the first rod ; and 
then let go, so as to oscillate in the vertical plane through the first rod. Prove that if 6 
‘be the angle which the second rod makes with the vertical at any instant, and x the 
distance through which the first rod has moved from rest, 


(M+m) «+m sin d=ml, 


and (4 aie “sy cos? 6) 162 29 cos 8. (Coll. Exam.) 


17. A plane body is free to rotate in its plane about a fixed point, and a second plane 
body is free to slide along a smooth straight groove in the first body, its motion being in 
the same plane; shew that the relation between the relative advance x along the groove 
and the angle of rotation @ (no external forces being supposed to act on the system) 


is of the form 
da\? ax 
i fe mare Se 


where P and Q are respectively linear and quadratic functions of x”. (Coll. Exam.) 


18. A pendulum is formed of a straight rod and a hollow circular bob, and fitting 
inside the bob is a smooth vertical lamina in the shape of a segment of a circle, the 
distances of the centre (C) of the bob from the point of suspension (O) and from the 
centre of gravity (G) of the lamina being / and ¢ respectively. Prove that if M, m are the 
masses of the pendulum and lamina, & and # their respective radii of gyration about 
O and G, 6 and ¢ the angles which OC and CG make with the vertical, then twice the 
work done by gravity on the system during its motion from rest is equal to 


(Mk2 + mi?) 624m (K2+c2) g?+2mel cos (@—) 6g. (Coll. Exam.) 


19. A particle of mass m is attached to the end of a fine string which passes round 
the circumference of a wheel of mass 1, the other end of the string being attached to a 
point in that circumference, a length J of the string being straight initially, and the wheel 
(radius a and radius of gyration /) being free to move about a fixed vertical axis through - 
its centre; the particle, which lies on a smooth horizontal plane, is projected at right 
angles to the string, so that the string begins to wrap round the wheel; prove that, if the 
_ string eventually unwinds from the wheel, the shortest length of the straight portion is 


(2— a2 — Mk2/m)}. (Coll. Exam.) 


20, A carriage is placed on an inclined plane making an angle a with the horizon and 
rolls straight down without any slipping between the wheels and the plane. The floor of 
the carriage is parallel to the plane and a perfectly rough ball is placed freely on it. Shew 
that the acceleration of the carriage down the plane is 


444M" + 14m 
14444 421m 9 8%. 


where & is the mass of the carriage excluding the wheels, m the sum of the masses of the 
wheels, which are uniform discs, and Y/’ that of the ball. The friction between the wheels 
and the axes is neglected. (Coll. Exam.) 


21. A uniform rod of mass m, and length 2a is capable of rotating freely about its 
fixed upper extremity and is initially inclined at an angle of 7/6 to the vertical. A second 
rod, of mass m, and length 2a, is smoothly attached to the lower end of the first and rests 
initially at an angle of 27/3 with it and in a horizontal position. Shew that if the centre 
of the lower rod commence to move in a direction making an angle +/6 with the vertical, 
then 3m,= 14mg. (Coll. Exani.) 
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22. A uniform circular disc is symmetrically suspended by two elastic strings of 
natural length c inclined at an angle a to the vertical, and attached to the highest point of 


the disc. If one of the strings is cut, prove that the initial curvature of the path of the 
ceutre of the disc is 


(esin 4a— 6 sin 2a)/b (b—c), 
where 6 is the equilibrium length of each string. (Coll. Exam.) 


23. Two rods AC, CB of equal length 2a are freely jointed at C, the rod AC being 
freely moveable about a fixed point A, and the end B of the rod CB is attached to A by 
an inextensible string of length 4a/,/3. The system being in equilibrium, the string is cut ; 
shew that the radius of curvature of the initial path of B at B is 


a we i 
181 Star 
(Camb. Math. Tripos, Part I, 1897.) 


24, A rod of length 2a is supported in a horizontal position by two light strings which 
pass over two smooth pegs in a horizontal line at a distance 2a apart and have at their 
other extremities weights each equal to one half that of the rod. .One of the strings is cut; 
prove that the initial curvature of the path of that end of the rod to which the cut string 
was attached is 27/25a. (Coll. Exam.) 


25. A heavy plank, straight and very rough, is free to turn in a vertical plane about 
a horizontal axis from which the distance of its centre of gravity is c. A rough heavy 
sphere is placed on this plank at a distance } from the axis, on the side remote from the 
centre of gravity; the plank being held horizontal. The system is now left free to move. 
Prove that the initial radius of curvature of the path of the centre of the sphere is 
2166/(5—116), where 6=(mb—Mc)/(mb+ Ma), mand M are the masses of the sphere and 
the plank, and Mab is the moment of inertia of the plank about the axis. 

(Coll. Exam.) 


26. A light stiff rod of length 2c carries two equal particles of mass m at distances £ 
from the centre on each side of it ; to each end of the rod is tied an end of an inextensible 
string of length 2a on which is a ring of mass m’. Initially the string and rod are in one 
straight line on a smooth horizontal table with the string taut and the ring at the loop ; 
the ring is then projected at right angles to the rod, shew that the relative motion will be 
pee Sed o/h? > 14+2m/m’. (Coll. Exam.) 

27. Three equal uniform rods, each of length ¢, are firmly joined to form an equilateral 
triangle ABO of weight W; a uniform bar of length 2b and weight W’ is freely jointed to 
the triangle at C. This system rests in equilibrium in contact with the surface of a fixed 
smooth sphere of radius a, AB being horizontal and in contact with the sphere, and the 
bar being in the vertical plane through the centre of the triangle; the bar, and the centre of 
the triangle, are on opposite sides of the vertical line through C. Prove that the inclination 
of the plane of the triangle to the horizon is the angle whose tangent 1s 


[abs + 2Qcd?]+ [mp (a?+40?) +24 —2abc], 
where > Naa?-+Jo?—hbe, p2=12a?—-c2, and n= W/W’. 
3 (Camb. Math. Tripos, Part I, 1896.) 


28, A body, under the action of no forces, moves so that the resolved part of its angular 
velocity about one of the principal axes at the centre of gravity is constant; shew that the 
angular velocity of the body must be constant, and find its resolved parts about the other 


3 re ; , 
i \é es when the moments of inertia about these axes are equal. 
two principal ax air aes 
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29. Shew that a herpolhode cannot have a point of inflexion. (Hess. ) 
(A simple proof of this result is given by Lecornu, Bull. de la Soc. Math. de France, 
XXXIV. (1906), p. 40.) ; 


30. In the motion under=no forces of a body one of whose points is fixed, shew that the 
motion of every quadric homocyclic with the momental ellipsoid relative to the fixed point, 
and rigidly connected with the body, is the same as if it were made to roll without sliding 
on a fixed quadric of revolution, which has its centre at the fixed point, and whose axis is 
the invariable line. (Gebbia. ) 


31. In the motion of a body under no forces round a fixed point, shew that the three 
diameters of the momental ellipsoid at the fixed point and the diameter of the ellipsoid 
reciprocal to the momental ellipsoid, determined respectively by the intersection of the 
invariable plane with the three principal planes and with the plane perpendicular to the 
instantaneous axis, describe areas proportional to the times, so that the accelerations of 
their extremities are directed to the centre. (Siacci.) 


32. When a body nioveable about a fixed point is acted on by forces whose moment 
round the instantaneous axis is always zero, shew that the velocity of rotation is 
proportional to that radius vector of the momental ellipsoid which is in the direction 
of this axis. 


Shew that this theorem is still true if the body is moveable about a fixed point and 
also constrained to slide on a fixed surface. (Flye St Marie.) 


33. A plane lamina is initially moving with equal angular velocities © about the 
principal axes of greatest and least moment of inertia at its centre of mass, and has 
no angular velocity about the third principal axis; express the angular velocities about 
these axes as elliptic functions of the time, supposing no forces to act on the lamina. 


If 6 be the angle between the plane of the lamina and any fixed plane, shew that 


PO d6\2)* d6\2 
“a +20 {a*— (=) } dn (0%) = {or (=) } cot 8. 
(Camb. Math. Tripos, Part I, 189@r) 


34. A rigid body is kinetically symmetrical about an axis which passes through a fixed 
point above its centre of gravity and is set in motion in any manner; shew that in the 
subsequent motion, except in one case, the centre of gravity can never be vertically over 
the fixed point ; and find the greatest height it attains. (Coll, Exam.) 


35. In the motion of the top on the rough plane, shew that there exists an auxiliary 
set of axes Ofn{ whose motion with respect to the fixed axes OX YZ and also with’ respect 
to the moving axes Ozyz is a Poinsot motion ; the invariable: planes being the horizontal 
plane in the former case, and the plane perpendicular to the axis of the body in the second 
case. (Jacobi.) 


36. A uniform solid of revolution moves about a point, so that its motion may be 
represented by the uniform rolling of a cone of semi-vertical angle a fixed in the body upon 
an equal cone fixed in space, the axis of the former being the axis of revolution. Shew that 
the couple necessary to maintain the motion is of magnitude 


$0? tan a {C+(C— A) cos 2a}, 


where @ is the resultant angular velocity and A and C the principal moments of inertia at 
the point, and that the couple lies in the plane of the axes of the cones. (Coll. Exam.) 
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37. A vertical plane is made to rotate with uniform angular velocity about a vertical 
axis in itself, and a perfectly rough cone of revolution has its vertex fixed at a point of 
that axis. Shew that, if the line of contact make an angle 6 with the vertical, and 8 and y 
be the extreme values of 6, and a be the semi-vertical angle of the cone, 


R (=) = agh sin?a (cos @ - cos 8) (cos y — cos 6) 


dt, COs a cos B+ cos y ; 


where / is the distance of the centre of gravity of the cone from its vertex, and & its radius 
of gyration about a generator. (Camb. Math. Tripos, Part I, 1896.) 


38. A body can rotate freely about a fixed vertical axis for which its moment of 
inertia is J: the body carries a second body in the form of a disc which can rotate about 
a horizontal axis, fixed in the first body and intersecting the vertical axis. In the position 
of equilibrium the moments and product of inertia of the disc with regard to the vertical 
and horizontal axes respectively are A, B, F. Prove that if the system start from rest 


with the plane of the disc inclined at an angle a to the vertical, the first body will oscillate 
through an angle 


pt oe 
2F af oa iH. (Coll. Exam.) 


22 aret 
(B(4+De ath 


39. A gyrostat consists of a heavy symmetrical flywheel freely mounted in a heavy 
spherical case and is suspended from a fixed point by a string of length 7 fixed to a point 
in the case. The centres of gravity of the flywheel and case are coincident. Shew that, 
" if the whole revolve in steady motion round the vertical with angular velocity ©, the string 
and the axis of the gyrostat inclined at angles a, 8 to the vertical, then 


0? (/sina+a sin8+b cos 8)=g tan a, 
and IQ sin B — AQ? sin B cos B= Mg sec a {asin (8—a) +5 cos (B—a)}, 
where UY is the mass of the gyrostat, a and 6 the coordinates of the point of attachment 
of the string with reference to axes coinciding with, and at right angles to, the axis of the 


fiywheel, J the angular momentum of the flywheel about its axis and 4A the moment of 
inertia about a line perpendicular to its axis. (Camb. Math. Tripos, Part I, 1900.) 


40. A system consisting of any number of equal uniform rods loosely jointed and 
initially in the same straight line is struck at any point by a blow perpendicular to the rods. 
Shew that if w, v, w be the initial velocities of the middle points of any three consecutive 
rods, w+4v+w=0. (Coll. Exam.) 


41, Any number of uniform rods of masses 4, B, C, ..., Z are smoothly jointed to 
each other in succession and laid in a straight line on a smooth table. If the end Z be 
free and the end A moved with velocity V in a direction perpendicular to the line of the 
rods, then the initial velocities of the joints (4B), (BC), ... and the end Z are a, 8, ..., 2, 
where 


O=A (V+2a)+B(2a+b), 0=B(at+2b)+C(2b+0), ..., O=¥ (w+2y)+Z(2y+2) 
and y+2z=0. (Coll. Exam.) 


42, Six equal uniform rods form a regular hexagon loosely jointed at the angular 
points : a, blow is given at right angles to one of them at its middle point, shew that the 


i i ith 2. of the velocity of the rod struck. 
TERS erie sa aaa : (Camb. Math. Tripos, 1882.) 
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43. A body at rest, with one point O fixed, is struck: shew that the initial axis of 
- rotation of the body is the diametral line, with respect to the momenta] ellipsoid at O, of 
the plane of the impulsive couple acting on the body. 


44, The positive octant of the ellipsoid «?/a?+y?/b?+2/c?=1 has the origin fixed. 
Shew that if an impulsive couple in the plane 


is ay NON 2 
stmt (42): 


act upon the octant, it will begin to revolve about the axis of z. (Coll. Exam.) 


45. An ellipsoid is rotating about its centre with angular velocity (a1, 2, 3) referred 
to its principal axes ; the centre is free and a’ point (2, y, z) on the surface is suddenly 
brought to rest. Find the impulsive reaction at that point. (Coll. Exam.) 


46. Two equal rods AB, BC inclined at an angle a are smoothly jointed at B; A is 
made to move parallel to the external bisector of the angle 4BC: prove that the initial 
angular velocities of AB, BC are in the ratio 

2+3 sin? : 2-15 sin = (Coll. Exam.) 

47. A uniform cone is rotating with angular velocity » about a generator when suddenly 
this generator is loosed and the diameter of the base which intersects the generator is fixed. 
Prove that the new angular velocity is 


(1 + h?/8k?) sin a, 


where / is the altitude, a the semi-vertical angle, and & the radius of gyration about a 
diameter of the base. (Coll. Exam.) 


48. A rough disc can turn about an axis perpendicular to its plane, and a rough 
circular cone rests on the disc with its vertex just at the axis. If the disc be made | 
to turn with angular velocity ©, shew that the cone takes an amount of kinetic energy 


equal to 
$.9?/{cos? a/A +sin2a/C}. (Coll. Exam.) 


49. One end of an inelastic string is attached to a fixed point and the other to a point 
in the surface of a body of mass M. The body is allowed to fall freely under gravity 
without rotation. Shew that just after the string becomes tight the loss of kinetic energy 


due to the impact is 
l r2 2 2 
2 AN a fle 
Ve /(G ++ e+e , 


where V is the resolved velocity of the body in the direction of the string just before 
impact, the string only touching the body at the point of attachment, (J, m, n, i, P, v) are 
the coordinates of the string at the instant it becomes tight, and A, B, C are the principal 
moments of inertia of the body with respect to its principal axes at its centre of inertia. 
(Coll. Exam.) 


CHAPTER VII 


THEORY OF VIBRATIONS 


76. Vibrations about equilibrium. 


In Dynamics we frequently have to deal with systems for which there 
exists an equilibrium-configuration, i.e. a configuration in which the system 
can remain permanently at rest: thus in the case of the spherical pendulum, 
the configurations in which the bob is vertically over or vertically under the 
point of support are of this character. If (G1, Yo, ++) Qn) are the coordinates 
of a system and Z its kinetic potential, and if (a, a2, ..., a) are the values of 
the coordinates in an equilibrium-configuration, the equations of motion 
d /oL\ ob 
dt (55.) Or 
-must be satisfied by the set of values 


=0 (r=1, 2, ...,n) 


q=9, q2= 90, cari d, Gn = 9, qu=9, @=9, OU) Gn = 9, n= %, 2 = %, sors’) qn = Oy. 


The values of the coordinates in the various possible equilibrium-con- 


figurations of a system are therefore obtained by solving for q, q, ..., dn the 
equations 
gi = 0 (g=1,2 n) 
0g >] be bee Mh b] 
in which q,, go, ---, Gn are to be replaced by zero. 


In many cases, if the system is initially placed near an equilibrium-con- 
‘figuration, its particles having very small initial velocities, the divergence 
from the equilibrium-configuration will never become very marked, the 
particles always remaining in the vicinity of their original positions and 
never acquiring large velocities. We shall now study motions of this type*; 
they are called vibrations about an equilibrium-configuration t. 


* More strictly speaking, we study in this chapter the limiting form to which this type of 
motion approximates when. the initial divergence from a state of rest in the equilibrium-configu- 
ration tends to zero; the study of the motions which differ by a finite, though not large, amount 
from a state of rest in the equilibrium-configuration is given later in Chapter XVI: the discussion 
of the present chapter may be regarded as a first approximation to that of Chapter XVI. 

+ The theory of vibrations has developed from Galileo’s study of the small oscillations of a 
pendulum. In the first half of the eighteenth century the vibrations of a stretched cord were 
investigated by Brook Taylor, D’Alembert, Euler, and Daniel Bernoulli, the last-named of whom 
in 1753 enunciated the principle of the resolution of all compound types of vibration into inde- 
pendent simple modes. The general theory of the vibrations of a dynamical system with a finite 
number of degrees of freedom was given by Lagrange in 1762-5 (Oeuvres, 1. p. 520). 


W. D. Be 
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In the present work we are of course concerned only with the vibrations of systems 
which have a finite number of degrees of freedom ;, the study of the vibrations of systems 
which have an infinite number of degrees of freedom, which is here excluded, will be found 
in treatises on the Analytical Theory of Sound. 


We shall suppose that the system is defined by its kinetic energy 7 and 
its potential energy V, and that the position of the system is specified by the 
coordinates (q:, G2, ---, Qn) independently of the time, so that T does not 
involve t explicitly: we shall also suppose that no coordinates have been 
ignored; the kinetic energy 7 is therefore a homogeneous quadratic function 
of G1, Ge» ++» Gn» With coefficients involving 4, q2, ---, Qn in any way. There 
is evidently no loss of generality in assuming that the equilibrium-con- 
figuration corresponds to zero values of the coordinates q, q2,---,n3 80 that 
1s Yas «++» ns Gry Gas +++» Qn are very small throughout the motion considered. 


The coefficients of the squares and products of qj, ge,:.--, Qn in T are 
functions of 9), q2, ---» Yn: a8 however all the coordinates and velocities are 
small, we can in approximating to the motion retain only the terms of lowest 
order in 7, and so can replace all these coefficients by the constant values 
which they assume when q, qs, ---, Jn are replaced by zero. The kinetic 
energy is therefore for our purposes a homogeneous quadratic function of - 
$i, Jo, +++ Gn With constant coefficients. 


Moreover, if we expand the function V by Taylor’s theorem in ascending 
powers of 4), qe, ---, Qn the term independent of q, gs, ..., Gn can. be omitted, 
since it exercises no influence on the equations of motion; and there are no 
terms linear in qj, q2, ---, Yn, Since if such terms existed the quantities ar 

: Or 
would not be zero in the equilibrium position, as they must be. The terms 
of lowest order in V are therefore the terms quadratic in q,, qo, ..-; Qn- 
Neglecting the higher terms of the expansion in comparison with these, 
we have therefore V expressed as a homogeneous quadratic form in‘ the 
variables q1, Ya, ---, Qn With constant coefficients. 


Thus the problem of vibratory motions about a configuration of equilibrium 
depends on the solution of Lagrangian equations of motion in which the kinetic 
and potential energies are homogeneous quadratic forms in the velocities and 
coordinates respectively, with constant coefficients. 


77. Normal coordinates. 


In order to solve the equations of motion of a vibrating system, we write 
the expressions for the kinetic and potential energies in the form 


T= 4 (dy Gx” + Gee Go? +... + Onn Gn? + 2a go + 201391 Gat ...+ 2An~1,n 9n—Gn), 
V= (bung? ate bogs? +...+ Ban Qn’ + 262% Ys te 26139193 + S00 SP 20n 3, nOn19a); 
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of these 7 is (§ 26) a positive definite form; and the determinant formed 
of the quantities a,, is not zero (since if this condition is not satisfied, 


T will depend on less than n independent velocities). The equations of 
motion are 
d oT )=- oV 
dt Gra aE 
if a change of variables is made, such that the new variables CHET ences 750) 
are linear functions of (q, Gay +++ Qn), the new equations of motion will Cs 
ad (or OV 
AG) mars (r= 1,2, eee, n), 


and these equations are clearly linear combinations of the original equations. 


(7 Sls 2 ny: 


Suppose then* that the original equations of motion are multiplied 
respectively by undetermined constants m,, m,, ..., m,», and added together. 
The resulting equation will be of the form 


&Q 
. de +r~Q=0, 
where | QV=hn + hog + see + hadn, 
provided the constants m,, m,, ..., 1M, hy, he, ..., hn, X satisfy the equations 


bam, + bym, +... + Din™n aS A (aynm + AyM, +... + Ayn Mn) =, 
bam, + Dems +... + Don My = A (GM, + AygMz +... + AonMn) = Alo, 


bri, + Ong Ms + ..- + Onn Mn = A (Any M+ AneMe + ... + AnnMn) = Ahn. 
These equations can coexist only if > is a root of the determinantal equation 
Gud —On, Guad— Di, ..-) Gand — Bin | = 9- 
Gin — bai, Gag — Dag,.-.25 Bond — Den 


ae eee ee owwereer sere reser soreseseeevarssenes 


ee em eee eee ees esesrseeeaesosreseasesesoaresee 


Moreover, if d, is any root of this equation, we can determine from the 
preceding equations a possible set of ratios for m,, ms, -.-, Mn; | red hee ie 
these ratios may, in certain cases, be partly Meters but in all cases at 
least one function Q can be obtained in this way, satisfying the equation 
a 
aa +29 =0. 

Now let a linear change of variables be effected so that the quantity Q 
so determined is one of the new variables: there will be no ambiguity in 


* This method of proof is due to Jordan, Comptes Rendus, LXxtv. (1872) p. 1395. 
12—2 
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denoting the new variables by q:, qo, ---) @n3 We Shall take q, to be identical 
with Q, so that the above equations are satisfied by the values h,=1, h,=0, 
..., hn =0. Since the form 7’ is a positive definite form, the coefficients 
Qs, Ayy, +++, Inn of the squares of ge, gs, -»-, Gn will not be zero: so instead 
of qo, Js, --») Yn We can again take new variables q,’, q2’, ..., Qn’, Where 


, ise a0) Arp ’ ety, Ays , 
h=h, Ge=A be Ame Ys = Ys ey ee yoeee, 
and A,, is the co-factor of a, in the discriminant of 7. It is found without 
difficulty that by this change of variables the terms in ,q2, 419s, «»-, Gin are 


removed from 7’: so we can assume that dg, Gs, ..., Gn, are Zero. 
Now introducing the conditions h,=1, h,=0, h,=0, ..., hn=0, dn =0, 
..+, Un = 0 in the equations which determine m,, m., ..., Mn, hy, he, ..., hn, A, 


we obtain the values 
LG Rae 1/au, mM, = 0, Ms =0, aso) 9) m, = 0, 
by = du, Day =07 by =05%..., On =.0. 


It follows that the equation 


a (=) ao 
dt\dq/ - oq 
has the form a4, +249¢,=0 
dt? iS Ay ? 
‘ ; d sol’ aV 
while the equations 7 A =— a (r= 2, 3, ..., ) 
hes all Mes ov’ 
have the form ai ca) =— ae (r=2, 3, ..., 2), 
where =] - 40ng,’, V’=V- $1 0n G2, 


so that 7’ and V’ do not involve q, and q,. 

This last system of equations may be regarded as the system of equations 
corresponding to a vibrational problem with (n—1) degrees of freedom. 
Treating them in the same manner, we can isolate another coordinate q, 
such that if 

T" =T' —hang?, V" =V' —brranqe? 
(where A, and a» are certain constants), then 7’ and V” do not involve q, or 
go, and the coordinates Ys, Qa, «++» Yn are determined by the equations of 
a vibrational problem with (n—2) degrees of freedom, in which the kinetic 
and potential energies are respectively 7'” and V’’. 

Proceeding in this way, we shall finally have the variables chosen so that 
the kinetic and potential energies of the original system can be written in 
terms of the new variables in the form 

T= (ang? + Ose Ga” +... + AnnGn’), 
V=3 (Bug? + Bx2q2? By cea © Bnn Qn’), 


where -@,;, Q@3 e205 Onn bitteay «+-> Dnnare constants. 
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- If finally we take as variables the quantities / Choe cage Ann Qns 
instead of q,, qs, ..., dn, the kinetic and potential energies take the form 


T=}3(G?+ Ge + son lt Gey. 
Va (mig + eget... + Un dn’), 
where px stands for Brx/ Ox. 

In this reduction it is immaterial whether the determinantal equation has 
its roots all distinct or has groups of repeated roots. The final result can be 
expressed by the statement that if the kinetic and potential energies of a 
vbrating system are given in the form 

T= $ (dn qi + Age Go? +... + Ann Gn? + 20s dat... + 20n—1,04n— Gn 

Vv =4$ (ong? a bon qs" rites Yan Qn? + 2G Gat... + 2bn—1,nQn—19n), 
wt rs always possible to find a linear transformation of the coordinates such 
that the kinetic and potential energies, when expressed in terms of the new 
coordinates, have the form 

D=3(Grt Get... + Gn’); 
; V=h(mig?t wget vee + fn Qn), 

where the quantities pi, fo, ..., fn are constants. These new coordinates are 
called the normal coordinates or principal coordinates of the vibrating system. 

Now it is a well-known algebraical theorem that the roots of the determi- 
nantal equation 
Ayn — Bu, Aya — Dy, ..2, Gind — by, | = 0 
Ay — by, Awd — boo, +055 Cand — Dan 


Cree ees oer esseseseseeoeseseseseeesseneoese 


are the values of X for which the expression 


(GA — by) G:? + (Goer — Doo) Gar? + --. + (Ann r — Ban) Qn? + 2 (dhord — brs) got --- 
+2 (Qn —i.nd ae bn—1,n) Yn Fn 


can be made to depend on less than » independent variables (which will be 
linear functions of q;, q2, ---, Yn). Since this is a property which persists 
through any linear change of variables, we see that the determinantal equation 
is invariantive, i.e. if gy’, do, +++» Yn are any independent linear functions of 
Qh Qa» +++) In, and if J and V when expressed in terms of 91, q’, -.., Qn’ take 
the form 


T= 4 (Gy) Gy? + Gas Ga? +... + 2401 Us ons) 
V=t(bn u?+ (ONE or oe 2bie Gi. te =)s 
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then the roots of the new determinantal equation || a,.'4—,.||=9 are the 
same as the roots of the original determinantal equation ||ay. — 6,«|| = 0. 


But when the kinetic and potential energies have been brought by the 
introduction of normal Goordinates to the form 


T= 4 (G2 + qe? + eco + Gn’), 
V=h (Mig? t+ Hoge? + +. + Mn Qn’) 


the determinantal equation is 


XN fy 0 0 OF HO ae 0; 
0 Af. 0 0 0 
0 0 A-p OD 0 
0 0 0 0...X¥—pn 


so its roots are py, fe,.-., fn. It follows that the constants py, Me, -.-, bn, which 
occur as the coefficients of the squares of the normal coordinates in the potential 
energy, are the n roots (distinct or repeated) of the determinantal equation 
|| dys — Dye || = 0, where On, die, ---, On, bre, ... are the coefficients in the original 
expressions for the kinetic and potential energies. 


It will be seen that the problem of reducing the kinetic and potential energies to their 
expressions in terms of normal coordinates is essentially the problem of simultaneously 
reducing each of two given homogeneous quadratic expressions in ” variables to a sum of 
squares of 2 new variables: the fact that 7’ is a function of the velocities while V is a 
function of the coordinates does not affect the question, since the formulae of transforma- 
tion for the velocities g,, go, ..., Yn are the same as the formulae of transformation for the 
coordinates 9), a, --.) Yn: 


It might be supposed from the foregoing that it is always possible to transform 
simultaneously each of two given homogeneous quadratic expressions in 2 variables to a 
sum of squares of n new variables; but this is not the case; for example, it is not possible 
to transform the two quadratic expressions 


ax*+bay+az* and cx +dary+c2? 
2 +7? +? and af? + By? +72, 


where &, n, ¢ are linear functions of x, y, 2. 


to the forms 


The conditions which must be satisfied in order that two given quadratic expressions 
Gy Ly? + gg. Xo? + ... + 204994 2e+..., 
641? + Do479? +... +.2b19.0,2o+ 0.05 
may be simultaneously reducible to the form 
01 £1? + a9 £5? +... + OnnEn’, 
Br Ei" + Boo Eo? +... + Ban En’, 
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are, in fact, that the elementary divisors (Elementartheiler) of the determinant || Gpgd— b | 
shall be linear*, If however one of the two given forms is a definite form (as ihe a 
the case with the kinetic energy in the dynamical problem), the elementary divisors are 
always linear, and the simultaneous reduction to sums of squares is therefore possible ; 
this explains the circumstance that the reduction can always be effected in the dynamical 
problem of vibrations. 


The universal possibility of the reduction to normal coordinates for dynamical systems 

was established by Weierstrass in 1858+; previous writers (following Lagrange) had 
supposed that in cases where the determinantal equation had repeated roots a set of 
normal coordinates would not exist, and that terms involving the time otherwise than in 


ae tear and exponential functions would occur in the final solution of the equations 
of motion. 


78. Sylvester's theorem on the reality of the roots of the determinantal 
equation. : 


We have seen in the preceding article that by introducing new variables 
which are linear functions of the original variables, it is always possible to 
reduce the kinetic and potential energies of a vibrating system to the form 


T=4$ (G2 + Get... + Gn) 
Vi=$ (rig? + Ange? + ... + An gn?) 


The question arises as to whether this transformation is real, i.e. whether 
the coefficients ™m,, ms, ..., Mn, h,, he, ..., hn Which occur in the trans- 
formation are real or complex. Since these coefficients are given by linear 
equations whose coefficients, with the possible exception of the roots \,,A,,.--,An 
of the determinantal equation, are certainly real, the question reduces to an 
investigation of the reality or otherwise of the roots of the equation 


. Ayr oT ba Ayr i Dis eeceve Ayr ed Bin => 0 ’ 
Gay — bo, ag — Dag «2220+ Gand — Dan 
Any — Den Angr a Dio eeccce Ann® = ban 


it being known that the quantities a,, and b,, are all real, and that 
On Gu? + Ange? +... + Onn Gn? + Zhai get --- + 2On+,nGn—aIn 
is a positive definite form. 
Let A denotet the determinant \|a,e — dye||, and let A, denote the 


determinant obtained from it by striking out the first row and first column ; 
let A, denote the determinant obtained from A by striking out the first two 


* Cf. Muth’s treatise on Elementartheiler (Leipzig, 1899); or Bécher’s Introduction to Higher 
Algebra (New York, 1907). 

+ Cf. Weierstrass’ Collected Works, Vol. 1. p. 233. 

+ The following proof is due to Nanson, Mess. of Math. xxvt. (1896), p. 59. 
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rows and first two columns, and so on, Then in any symmetrical deter- 
minant, say 


JY EPC He Wake hal Perce Gn i, Where 4,,=4,,. 
Ao) * Ans oeeeenee Aon 
Ani Ano ereeerese Ann s 


aD aD Xs eD 


it is known that — ——(—]} =)D—, 
0a, OA 005 0011 Oop 


CD , is oD ; 
and hence if —— vanishes the quantities D and Ast age must have opposite 


00%, 11029 
signs; thus we have the result that in the series of quantities 
pANe Tay, 98 eae tay ANS (where A,=1), : 


if any one member of the series vanishes for a given value of X, the two 
adjacent members must have opposite signs for that value of A. 


Let A, denote the determinant formed from A, by replacing 4 by unity 
and each of the quantities b,, by zero, so that A, is the coefficient of the 
highest power of A in A,. Since . 

Angi? + Qe Go" +... + Ann Gn? + 24, qo+ Boor 20n-1,nQn—1 Qn 
is a positive definite form, A, is positive for all values of r from 0 to n. 
Thus the coefficients of the highest powers of X in the functions A, A,,..., An 
are all of the same sign; and therefore as X increases from —o to +0, 
these functions lose n changes of sign. 

Now since A, is not zero and A,_,, A,4, have opposite signs when A, 
vanishes, it follows that the functions A, A,, A,,..., A, cannot lose or gain a 
change of sign except when ) passes through a root of A. But as X passes 
from —o to +0, the functions lose n changes of sign; and hence the 
n roots of the deternunant A are all real. The transformation to normal 
coordinates is therefore always a real transformation*. 

Moreover, since a change of sign is lost in the pair A, A,, every time that » 
passes through a root of A, it is evident that A, must change sign when X 
increases from one root of A to the consecutive root, and hence that the 
n roots of A are separated by the (n—1) roots of A,: similarly the roots of 
each of the functions A, are separated by the roots of the function A,,,. 
Now A, has no roots: and if A,_, has the same sign at A\=0 as at N=— 0, 
the root of the function A,_, will not be negative. If moreover A,_, has 
the same sign at X=0 as at N=— oo, neither of the roots of A,_, will be 
negative: for if this condition is satisfied, A,_, must have either two 
negative roots or no negative. roots, and there cannot be two negative 
roots since there is no negative root of A,_, to separate them. Similarly in 


* Sylvester, Phil. Mag. (4) 1v. (1852), p. 138: Coll. Papers, 1. p. 378. 
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general the condition that none of the functions in the series ASAP AS AS 
shall have a negative root is that each of the functions must have the 
same sign at X=0 as at X=—o. Hence the condition to be satisfied 
in order that all the roots of A may be positive is that each quantity A, 


shall have at X©=0O the same sign as (—1)"-*, ie. that each of the 
determinants 


GO ore One ie Oss Oss bt Bon ts | Ps Ope Ven ata ne 


Beeee.ecescceocecse | j|}| ceeccercececcvnecce | | seeneccvisccccve 


Ceo eccccceccscsers | j|,|_ ceeevcveecceccecee | | copecesccecevesa 
’ 


botebebt. (ix ae Matis ah iP cee bral 


shall be positive. But these are the well-known conditions that the quadratic 
form 


bq? GE Bono” ay eine oe Dnn Qn? sr 2b1095 4s ay 900 PA Nr MI rad qn 
shall be a positive definite form. Hence finally the condition that the deter- 
minantal equation || dre’ —by_\|=0 shall have all its roots positive is that 
the quadratic form 
! big? oF Doo Qs? Slaps etal banda sta 2d1291 Qe tet 2053 a Gna Qn 
shall be a positive definite form, i.e. that the potential energy in the vibratory 
motion shall be essentially positive. 


79. Solution of the differential equations; the periods; stability. 

In order to express the configuration of any vibrating system in terms of 
the time, we first determine the normal coordinates of the system, and 
express the kinetic and potential energies in terms of them, so that these 
take the form 

| T=$ (Got Go +... + Gn’), 

Lam 4 (4g? oP Ge” stiteletenct An Qn); 

where (41, Qe, ---,Qn) are the normal coordinates, and (Ay, A», ..., An) are the 
roots of the determinantal equation {| a,,\— b,.||=0; these quantities 
(Aj, Ac, ++», An) have been shewn in the last article to be all real. 


The Lagrangian equation of motion for any coordinate q,, namely 


d (= EE mip te 


dt \0q-/  Oqr Gr’ 
is therefore 
Dr + Ar Qe = 0. 
The solution of this equation is 
Gr = A, cos (Vr,t + B,) , if A, is positive, 
‘qr = A,t+ B, , if 2, 18 zero, 


Gr= A,ev + B,e- NORE if X, is negative, 


where in each case A, and B, denote constants of integration. 
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It appears from these equations that if all the normal coordinates except 
one, say q;, are initially zero, and if the constant 2, corresponding to the 
non-zero coordinate is positive, then the coordinates (9, Ya, ---» Yr—a» Gres ees Yn) 
will be permanently zero, and the system will perform vibrations in which 
the coordinate g, is alone affected. Moreover the configuration of the 
system will repeat itself after an interval of time 27/VA,. This is usually 
expressed by saying that each of the normal. coordinates corresponds to an 
independent mode of vibration of the system, provided the corresponding 
constant 2, ts positive; and the period of this vibration is Qm/V),. 

Moreover, if the system be referred to any other set of coordinates which 
are not normal coordinates, these coordinates are linear functions of the 
normal coordinates; and the normal coordinates perform their vibrations 
quite independently of each other; thus every conceivable vibration of the 
system may be regarded as the superposition of n independent normal 
vibrations. This is generally known as Daniel ,Bernoulli’s principle of the 
superposition of vibrations *. 

If the quantities (A,, A», -.-,An) are not all positive, it appears from the 
above solution that those normal coordinates g, which correspond to the 
non-positive roots A, will not oscillate about a zero value when the system is 
slightly disturbed from a state of rest in its equilibrium position, but will 
increase so as to invalidate the assumption made at the outset of the work, 
namely that the higher powers of the coordinates can be neglected. In 
this case therefore, there will not be a vibration at all, and the equilibrium 
configuration is said to be unstable. If however the initial disturbance is 
such that these normal coordinates which correspond to non-positive roots 
A, are not affected, the system will perform vibrations in which the rest 
of the normal coordinates oscillate about zero values. 


The normal modes of vibration, which correspond to those normal 
coordinates for which the corresponding root 2, is positive, are said to 
be stable. If the constants 2, are all positive, the equilibrium-configuration | 
as a whole is said to be stable. The condition for stability of the equi- 
librium-configuration is therefore, by the theorem of the last article, that 
the potential energy of the vibrating system shall be a positive. definite form. 


This result might have been expected from a consideration of the integral of energy ; 

for this integral is 
T+ V=h, 

where 7' and V are the quadratic forms which represent the kinetic and potential energies, 
and where / is a constant. This constant / will be small if the initial divergence from the 
equilibrium state is small. But 7’ is a positive definite form; and if V is also a positive 
definite form, we must have 7’ and V each less than h, so 7 and V will remain small 
throughout the motion: the motion will therefore never differ greatly from the equilibrium- 
configuration, i.e. it will be stable. 


* Histoire de V Académie de Berlin, année 1753, p. 147. 
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80. Examples of vibrations about equilibrium. 


We shall now discuss a number of illustrative cases of vibration about 
equilibrium. 


(i) To find the vibration-period of a cylinder of any cross-section which can roll on the 
outside of a perfectly rough fixed cylinder. 


Let s be the are described on the fixed cylinder by the point of contact, s being 
measured from the equilibrium position; let p and p’ be the radii of peer of the 
cross-sections of the fixed and moving cylinders respectively at the points which are in 
contact in the equilibrium position; p and p’ being supposed positive when the cylinders 
are convex to each other: let M be the mass of the moving cylinder, Mk? its moment of 
inertia about its centre of gravity, and ¢ the distance of the centre of gravity from the 
initial position of the point of contact in the moving cylinder. 


If a denotes the initial angle between the common normal to the cylinders and the 
vertical, then a+8/p is the angle between the common normal at time ¢ and the vertical 
a+8/p+4/p’ is the angle made with the vertical by the line joining the centre of carrecie 
of the moving cylinder with the original point of contact in the moving cylinder, and 
3/p+s/p’ is the angle made with the vertical by the line joining the last-named pein to 
the centre of gravity of the moving cylinder. The angular velocity of the moving cylinder 


is therefore 
aye ale 
8 € oF ) 5) 
pp 


so its kinetic energy is 
2 
T=3 (B+0) (+5) 2, 

The potential energy is Z 


V = Mg x height of the centre of gravity of the moving cylinder above some fixed position 
= {e+e cos (+5) — p’ cos (a42+5) +0 cos (+ =) : 
P Pp Pp p 


Neglecting s* this gives 
, ND 
V=1Mg {exe cosa—c¢ (er) } 8, 
pp pp 


The Lagrangian equation of motion, 
d (oP) _ar__av 
dt \ 08 dna eres” 
2 / \2 
gives M (kh? +c?) G+5) 8+Mg (ete cos a—¢ (C2) } =o, 
pp pp p 
and the vibrations are therefore given by the equation 
s= A cos (Ai +e), . 
where A and ¢ are constants of integration to be determined by the initial conditions, and 
A is given by the equation 
: ane pp oe 
» P42 — COS a o} F 


The vibration-period is 2m/A. 
(ii) To find the periods of the normal modes of vibration about an eguilibrium-configura- 
tion of a particle moving on a fimed. smooth surface under gravity. 


The tangent-plane to the surface at the point occupied by the particle in the 
equilibrium-configuration is evidently horizontal: take as axes of w and y the tangents to 
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the lines of curvature of the surface at this point, and as axis of z a line drawn vertically 
upwards: so that the equation to the surface is approximately 


y 


x A 
= 
2p, py’ 


2 


where p; and pe denote the principal radii of curvature, measured positively upwards. 
The kinetic energy and potential energy are approximately 


T=km (#?+7") (where m is the mass), 


and V=mgz 


(= r 

=mg({i—-+2-). 

T\ 2p, * 2p 

It is evident from these expressions that # and y are the normal coordinates: the 


equations of motion are 


#+24=0 and g+2 
Pr p2 


and the periods of the normal modes of vibration are therefore 
3 3 
Qa (*) and 2a (2) ; 
g g 
(iii) To find the normal modes of vibration of a rigid body, one of whose points is fixed, 


and which is vibrating about a position of stable equilibrium under the action of any system 
of conservative forces. 


y=9, 


Take as fixed axes of reference OX YZ the equilibrium positions of the principal axes of 
inertia of the body at the fixed point ; the moving axes will be taken as usual-to be these 
principal axes of inertia. We shall suppose the position of the body at any instant 
defined by the symmetrical parameters (é, 7, ¢, x) of § 9; we shall regard & n, ¢ as the 
independent coordinates of the system, y being defined in terms of them by the equation 


Ett + yim 1. 
The components of angular velocity of the body about the moving axes are (§ 16) 
w= 2 (xE+ 05 —nb- EX), 
w2=2(—CE+x5+€6—ny), 
w= 2 (n€- Sj + x¢- Cy) 
On account of the smallness of the vibration, we regard £, 7, ¢ as small quantities of 


the first order; x therefore differs from unity by a small quantity of the second order, and 
so we have, correctly to the first order of small quantities, 


@, = 26, @ = 21, w= 2¢, 
and the kinetic energy of the body, which is given by the equation 
27 = Aw;? + Bo? + Ca3?, 


where A, B, C are the principal moments of inertia at the point of suspension, can be 
written 
T=2 (AE? + Br? + CC’). 


The potential energy is some function of the position of the body, and therefore of the 
parameters (€, 7, ¢); let it be denoted by V (é, n, ¢). 


80] ; Theory of Vibrations 189 


Since 2eTO values of (€, n, ¢) correspond to the equilibrium position, there will be 
no terms linear in (£, n, ¢) when V is expanded in ascending powers of (€, n, ¢): the lowest 


terms are therefore of the second order; neglecting terms of higher order, we can therefore 
write 


Va ab? + by? + 0(? + 2fnl + 2g¢é + QhEn, 
where a, b, c, f, g, A are constants. 


The problem of determining the normal coordinates is therefore the same as that 
of reducing the two quadratic expressions 


egeae 

a? + by? + cf? + Qfn€ + 29gE +2hEn, 
A+ By+ 0,2, 
a, 2? + by? +022, 


where (2, y, 2) are linear functions of (&, n, ¢). 


to the form 


2 


Now the equation, referred to the fixed axes, of the momental ellipsoid in its equi- 
librium position is 
AX?+ BY?+CZ2=1; 


consider in connexion with this the quadric whose equation is 
aX? +bY*%+cZ?2+2f YZ+29gZX+2hXY=1, 


which we shall call the “ellipsoid of equal potential energy”; and determine the common 

_ set of conjugate diameters of these quadrics. Let (X’, Y’, Z’) be the coordinates, referred 
to these conjugate diameters, of a point whose coordinates referred to the fixed axes 
are (X, Y, Z), and let the equations connecting (Y’, Y’, Z’) and (X, Y, Z) be 


YH=1,X'+me¥' +7222’, 
Z= 1,.X' + m3Y" +732’. 
By this transformation the equations of the quadrics are reduced to the form 


A, X24 B,Y?+0,Z%=1, 
a, Xb, Y?%+0,Z% =1, 


[rine 


and therefore the transformation which gives the normal coordinates in the dynamical 
problem is 


7 


n =lo e+ Moy +222, 


Grane mg 
(=l1,04+mM3y + 232 


It follows that in a normal mode of vibration, say that in which x alone varies, the 
quantities (&, 7, ¢) will be permanently in the ratio 


E:n: (2:4: 46. 


But from the definitions of § 9 it is evident that &, n, ¢ are, to the first order of small 
quantities, proportional to the direction-cosines of the line about which the rotation 
of the rigid body takes place, and consequently the normal mode of vibration of the 
rigid body consists of a small oscillation about a line whose equation is 

Na ew Dati lg ets, 
i.e. about the line 
1.2 y’ 2s 0, VA =0, 


which ig one of the common conjugate diameters of the two quadrics. 
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Hence finally we have the result that the normal vibrations of the body are small 
oscillations about the common conjugate diameters of the momental ellipsoid and the ellipsoid 
of equal potential energy. 


(iv) To find the normal.coordinates and the periods of normal vibration in the system 
of three degrees of freedam for which 
T=} (2+ P42) 
Vad{p? (ae? +y?) +202 (vty) +972", 


where a is small in comparison with p and gq; and to shew that if such a system be let 
go from rest with y and z initially zero, the vibration in x will have temporarily ceased 
after a time mp (q?- p*)/a®, and that there will then be a vibration of the same amplitude in 
y as the original one was in x. (Coll. Exam.) 


The form of the kinetic and potential energies suggests the transformation 
L+y=2, s—y=2, 
(eee 
V= prt? + pn? + 2azé + $972. 


The variable 7 is therefore a normal coordinate: to reduce the remaining terms in the 
kinetic and potentia] energies to sums of squares, we write 


which gives 


Qa 
pias Seer pairs f= Pia pp 


and then we have 


Tait {1+ crap B +E [lt cecal & 


a? (292—4, 2— 9p) a?) 15. 
aga \? 2 eo i ee {ee Gp he 


The variables 7, ¢, ¢ are therefore the normal coordinates. 
Suppose that initially. we have 
z=k, y=0,- z=0, 
£=0, y=0, 2=0, 
and suppose that & is so small that its product with other small quantities can be 
neglected. Then to this degree of approximation we have initially 


n=tk, p=tk, (=0. 
The vibrations of the normal coordinates n and ¢ are therefore given by the equations 
n=tk cos pt, 
5 a? (29? — 4p?) 3 
p =l1kh cos | t Cay 
~~ 
(ear) 


The last equation can be written 


b= Boos! pe {i ae ath 


=k cos pi cos 


or 


a*t 
Pere ae +4ésin pt sin niga) a: 
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The motion can therefore be approximately represented initially by 
n=tkcos pt, o=tkcos pt, 
a t= keospt, y=0. 
After an interval of time mp (g?—*)/a®, the motion is approximately represented by 
n=tkcos pt, p= —tkcos pt, 
vi «z=0, y= —kcos pt; 
which establishes the result stated. 


81. LHifect of a new constraint on the periods of a vibrating system. 


We shall now consider the effect produced on the periods of normal 
vibration of a dynamical system about a configuration of stable equilibrium 
when the number of degrees of freedom of the system is diminished by the 
introduction of an additional constraint. 


Suppose that the original system is specified in terms of its normal 
coordinates (q;, 92, ---, Yn), So that the kinetic and potential energies have 
the form 


T= (GP + GP +... + Gr’), 
Ved (req? t rvgqe? +... + An2Gn’) 5 
and let the additional constraint be expressed by the equation 
vACe Ga, +++» Yn) = 9. 


Since q;, 92, ---, Mm are small, we can expand the function / in ascending 
powers of 9), J2, +»; In» and retain only the first terms of the expansion: we 
can thus express the constraint by the equation 


Aig: + Asga +--+ AnQn = 9, 


where A,, ..., An are constants. As the equilibrium-configuration is supposed 
to be compatible with the constraint, there will be no constant term. By 
means of this equation we can eliminate g,: we thus have 


1 , ; ) 
T=4)40+ qz +... + Pnat Za (Aih + vet Ans Gra) , 


i 2 
V= irae +..0+ Dee Pn + eas (Ah +o. t Ant nat : 


The Lagrangian equations of motion of the constrained system are there- 
fore the (n — 1) equations 


An? 
Gr +A2Qr + Ar ia. (Aid + +» t+ Anagn—) + Ae (Aigit+.-. + Aaa on) =0 


(aaa 2 ees, 10 1), 
or Gir + qr + pA; = 0 (r=I1, 2,....%—1) 
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where 
b= 20 ay +. + AnaGn-) a5 As Aw (Avg + see + AniGn—) 
__ Gn _ An'Ga 
" Fel ore Ips 


so the equations of motion of the constrained system can be written in the 
form of the n equations 
Gr t+ Agr + Ar =0 (na='] e2yeeoaydl)s 
where » is undetermined. 
Now consider a normal mode of vibration of the modified system, defined 
by equations 
Gi = 4, COS AL, Jo = A. COS MM, ..., Jn = An COS AL, je = VY COS NE. 


Substituting in the equations of motion, we have 


a, (A,2— A?) + vA, = 0 (7 = 2): 
Substituting the values of a, %, ..., @ given by these equations in the 
equation 
A,@,+ Apdo +... + And =0, 
we have 
A? A? A 
Wie Ve hdc ah a 


This equation in A? has (n—1) roots, which from the form of the equa- 
tion are evidently interspaced between the quantities A,°, As’, ..., An?: the 
quantities 27/d corresponding to these roots are the periods of the normal 
modes of vibration of the constrained system, and it therefore follows that 
the (n—1) periods of normal vibration of the constrained system are spaced 
between the n periods of the original system. 


82. Lhe stationary character of normal vibrations. 


We shall next consider the effect of adding constraints to a dynamical 
system to such an extent that only one degree of freedom is left to the 
system. Let (4%, qe, ---, Yn) be the normal coordinates of the original 
system; the constraints may, as in the last article, be represented by linear 
equations between these coordinates, and can therefore be expressed in the 
form 

N= 1d, Jo = eG, «00s In =hMnG, 
where 4, fe, +++, Mn are constants and g is a new variable which may be 
taken as denis the configuration of the constrained system at time t. 


Let the kinetic and potential energies of the original system be 
T= 4 (ge + Go? + Siete + Gn’); 
Vi= 3 Quign? + Adtqe +... + An’gn’®), 
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So 2ar/d,, 2r/Az, ..., 2ar/An are its periods of normal vibration: the kinetic 
and potential energies of the constrained system are then 


T=} (wy? + po? +... + un?) 
Vestn? t+ Nelfe” + eee An Mn?) Y 
The period of a vibration of the constrained system is therefore 2z/A, 
where 2X is given by the equation 


He Dieu? + Ae? tye ‘ + n2fn? 
Ma t+ per tect ln 
If the constraints are varied, this expression has a stationary value when 
(n—1) of the quantities 4,, M2, ..., #n are zero: this stationary value is one 
of the quantities A,?, A,?, ..., Xn?: and thus we have the theorem that when 
_ constraints ure put on the system so as to reduce its number of degrees of 
freedom to unity, the period of the constrained system has a stationary value 
for those constraints which make the vibration to be a normal vibration of the 
unconstrained system. 


83. Vibrations about steady motion. 


A type of motion which presents many analogies with the equilibrium- 
configuration is that known as the steady motion of systems which possess 
ignorable coordinates: this is defined to be. a motion in which. the non- 
ignorable coordinates of the system have constant values, while the velocities 
corresponding to. the ignorable coordinates have also constant values. 

One example of a steady motion is that of the top, discussed in § 72; as another 
example we may take the case of a particle which is free to move in a plane and is 
attracted by a fixed centre of force, the potential energy depending only on the distance 
from the centre of force; for such a particle, a circular orbit described with constant 
velocity is always a possible orbit, and this is a form of steady motion, since the radius 
vector is constant and the angular velocity @ corresponding to the ignorable coordinate 6 
is also constant. 

In many cases, if a system is initially in a state of motion differing only 
slightly from a given form of steady motion, the divergence from this form of 
motion will never subsequently become very marked; we shall now consider 
motions of this kind, which are called vibrations about steady motion. 

The steady motion is said to be stable* if the vibratory motion tends to 
a certain limiting form, namely the steady motion, when the initial disturb- 
ance from steady motion tends to zero. 

Let (p:, Pa; pica px) be the ignorable and (41, ,--., Qn) be the non-ignorable 
coordinates of the system. Corresponding to the ignorable coordinates, there 
will be & integrals 


* This definition is due to Klein and Sommerfeld. 
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where f,, 2, ..., By are constants. We shall suppose that these constants 
have the same value in the vibratory motion as in the undisturbed steady 
motion of which it is regarded as the disturbed form; this of course only 
amounts to coordinating each vibratory motion to some particular steady 
motion. 

We suppose the system conservative, with constraints independent of the 
time; let its kinetic energy be " 


a pe ele SEE oe ap bITa 
T=4d 2 agGg+ > > byte = > cypiyy, 
=1j=1 | i=1j=1 i=1j=1 
where the coefficients ay, b,j, cy are functions of q, ge, ---» Yn: 


The integrals corresponding to the ignorable coordinates are 
Zou i at 2 by Gi = B; G =, 2, 08) k). 


Let Cj; be the minor of ¢j; in the determinant formed of the coefficients 
cj, divided by this determinant; then solving the last equations for the 
quantities p,, we have 


= Cre (Bs — = Dis qu). 


Substituting for p,, Het ..., Pe in the above expression for 7’, al nities 
the properties of minors of determinants, we have 


T=% AG = = Cig di dje) 4895 + 2% Crs BiBs. 


Now perform the process of ignoration of coordinates. Let R be the 
modified kinetic potential, so 


R = T- V—- 3 _PrBr 
= Re (ay — = 1 Cisbin bjs) Gig + = CreBrbueg Gis $ = CuBiBs — 


We can without tee of emery E suppose that the values of q;, 2, eer | 
in the steady motion are all zero. If then the coefficients in R are expanded 


in ascending powers of q, q, ---; gn by Taylor's theorem, and all terms in the 
expression of & thus obtained which are above the second degree in the 
variables 15. 92; ->+-Gn> Gi: Yas---» Qn. are neglected in comparison with the 


terms of the second degree, we obtain for R an expression consisting of terms 
linear and quadratic in q;, Go, «+, Gn» Gs Ya» ---» gn» Now the terms which 


are linear in q,, Gs, .-., gn and independent of 4, q:, ..., gn disappear auto- 
matically from the equations of motion 

d /oR\ oR 

5 Galea (r=1, 2, ..., 0), 


and these terms can therefore be omitted. Moreover, since the equations are 
satisfied by permanent zero values of q,, ga, -.-; Qn, it is evident that no terms 
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linear in q, q2, ..., gn and independent of gj, ge, --.; gn can be present in R. 
Tt follows that the problem of vibrations about steady motion depends on the 
solution of Lagrangian equations of motion in which the kinetic potential is a 
homogeneous quadratic function of the velocities and coordinates, with constant 
coefficients, 

The difference between vibrations about equilibrium and vibrations about 
steady motion consists in the possible presence in the latter case of terms of 
the type 9g. (i.e. products of a coordinate and a velocity) in the kinetic 
potential. These are called gyroscopic terms. The vibrations about steady 
motion of a system are in fact the same thing as the vibrations about 
equilibrium of the reduced or non-natural (§ 38) system to which the problem 
is brought by ignoration of coordinates. 


The equations of motion for. the vibrating system are therefore 
d /oR\ oR 
( )~ aq, 9 (7 =1,2,..0), 


dt \0q, 
where R can be written in the form 
R= 4 > rede Gs te 4 > BreGrQs +2 YreUr Ys (r, gael 25.53; n), 
Yr; r,s T,8 
and where a Oe Cres 


but where y,, is not in general equal to y,,. The equations of motion in the 
expanded form are 


Angi — Bu Qt %2Je+ (Ya 2 Vr2) qe — Bi Qo + 1393 + (Ya — 13) qs — Biss +...=0, 
Oo G1 + (12 — Your) Gr — Bar Qa + S02 J2 — Boo Jo + 239s + (22 — Yes) Ys — Bos Qs + --» = 9, 
etc. 


These are linear equations with constant coefficients, which are of the same 
general character as the corresponding equations in the case of vibrations about 
equilibrium ; they differ only in the presence of the gyroscopic terms, which 
involve the coefficients (ys— re). The presence of these terms makes it 
impossible to transform the system to normal coordinates*; but as we shall 
next see, the main characteristic of vibrations about equilibrium is retained, 
namely that any vibration can be regarded as a superposition of n purely 
periodic vibrations, which we shall call (as before) the normal modes of 
vibration of the system. 


84. The integration of the equations. 


We shall now shew how the nature of the vibrations can be determined, 
by integration of the equations of motion. 


* That is to say, impossible to transform the system to normal coordinates by & point-trans- 
formation: it is possible to effect the transformation to normal coordinates by a contact-trans- 
formation, and this is actually done in Chapter XVI. 

13—2 
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It will be convenient first to transform them into a system of equations 
each of the first order. Let R denote the modified kinetic potential of the 
system, so that in the vibratory problem A is a homogeneous quadratic 
function. of @1, G2, «+», Gs Gs Ga» --2» Gane Write 

oR 


Og, itt (r=1, 2, see, n), 
so that Qnii, Unto, +++» Qn are linear functions of q,, qe» we) Gn and vice versa ; 
the equations of motion can be written : 

oR 

Gate = 39, (ret pee 

Now if 5 denote an increment of a function of the variables q1, q2, ---» Qn». 
Qn+1> +++» Yon, due to small changes in these variables, we have — 
Sole ok 
oR= & (3 Bér) 
1 \dqr Gr + adr q 
== (Gn+r8Qr + Qn+r8Gr) 


=6 ( = Qn+r ir) + (Gn+r 5¢ oa Gr ©Qn+r)- 
r=] r=1 


Let the quantity = InirGr— fe, 


when expressed as a function of q@, qo, ..., Gen; be denoted by 4, so that A is 
a known homogeneous quadratic function of the variables q,, qs, ..., gon; the 
last equation can be written 


sH= x (Gr8Qnir — Gn+rO9r), 


and therefore* the equations of motion, which consisted originally of n equations 
each of the second order, can be replaced by a system of 2n ee each of 
the first order, namely 

oH : OH 


C0 ata ee 


‘eae 
the independent variables being q,, qo, +++; Jen: 


We shall now shew that the function H, which has replaced R as the 
determining function of the equations, represents the sum of the kinetic and 
potential energies of the dynamical system considered. 


Gr= Ei yikes Seas 


For & contains terms of degrees 2, 1, and 0 in the velocities, and 


* This transformation is really a case of the Hamiltonian transformation given later in, 
Chapter X. 
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is equivalent to twice the terms of degree two together with the terms of 
degree one, by Euler’s theorem; it follows that H, being defined as 


will be equal to the terms of degree two in the velocities in R, together with 
the terms of zero degree in R with their signs changed: on comparing the 
expressions for 7 and R given on page 194, it follows: that 


H=T+YV, 


so H is the total energy of the dynamical system, expressed in terms of the 
variables Gy, Je) +++ Yen- 


In the case of vibrations about an equilibrium-configuration, we have 
seen that the condition for stability is that the potential as well as the 
kinetic energy shall be a positive definite form; we shall now make a similar 
assumption for the case of vibrations about Beads motion, namely that the 
total energy H is a positive definite form in the variables q,, q2, ---» Yen} ON 
this assumption we shall shew that the steady motion is stable, ial in fact’ 
that the equations of motion 


Agr _ oH Aner _ a) H 


i os 2 Te mT ie aoe 
’ can be integrated in the following way*. 
Consider the set of linear equations in the variables q,, qe, ..., Gen» 
nner rf) ay, | 
a (eee nh): 
— 89, + EN be +» Yn) pel 


if we denote the determinant of the system by f(s), and the minor of the 
element in the Ath row and wth column by 


F (Ss) (A, w= 1, 2, ..., 2n), 


the expression of 91) Ge» --+» Gon in terms of 4, Y2, .--, Yan 18 given by the 
equations m #(6) 
= LMS) my eA) 
w= er) Yr (um ) 


and the degree of f(s) in s is 2n, while the degree of J (s)au 18 not greater 
' than (2n—1). 

In order to solve the equations of motion, consider expressions for 
Qi» Yar +++» Gan Of the form 


i= | ee ett) ds (w=1, 2, ..., 2n), 


* The method of integration which follows is due to Weierstrass, Berlin. Monatsberichte, 1879. 
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where the integration is taken round a large circle C' which encloses all the 
roots of the equation f(s)=0. These values of qi, Qo, +++» Yan will satisfy 
the equations of motion, provided the equations 


i 8 tt) {spnsr+ , OH (Pr ) oe) 1 Po)} 
Cc 


Opr Om Gest 2, 30. 7) 
OH ( pi, po; + Bt 
(tt) J_ =0 
i ne cae OPn+r J (s) 


are satisfied. If therefore p,, po, -»+, Pon are polynomials in s so chosen that 
the expressions in brackets under the integral sign vanish when s is equal to 
one of the roots of the equation f(s)=0, these equations will be satisfied, 
since the integrands will then have no singularities within the contour C*. 
It follows that p,, pe, -.., Pan must be a set of solutions of the equations 


0H (pi, Pa, +295 Pon) —0 
onan age rag TS . 

Pr Lo (ne 2, 2, '2), 
OF (pr; Po» +++» Pon) _ 9 

OPn+r 
when s is a root of the equation f(s)=0; this condition is satisfied by the 
expressions 
Pu(8S)=4P (8) + Oy f (8)ou +... + Gan f (8)en,m (ue =I], 2;..., 2n), 


where d), dz, ..., Gm are arbitrary constants. 


SPnix + 


— Spy + 


The equations of motion are therefore satisfied by the values 


qu = coefficient of 1/s in the Laurent expansion+ in positive and nega- 
tive powers of s of the expression 


& (t—to) 
{af (hint of Slant one + Aon F nn) Gey HHT 2 oes 2) 
Now on inspection of the determinant f(s) we see that minors of the 
types 
F(8)nt+uu and f(8)p,ntu (w=1, 2, ..., n) 


are of degree (2n — 1) in s, and the other minors are of degree (2n — 2) in s; 
so the coefficient of 1/s in the Laurent expansion of f (s)ayz/f(s) 18 zero nates 
N=n+p or w=N+X; in the former case it is —1, and in the latter case it 
is 1. Hence on taking t=¢,, we see that the quantities 


ay, Qe, eeey Aon, 
are respectively the values of 


Qn+1> Unto. +++> Jons — Qir — Yay +++, — Qn 
at the time f,. 


* Whittaker and Watson, 4 Course of Modern Analysis, § 5°2. 
+ Ibid. § 5°6, 
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If therefore we write 


¢ (é)a, = coefficient of 1/s in the Laurent expansion of fe e8(t—t) 


and if G4, Go, --., Gon are the values of Gis Y2, +++, Yen Tespectively corresponding 
to any definite value ¢, of t, we have 


u= oo {Gniah (t)a, u aa Gah (t)n+0,n} (w=1, 2, ..., 2n). 


In order to evaluate the quantities (t),,, it is necessary to discuss the 
nature of the roots of the determinantal equation f(s) +0; let ki+ 1, where 
k and 1 are real and 7 denotes /—1, be any root of this equation; then 
the 2n equations 


(4D) qua oi es» Gon) _ 


rv Ss Stat (Gal en} 
Phe got (q, Gay +925 Gen) _ 

Odn+a 
can be satisfied by values of q,, q2, ---, Gon Which are not all zero. Let a 
system of such values be ; 


E,+%m, E+ ine, see, Ean + UNon, 
where &,, &, ..., Ean, 1, Na, «++» Non are real quantities. Then if we write 


OH (Gr, Qo +++» Qin) _ Eg, Qa, +++) Gen)» 
Ou 


we have, on separating the last equations into their real and imaginary parts, 
H(E,, &, ---, Eon)a + lEnta — knta = 0 
A (E,, &5, ---, Esn)nta— Ea + kta me (don l, Deny. 
A (m, M25 +++) Nen)a + Uinta t hEn+a = °| 
A (m, M2, +++) Mon)nta— ja — hE. = 0 


But since H is homogeneous and of degree two in its arguments, we have 


2n : 
2H (&,, &., eons Eon) = 2 A, E., oor, vane 
and ‘using the first two of the preceding equations this gives 


2H (&,, Eo, .-+, En) = be (Ea 1n+a — No En+a): 


Similarly 2H (m; Na, +++, Nan) =k 2 (E. Ynt+a — Ya gsi 
Moreover on multiplying the first of the preceding equations by 7, and the 
second by 7n+., adding, and summing for values of a from 1 to n, we have 
2n : n 
> mH (&,, £,, eoey Eon)a = ae (€.%n+a — Na Enra), 
REI oo 
and similarly 


2n n 
x &.H(m, Nar s-*> Non )a = sl 2 (EaMn+a — Na En+a)- 
A=1 a= 
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Since the left-hand sides of these equations are equal, we must have 


Nn 
1S (Exmnsa — Mabnte) = 0. 
But from equations-(A) ve see that, as H is a positive definite form, neither 
n 
k nor > (€.9n+1a—MNaEn+«) can be zero; we must therefore have / zero; and 
a=1 


so the equation f(s)=0 has each of its roots of the form tk, where k 1s a real 
quantity different from zero. 

We shall next shew that in the case in which the equation f(s)=0 has 
a-j-tuple root s’, each of the functions f(s), is divisible by (s — s’)/-1. 

For let ¢,, c, ..-, 6 be a set of definite real quantities; define quanti- 
tieS 91, Ga, +++» Yon by the equations 


aries eer } Gite es 
— 8a + H (qi; Jas +++) Yon)nta = Cnt , re ; 
so that we have 


ee Se ao (w= 1, 2,..., In). 


Let s,i be any root of the equation f(s) = =(, and let m be the smallest 
positive integer for which all the functions 
rf (S)ay 
I (s) 
are finite for the value s,7 of s. When s is taken sufficiently near s,7, we can 
expand q, in a series of the form 

(gut hii) (8— 8,8)-™ + (gp! + hg!t) (8 — 8) 4, 
where gu, Au, Ju, Au, -.. denote real constants; and we can suppose the 
“quantities C,, ¢:, ..., Cn so chosen that the quantities g, and h, are not zero. 
Substituting ‘this value of q, in equations (B), and equating the coefficients 
of (s — s,1)"™, we have 
H(g, Jas see) Gen)a — Shinto a4) o| 


(s—s,i)™ 


(915 Jas +++) Gan)nta + Sha = 

EI {hy, ha, +++, hen)a + 19nta=0 

H (hy, ha, «+5 han)nta— 89a =0 
and on equating the coefficients of (s — s,7)-™+!, we have 


(a=1,2,...,n) (C), 


baty, } ; 0 when m>1 
H (Gi, Is > Goro = 8K nse + Inve =1 when m=1 
0 when m>1 
Cn4a When m= 


TT igs den Ja + 1 eect gO 
HT (hy! he, 3 len nga — 81fa — he °=0 


HE (91', Jas +++) Jon \nt-a + Sih’ — Ga =| 1{ (#=1,2,...,) (D). 
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Now by Euler’s theorem on homogeneous functions we have 


Qn 
2H (Gi; Jay +5 Gon) = = el (, Jas, re5 Gen)as 
or by (C), 


n 
2H (1, Jas ++, Jon) = 8, 2s (Jaln+a— haJn+a); 
and similarly — 


2H (hy, he, ..., hon) = 8 es (Jalnta— haJn+a)s 


a= 


from which it is evident that ss (Galn+a —haJn+a) 18 not zero. 
Moreover, the first two of Hen (C) give 
5 PeHOey eee ce  (akinte— halite) =O essere (B), | 
and the last two of equations (C) give 
© gH (hay hay oy Panda — 8 & (GoW'nte — Gu'Gnts) = 0 veeeese(B). 
But from the first two of equations (D), when m>1, we have 
3 IaH Gi Gyo Gorn = 8: S Chalinna — halonga) — 3 Gulrnta ~ haar) 0 
and ‘from the last two of equations (D) we have 
= Grd (hay! he’, «+5 Pana + % Ss (Jag n+2 — Ja Jn+a) + = (Gahints — hagnta)= 0 


Also since H is homogeneous of the second degree in its arguments, we 
have the identities 


2n 20 
San iy Gar -o+1 Senda = % GaH (hy egy vey Ban oovseees (K) 
A=1 = 
20 an : 
and : > gx. Ho (hy, hs ey hen)a = on h,H (gy, Ga; eee, Gon )r eececseee (L). 
A=1 I 


From equations (E), (H), (K) we have 
. (gahnsa — heGnra) = % oe ee he) 5. 2G Grae), 
and from equations (F), (G), (LL) we have 
3 (osha — he Qn+a) = — 5 2 (hah nsa — Ma hnta) + & 2 (9a9'n+a — Ja Ynta)- 
> Comparing these equations, we have 


= (Ja Was Fie Re Onva) = 0, 
= 


a 
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which is contrary to what has already been proved. The assumption that 
m>1, which was used in obtaining equation (G), must therefore be false; 
m must therefore be unity, and consequently when f(s) is divisible by (s — ay, 
each of the functions f (s),, is divisible by (s — 8,1). 

Now let s,, 8, ..., , be the moduli of the distinct roots of the equation f(s)=0, 
so that the functions f(s),,//(s) are infinite only for s = + 8,1, £ 891, ..., + 8/0; 
then denoting the coefficient of (s—s,i) in the Laurent expansion of 
FT (8)amu/f(s) In powers of (s — $2) by 

(A, M)p +2 A, Hes 

where (X, #), and (A, “), are real, and observing that the only poles of the 
function f(s),,/f(s) are the points s= + s,2, and that these are simple poles, 
we have 


F(8)am _ 5 {@ Hp +t Mo | Os Mp = 2A» wel, 
p=1 


F(s) S— Spt 8+ St 
and therefore ¢ (£),. is the coefficient of 1/s in the Laurent expansion of 
e8 (tt) 3 {Q, )p +i, Hp ve (A, H)p —% Q, mad 
p=1( S$ — St S+ Spt 
in powers of s. 
But the coefficient of 1/s in the Laurent expansion of ¢—/(s—s,7) is 


ef? (t-4)t, and the coefficient of 1/s in the Laurent expansion of .e* “0 /(s + 5,1) 
is ett)? ; we have therefore 


oH) (rau = 2 =, {(, Ho COS S(t — ty) — (A, Bo sin 8p (¢— to)} ’ 
= 
and so finally 


qu=2 s x [Gn+a {(@, #)p Cos 8, (¢—t)) — (@, wp’ sin 8, (t — ty) } 


a=lp 
— qa {(n +4, p), cos 8, (t —t) — (+4, 4), sin s(t —t)}] (w= 1,2, ...,2n). 


This formula constitutes the general solution of the differential equations of 
motion. Hence finally we see that when the total energy of a system vibrating 
about a state of steady motion is a positive definite form, the vibratory motion 
can be expressed in terms of circular functions of t, and the steady motion is 
stable; the periods of the normal vibrations are 2/s,, 27r/s., ..., where +%8,, 
+18, ... are the roots of the determinantal equation f(s) =0, whose order in s? 
as equal to the number of non-ignorable coordinates of the system. 


The above investigation is valid whether the determinantal equation has 
repeated rodts or not. 


Between the coefficients (A, j1)p, (A, )p’, there exist the relations 


A, #)p=— (H, A)py (A, Hp = (Hy A)o's 
and so in particular (A, A)p=0. 
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These relations follow from equations which (in virtue of their definitions) are true for 

7 (8), f (8), y» namely 

f(s) =f(-8), 

F @)ap=F(—8)pr- 
Example. If the number of degrees of freedom of the system, after ignoration of the 
ignorable coordinates, is even, shew that when the ignorable velocities are large (e.g. if 
the ignorable coordinates are the angles through which certain fly-wheels have rotated, 
this would imply that the fly-wheels are rotating very rapidly), half the periods of 


vibration are very long and the other half are very short, the one set being proportional 


to the ignorable velocities and the other set being inversely proportional to these 
velocities. 


It was pointed out by Poincaré* that the discussion of stability by the 
method of small oscillations does not take account of some features which are 
likely to be present in actual problems. Thust, consider a particle moveable 
on the inner surface of a spherical bowl which rotates with constant angular 
velocity about its vertical diameter. If the bowl be perfectly smooth, the 
equilibrium of the particle in the lowest position is certainly stable, the 
rotation of the bowl having no effect on it. But if there be the slightest 
friction between the particle and the bowl, and if the angular velocity of the 
bowl exceeds a certain value, the particle will work its way outwards in 
a spiral path towards the position in which it rotates with the bowl like the 
bob of a conical pendulum. 


85. Examples of vibrations about steady motion. 


A number of illustrative cases of vibration about a state of steady motion 
will now be considered. 


(i) A particle is describing the circle r=a, z=b, in the cylindrical field of force in 
which the potential energy is V=(r, 2), where re=a?+y?, it being given that OV/oz ts 
zero when r=a, 2=b. To find the conditions for stability of the motion. 


If we write z=rcos6, y=rsin 6, 


we have for the kinetic and potential energies of the particle, whose mass will be denoted 
by m, p 
T=4m (#2+1776? + 2*), 
V=¢ (7, 2). 
The integral corresponding to the ignorable coordinate @ is mrt6=k, where & is a 
constant. ‘The modified kinetic potential after ignoration of 6 is therefore 
’ R= T-V—-k6 


: re 
=hmr + hme — 0) (7, 2) meee . 


* Acta Math. vu. (1885), p. 259. 
+ This illustration is due to Lamb, Proc. Roy. Soc. uxxx. (1908), p. 168. 


204 Theory of Vibrations [cH. VII 


For the steady motion we must have 


the latter condition is satisfied by hypothesis, and the former gives k2=masdgp/da. We 


have therefore 

bi ie , @& dp 
R=}mP+4m2— p (7, z)— a ba" 
Writing r=a+tp, z=b+¢, 


and neglecting terms above the second degree in p and ¢, we have 


R=ympt+4mé?—bp* (baat = ba) Pl bar-3C de. 


As no terms linear in p or ¢ occur, this is essentially the same as a problem of vibrations 
about equilibrium, and the condition for stability is (§ 79) that 


p (toa-+ 3 ts) + 2p6hartC? hos 
shall be a positive definite form, i.e. that 
(oa+5 be) bus— an and drs 
shall both be positive. These are the required conditions for stability of the steady 


motion. - 


Corollary. If a particle of unit mass is describing a circular orbit of radius a in a 
plane about a centre of force at the centre of the circle, the potential energy being ¢ (r) 
where 7 is the distance from the centre, the modified kinetic potential is 


3 
$p?— $p? C= @ be) ’ 
where r=a@ +p, so the condition for stability is 


3 
aa ah a pa = 0, 
and the period of a vibration about the circular motion is 


ares 
Qr { Paa +7 tel ° 
(ii) To Jind the period of the vibrations about steady circular motion of a particle 
moving under gravity on a surface of revolution whose axis is vertical. 
Let z=/(r) be the equation of the surface, where (z, r, 6) are cylindrical coordinates 
with the axis of the surface as axis of z. If the particle is projected along the horizontal 
tangent to the surface at any point with a suitable velocity, it will describe a horizontal 


circle on the surface with constant velocity. Let a be the radius of the circle; we shall 
take the mass of the particle to be unity, as this involves no loss of generality. 


The kinetic potential is 
L=} (P+7r28242) — gz 
=$F° (14/2 (r)}-+47°0*—gf (0). 


The integral corresponding to the ignorable coordinate 6 is r=, and the modified 
kinetic potential of the system after ignoration of 6 is therefore 


R=$P +f? (r)} — gf (7) - B20". 
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The problem is thus reduced to that of finding the vibrations about equilibrium of the 


system with one degree of freedom for which & is the kinetic potential. The condition for 
equilibrium is 


0 
and this gives as 
| BR=3P {1+ £2 (n)}-agf (r) —ga8f' (a)/2r°, 
‘Writing:r=a +p, where p is small, and expanding in powers of p, we have 
Ra gprs 4f2(@}—d96*{ F(a) +2 7'(@)}. 


The equation of motion 


d(@R) oR, 
dt\dp] Op 
is therefore p0+s7(a)}+9{F" +2 7'@)|=0, 


and the condition for stability is 


a 3 , 
| f'(a)+= f'(a)>0, 
the period of a vibration being 


= 1+f'? (a) "i 
V9 \f" (@)+3f (a)/a 


Example. If the surface is a paraboloid of revolution whose axis is vertical and 
vertex downwards, shew that the vibration-period is 


(Bae t 
FEW enya ig 
gy ) 


where / is the semi-latus rectum of the paraboloid. 


(iii) To determine the vibrations about steady motion of a top on a perfectly rough 


plane. 


Let A.denote the moment of inertia of the top about a line through its apex perpen- 
dicular to its axis of symmetry, and let 6 denote the angle made by the axis with the 
vertical, ¥ the mass of the top, and / the distance of its centre of gravity from its apex: 
then we have seen (§ 71) that after ignoring the Eulerian angles and y, the angle 6 is 
determined by solving the dynamical system defined by the kinetic potential 


(a—bcos 6)? 
2A sin? 6 


where a and } are constants depending on the initial circumstances of the motion. 


R=} A@— — Mgh cos 6, 


Let a, » be the values of 6 and ¢ respectively in the steady motion, so (§ 72) 
we have : 
An? cosa+ Mgh=bn, 


Ansin? a=a-— 6cosa. 


To discuss the vibratory motion of the top about this form of steady motion, we write 
6=a+.w where x is a small quantity, and expand £ in ascending powers of «, neglecting 
powers of x above the second and eliminating a and 6 by use of the last two equations ; 
we thus obtain for & the value 


R=} Ax?—} Az? {n? sin*a+(n cos a— MUgh|An)*. 
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The equation of motion for « is therefore 
&+ {n? sin? a+(n cos a— Mgh/An)*} 7=0. 

As the coefficient of # is positive, the state of steady motion 18 stable ; and the period 

of a vibration ts 
Qe {72 — 2M gh cos a/A +M*g*h?/A nye 2, 

(iv) The sleeping top. 

If we consider that form of steady motion of the top in which a is zero, so that 
the axis of the top is permanently directed vertically upwards, the top rotating about this 
axis with a given angular velocity, the method of the preceding example must be modified, 
since now the form of steady motion in which a is a small constant is to be regarded as a 
vibration about the type of motion in which a is zero: so that we may .now expect to have 
two independent periods of normal vibration, the analogues of which in the previous 
example are the period of the steady motion and the period of vibration about it. 

As in § 71, the kinetic and potential energies of the top are 

T=4A0?+1AG? sin? 64+30(p+¢ cs 6), 
V= Moh cos 6. 
The integral corresponding to the ignorable coordinate yf is 
b=C(¥+¢ cos 6), 
and hence after ignoration of y we obtain for the kinetic potential of the system the value 
R=} A6?+4 Ad? sin? 6+b¢ cos 8 — Mgh cos 0. 

In the two last terms we can replace cos 6 by (cos 6—1), since the terms — bd and Ugh 

thus added disappear from the equations of motion. 


As ¢ is not a small quantity throughout the motion, we take as coordinates in place of 
6 and ¢ the quantities £ and n, where 


£=sin 6cos¢, 7=sin 6 sind. 
From these equations, neglecting terms above the second degree in &, 7, a 7], we have 
624-2 sin? 6= £2472, 
sin? 6 = &}—né, 
1 —cos 6=4 (+79), 
R=YAE? +4 Aq? — 40 (Gj —n6) +4 Mgh (+7). 


The equations of motion are 


yea jatiag Ese 
dt a Oe 7% at\ay/ ty” 


ears Ughé=0, 


and so we have 


e Ajj bé — Mghn= 
If 27/A is the period of a normal vibration, on substituting t=Je™! » =Ke™ in these. 
differential equations and eliminating J and K we obtain the equation 
—)?4A — Mgh 7br =0, 
—7ibr —?A — Mgh 
or (r24 + Mah)? — b22=0, 


The two roots of this quadratic in \? give the values of corresponding to the two 
normal vibrations: we have therefore to determine the nature of these roots. 
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The solution of the quadratic is 


A 
N= 573 {b*- 2A Mgh +b (b?— 4A Mgh)?y, 


a0 7 +A= sy (b+ (P44 Mghyhy, 

The values of d are therefore real or not according as 6? is greater or less than 44 Mgh. 
Tn the former case the steady spinning motion round the vertical is stable: in the latter 
case, unstable. 


It must not be supposed, however, that in the unstable case the axis of the top 
necessarily departs very far from the vertical: all that is meant by the term “unstable” 
is that when ?<44Mgh the disturbed motion does not, as the disturbance is indefinitely 
diminished, tend to a limiting form coincident with the undisturbed motion. 


As a matter of fact, if b?-4AMgh, though negative, is very small, it is possible for the 
axis of the top in its “unstable” motion to remain permanently close to the vertical: but 
in this case the maximum divergence from the vertical cannot be made indefinitely small 
(for a given value of 6) by making the initial disturbance indefinitely small *. 


86. Vibrations of systems involving moving constraints. 


If a dynamical system involves a constraint which varies with the time 
(e.g. if one of the particles of the system is moveable on a smooth wire or 
surface which is made to rotate uniformly about a given axis), the kinetic 
potential of the system is no longer necessarily composed of terms of degrees 
2 and 0 in the velocities; terms which are linear in the velocities may also 
occur. The equations which determine the vibrations of such a system will 
therefore in general include gyroscopic terms, even when the vibration is 
about relative equilibrium: the solution can be effected by the methods above 
developed for the problem of vibrations about steady motion. The following 
example will illustrate this. 


Example. To find the periods of the normal vibrations of a heavy particle about its 
position of equilibrium at the lowest point of a surface which is rotating with constant 
angular velocity about a vertical axis through the point. 


Let (x, y, 2) be the coordinates of the particle, referred to axes which revolve with the 
surface, the axes of x and y being the tangents to the lines of curvature at the lowest 
point, and the axis of z being vertical. -Let the equation of the surface be 


Wd y? : 
z=-— + + +terms of higher order. 
2p, 2pe ; i 


The kinetic and potential energies of the particle are 

T= 4m ((e@—-yo) + (9 +20) +2, 

V=mgz. 
The kinetic potential of the vibration-problem is therefore 

. Re si ORS 
L= km {P47 +20 (49 — yk) +0" (a? +y?)} —mg (s + r) 5 
* A discussion of the stability of the sleeping top is given by Klein, Bull. Amer. Math. Soc. m1. 
(1897), pp. 129—182, 292. 
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The equations of motion are ; 
d (aL\ aL _o a Oe 
dt Gs) OR oe 


or 


2 


Grt2ot+y 2) =0. 


HO . int 
If the period of a normal vibration is 27/A, we have (substituting = Ae™ yy = Be 
the differential equations, and eliminating A and 3) 


—-NM-— 0? +9/p1 —2air ‘=0, ? 
Qorr . —)?-— 07+ 9/p2 
or (A2 + @? — g/p;) (A2-+ w?—g/p2) — 4X2 2 =(), 


The roots of this quadratic in \% determine the periods of the arial vibrhtionss 


MISCELLANEOUS EXAMPLES. 


1. A particle moves on a curve which rotates uniformly about a ‘fixed axis, the 
potential energy V(s) of the particle depending only on its position as defined by the 
arc s. Shew that the period of a vibration about a position of relative rest on the 


curve is : 
on (aa, (ee 
"{-o a °8 \"aVids a 


where r is the distance of the particle from the axis. 


2. Determine the vibrations of a solid horizontal circular cylinder rolling inside a 
hollow horizontal circular cylinder whose axis is fixed, shewing that the length of the 
simple equivalent pendulum is (6—a) (3+m)/(2M+m) ; where bis the radius and & the 
mass, of the outer cylinder, and a is the radius;and m the mass, of the inner cylinder. 

(Coll. Exam.) 


3. A thin hemispherical bowl of mass UY and radius a is on a perfectly rough © 
horizontal plane, and a particle of mass m is in contact with the inner surface of the bowl, - 
supposed smooth. Shew that when the system performs small oscillations, the motion of 
the particle and the centre of gravity of the bow] being in one plane, the periods of the 


normal vibrations are 2r/W/d, and 2r/Wdy, where A, and A, are the roots:of the equation 
mang —(g— an) (4g —¥aA) M=0. (Coll. Exam.) 
4. A string of length 4a is loaded at equal intervals with three weights m, M and m 


respectively, and is suspended from two points A and B symmetrically. Shew that if M 
perform small vertical vibrations, the length of the simple equivalent pendulum is 


a, CO8 a COS B sin (a ~.8) cos (a— 8) 
sin a cos? a+ sin 8 cos? B % 


where a and 8 are the inclinations of the parts of the string to the vertical. 
(Coll. Exam.) 


5. A uniform bar whose length is 2a is suspended by a short string whose length is 1; 
prove that the time of vibration is greater than if the bar were swinging about one 
extremity in the ratio 1+9//32a : 1 nearly. ; (Coll. Exam.) 
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6. An elliptic cylinder with plane ends at right angles to its axis rests upon two fixed 
smooth perpendicular planes which are each inclined at 45° to the horizon. Shew that 
there are two stable configurations and one unstable, and that in the former case the 
length of the equivalent pendulum is 


ab (a? +b%)/2/2 (a —b)? (a+b), 
a and 6 being the lengths of the semi-axes. (Coll. Exam.) 


7. A rough circular cylinder of radius a and mass m is loaded so that its centre of 
gravity is at a distance A from the axis, and is placed on a board of equal mass which 
can move on a smooth horizontal plane. If the system is disturbed slightly when in a 
position of stable equilibrium, shew that the length of the simple equivalent pendulum is 
k*/h+%(a—h)?/h, where mk is the moment of inertia of the cylinder about a horizontal 
axis through its centre of gravity. (Coll. Exam.) 


8. One end of a uniform rod of length 6 and mass m is freely jointed to a point in a 
smooth vertical wall ; the other end is freely jointed to a point in the surface of a uniform 
sphere of mass and radius @ which rests against the wall. Shew that the period of the 
vibrations about the position of equilibrium is 24/p, where 
p? {sin B sin? (a— 8) +3 cos asin (a—8)+# sin B cos? B}= ao (asin acos?a+6sin 8 cos? 8), 
a and B being given by the equations 


asina+bsin B—a=0, 
(4m+ HH) tan B— M tan a=0. (Coll. Exam.) 


9. A thin circular cylinder of mass M and radius 6 rests on a perfectly rough 
horizontal plane, and inside it is placed a perfectly rough sphere of mass m and radius a. 
If the system be disturbed in a plane perpendicular to the generators of the cylinder, find 
the equations of finite motion, and deduce two first integrals of them ; and if the motion 
be small, shew that the length of the simple equivalent pendulum is 

14M (b—a)/(10M + 7m). 
(Camb. Math. Tripos, Part I, 1899.) 


10. A sphere of radius ¢ is placed upon a horizontal perfectly rough wire in the 
form of an ellipse of axes 2a, 2b. Prove that the time of a vibration under gravity about 
the position of stable equilibrium is that of a simple pendulum of length 7 given by 
b¢dl = (a? — b?) (d?+k*), where k?=2c?/5 and d?=c?— 62. (Coll. Exam.) 


11. A rhombus of four equal uniform rods of length a freely jointed together is laid 
on a smooth horizontal plane with one angle equal to 2a. The opposite corners are 
connected by similar elastic strings of natural lengths 2a cosa, 2asina. Prove that if 
one string be slightly extended ‘and the rhombus left free, the periods during which 
the strings are extended in the subsequent motion are in the ratio 


(cos a)? : (sin a)?. (Coll, Exam.) 


12. A particle of mass m is attached by n equal elastic strings of natural length a to 
the fixed angular points of a regular polygon of n sides, the radius of whose circumscribing 
circle is c. Shew that if the particle be slightly displaced from its equilibrium position in 
the plane of the polygon, it will execute harmonic vibrations in a straight line, the length 
of the simple equivalent pendulum being 2mgac/nn (2c — a), and that for vibrations 
perpendicular to the plane of the polygon, the corresponding length will be mgac/na (c —a), 
d being the modulus of each string. (Camb. Math. Tripos, Part I, 1900.) 
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13. The energy-equation of a particle is 
F (x) #2 =2¢ (x) + constant, 
and a isa value of x for which ¢' (x) is zero. If p()(«) is the first derivative of ¢ (2) 
which does not vanish for «=a, shew that the period of a vibration about the position a is 
4 T(1/p) {—t (2p) f (a) zl 
bet r(1/2p44) Appl?)(a) J’ 
where A is the value of (x— a) corresponding to the extreme displacement. (Elliott. ) 


14. A cone has its centre of gravity at a distance c from its axis, there being in other 
respects the usual kinetic symmetry at the vertex. If the cone oscillates on a horizontal 
plane and the plane be perfectly rough, shew that the length of the simple equivalent 
pendulum is 

(cos a/Mc) (A sin? a+ C cos? a), 
whereas if this plane be perfectly smooth, the length is 
| (cos a/Me) (sin? a/A +cos? a/C). (Coll. Exam.) 

15. A number of equal uniform rods each of length 2a are freely jointed at a common 
extremity and arranged at equal angular intervals like the ribs of an umbrella. This cone 
of rods is put over a smooth fixed sphere of radius 6, each rod being in contact with the . 
sphere, and rests in equilibrium. Shew that, if the system be slightly disturbed so that 
the hinge performs vertical vibrations about the position of equilibrium, their period is 

a (e 1+3 sin? ai ery 
39 1+2 sin? a ? 
where sec’asina=a/b. (Camb. Math. Tripos, Part I, 1896.) 

16. A heavy rectangular board is symmetrically suspended in a horizontal position 
by four light elastic strings attached to the corners of the board and to a fixed point 
vertically above its centre. Shew that the period of the vertical vibrations is 


wheré ¢ is the equilibrium distance of the board below the fixed point, a is the length of 
a semi-diagonal, /=(a?+ cc?) 2, and 2 is the modulus. (Coll. Exam.) 


17. A heavy lamina hangs in equilibrium in a horizontal position suspended by three 
vertical inextensible strings of unéqual lengths. Shew that the normal vibrations are 
(1) a rotation about either of two vertical lines in a plane through the centroid, and 
(2) a horizontal swing parallel to this plane. i (Coll. Exam.) 


18. A uniform rod of length 2a is freely hinged at one end, at the other end a string 
of length 6 is attached which is fastened at its further end to a point on the surface of ‘a 
homogeneous sphere of radius c. If the masses of the rod and sphere are equal, find the 
motion of the system when slightly disturbed from the vertical, and shew that the 
equation to determine the periods is 


2abepus — gy? (be + 19ca + Sab) + g2p (35a + 156 +21c) — ge = 0. 
(Coll, Exam.) 

19. A uniform wire, in the shape of an ellipse of semi-axes a, b, rests upon a rough 
horizontal plane with its minor axis vertical and a particle of equal mass is suspended by 
a fine string of length / attached to the highest point. If vibrations in a vertical plane 
be performed, prove that their periods will be those of pendulums whose lengths are the 
value of x given by the equation 

{x (3b — 2a?/b) + 56? + &} (v—1) + 4697 =0, 
where & is the radius of gyration about the centre of gravity. (Coll. Exatn.) 
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20. A fine inextensible string has its ends tied to two fixed pegs in a horizontal 
line whose distance apart is three-quarters of the length of the string. The string 
also passes through two small smooth rings which are fixed to the ends of a uniform 
straight rod whose length is half that of the string. The rod hangs in equilibrium 
in a horizontal positién and receives a small disturbance in the vertical plane of the 
string. Shew that initially its normal coordinates in terms of the time are L cos (pt+a) 
and M cosh (g¢+), where p? and —q? are the roots of the equation 


(Coll. Exam.) 


21. A heavy uniform rod of length 2a, suspended from a fixed point by a string 
of length 3, is slightly disturbed from its vertical position. Shew that the periods of the 
normal vibrations are 27/p, and 2m/po, where p,? and p,? are the roots of the equation 


abp* — (4a + 3b) gp? +39? =0. 


22. A circular disc, mass M, is attached by a string from its centre ( to a fixed 
point 0. A particle of mass m is fixed to the disc at a point P on the rim. Find the 
equations of motion on a vertical plane in terms of the angles @ and ¢ which OC and OP 
make with the vertical, and prove that if the system vibrates about. the position of 
equilibrium the periods in these coordinates are given by the equation 


(M+ m) (pa — 9) {(Ul + 2m) ep® — 2mg} = 2mPcap', 
where a is the length of the string OC and c the radius of the disc. (Coll. Exam.) 


23. A hemispherical bow] of radius 26 rests on a smooth table with the plane of its 
rim horizontal; within it and in equilibrium lies a perfectly rough sphere of radius 6, and 
mass one-quarter of that of the bowl. A slight displacement in a vertical plane con- 
taining the centres of the sphere and the bowl] is given: prove that the periods of the 
consequent vibrations are 2m/p, and 27/po, where p,? and p,” are the roots of the 


uation 
. 156622? — 260bag +759? =0. (Coll. Exam.) 


24. A uniform circular disc of mass m and radius a is held in equilibrium on a 
smooth horizontal plane by three equal elastic strings of modulus ), natural length ¢ and 
stretched length 7. The strings afe attached to the disc at the extremities of three radii 
equally inclined to one another and their other ends are attached to points of the plane 
lying on the radii produced. Shew that the periods of vibration of the disc are 


Qe {u|(22—%)}# and Qe {ua/4 (a+l) (0-4) 4, 
where p=2mll,/3X. (Camb. Math. Tripos, Part I, 1898.) 


25. A particle is describing a circle ander the influence of a force to the centre 
varying as the nth power of the distance. Shew thi-t this state of motion is unstable if n 


be less than — 3. is 
Shew that, if the force vary as e @/r%, the motion is stable or unstable according as 
the radius of the circle is less or greater than a. (Coll. Exam.) 


26. A particle moves in free space under the action of a centre of force which varies 
as the inverse square of the distance and a field of constant force: shew that a circle 
described uniformly is a possible state of steady motion, but this will be stable only 
provided the circle as viewed from the centre of force appears to lie on a right circular 
cone whose semi-vertical angle is greater than arccos}. (Coll, Exam.) 

14—2 
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27. <A particle describes a circle uniformly under the influence of two centres of force 
which attract inversely as the square of the distance. Prove that the motion is stable if 
3cosécos@<1, where 6 and @¢ are the angles which a radius of the circle subtends 
at the centres of force. (Camb. Math. Tripos, Part I, 1889.) 


28. A heavy particle is projected horizontally on the interior of a smooth cone with 
its axis vertical and apex downwards; the initial distance from the apex is c and the 
semi-vertical angle of the cone is a. Find the condition that a horizontal circle should be 
described; and shew that the time of a vibration about this steady motion is that 
of a simple pendulum of length 4c sec a. (Coll. Exam.) 


29. A circular disc has a thin rod pushed through its centre perpendicular to its 
plane, the length of the rod being equal to the radius of the disc; prove that the system 
cannot spin with the rod vertical unless the velocity of a point on the circumference 
of the disc is greater than the velocity acquired by a body after falling from rest 
vertically through ten times the radius of the disc. (Coll. Exam.) 


30. Prove that for a symmetrical top spinning upright with sufficient angular 
velocity for stability, the two types of motion, differing slightly from the steady motion 
in the upright position, which are determined by simple harmonic functions of the time, 
are the limits of steady motions with the axis slightly inclined to the vertical, and that 
the period of the vibrations is the limiting value of that which corresponds to steady - 
motion in an inclined position when the inclination is indefinitely diminished. 

(Coll. Exam.) 


31. One end of a uniform rod of length 2a whose radius of gyration about one 
end is & is compelled to describe a horizontal circle of radius c with uniform angular 
velocity w. Prove that when the motion is steady the rod lies in the vertical plane 
through the centre of the circle and makes an angle a with the vertical given by 

wo? (k? + ac cosec a) =ag sec a. 

Shew that the periods of the normal vibrations are 2m/);, 27/A2, where Aj, Az are the 
roots of 
(A?)2 sin a — w*ac) (47? sin a— w2ac— wh? sin? a) = 407k? sina cos? a. 

(Camb. Math. Tripos, Part I, 1889.) 


32. Investigate the motion of a conical pendulum when disturbed from its state of 
steady motion by a small vertical harmonic oscillation of the point of support. Can the 
steady motion be rendered unstable by such.a disturbance? (Coll. Exam.) 


33. The middle point of one side of a uniform rectangle is fixed and the line joining 
it to the middle point of the opposite side is constrained to describe a circtlar cone 
of semi-angle a with uniform angular velocity. The rectangle being otherwise free, 
find the positions of steady motion and prove that the time of a vibration about the 
position of stable steady motion is equal to the period of revolution divided by sin a. 

(Coll. Exam. ) 


34. A solid of revolution, symmetrical about a plane through its centre of gravity 
perpendicular to its axis, is suspended from a fixed point by a string of length b which is 
attached to one end of the axis of the solid, this axis being of length 2a. The mass 
of the solid is J, and its principal moments of inertia at its centre of gravity are 
(A, A, C). If the solid is slightly disturbed from the state of steady motion in which the _ 
string and axis are vertical, and the body is spinning on its axis with angular velocity n, 
shew that the periods of the normal vibrations are 2m/p, and 27/p,, where p;? and pe? are 
the roots of the equation 

Ma?gp? = (9 - bp*) (Mag + Crp — Ap”). 
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35, A symmetrical top spins with its axis vertical, the tip of the peg resting in 
a fixed socket. A Second top, also spinning, is placed on the summit of the first, the tip 
of the peg resting in a small socket. Shew that the arrangement is stable provided the 
equation 

(Mega? + Coax + A) {(M'e' + Mh) gx? + C0’ 0'x + (A’ + Mh?)} = M2?) 

has all its roots real; Q, Q’ being the spins of the upper and lower tops respectively, 
M, M' their masses, C, C’ their moments of inertia about the axis of figure, A, A’ about 
perpendiculars through the pegs, ¢, ¢ the distances of the centroids from the pegs, and 
the distance between the pegs. (Camb. Math. Tripos, Part I, 1898.) 


36. A homogeneous body spins on a smooth horizontal plane in stable steady motion, 
with angular velocity about the vertical through the point of contact and the centre of 
gravity. The body is symmetrical about each of two perpendicular planes through the 
vertical. The principal radii of curvature at the vertex on which it rests are p;, p2; the 
moments of inertia about the principal axes through the centre of gravity (parallel to the 
lines of curvature) are respectively A and B, and that about the vertical is C. The 
height. of the centre of gravity about the vertex is a=a,+p,=a,+p2; and do? is the 
weight of the body. 


Shew that the following conditions must be satisfied : 
(i) (Aa, +4—C) (Aa, + B—-C)>0, 
(ii) A(aqA+a,B)<AB+(A—C)(B-O), 
(iti) The value of A must not lie between the two values 
(A+ B-O)[VB {0,4 +0y(A— O)}P 4A (agB +0, (B- 0)? P/(a, 4 — BY, 
if the two radicals in the expression are both real. 
(Camb. Math. Tripos, Part I, 1897.) 


CHAPTER VIII 
NON-HOLONOMIC SYSTEMS. DISSIPATIVE SYSTEMS 


87. Lagrange’s equations with undetermined multipliers. 


We now proceed to the consideration of non-holonomic dynamical systems. 
In these systems, as was seen in § 25, the number of independent coordinates 
(1, Ges «++» Yn) Yequired in order to specify the configuration of the system at 
any time is greater than the number of degrees of freedom of the system, 
owing to the fact that the system is subject to constraints which will be 
supposed to do no work, and which are expressed by a number of non- 
integrable* kinematical relations of the form 


Ayxdq, + Andget ... + Anedgn+ Tydt =0 (eel 2 ring 1), 
where Ay, Ay, °..->. Adm, Li, Ia, c-+> Lm ate given functions’ of “gy, 
qe, SOUL Fn» t. 


The most familiar example of such a system is that of a body which is constrained to 
roll without sliding on a given fixed surface: the condition that no sliding takes place is 
expressed by two relations of the type given above. A still simpler example is that of a 
vertical wheel with a sharp edge which rolls on a horizontal sheet of paper, as in the 
integraph of Abdank-Abakanowicz and the integrator of Pascal: the wheel moves only in 
its own instantaneous plane, the friction at the sharp edge preventing it from slipping 
sideways. If (#, y) are the rectangular coordinates of its point of contact with the 
paper, and ¢ the azimuth of its plane, we have in this case the non-holonomic equation 
of condition 


dy —tan d.dx=0. 

The number of kinematical relations being m, the system will have 
(n—m) degrees of freedom; it is not possible to apply Lagrange’s equations 
directly to such a system, but an extension of the Lagrangian equations will 
now be given which will enable us to discuss the motion of non-holonomic 
systemis in a way analogous to that previously developed for holonomic 
systems. 


Consider then a non-holonomic system, whose configuration at any 
instant is completely specified by n coordinates g;, g2, ..., gn; let the 
kinetic energy be 7’, and let the kinematical conditions due to the non- 
holonomic constraints be expressed by the relations 


Axdq, + Axdq.+ S005 Aen ae T,dt = 0 (k= 1, 74. ee RT): 


* If these relations were integrable, it would be possible to express some of the coordinates 


(91, 92) ---» Yn) in terms of the others, and the n coordinates would therefore not be independent: 
which is contrary to our assumption. 
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Now it is open to us either simply to regard the system as subject to 
these kinematical conditions, or in place of these to regard the system as 
acted on by certain additional external forces, namely the forces which have 
to be exerted by the constraints in order to compel the system to fulfil the 


kinematical conditions; we shall for the present take the latter point of 
view. Let 


Qi dq, a= Q, 892 Tose + Qn 89n 


be the work done on the system by these additional forces in an arbitrary 


displacement (5q:, 5q2, -.-, 5¢n) (which is now not restricted to satisfy the 
kinematical conditions), and let 


Q,8q, + Q28q2 +. t Qn 8dn 
be the work done on the system by the original external forces in this dis- 
placement. Since the substitution of additional forces for the kinematical 


relations has made the system holonomic, we can apply the Lagrangian 
equations; we have therefore 


d (oT\ of ; : 
Hi (a5.) ~ aq Ort (r=1, 2, ..., ) 
as the equations of motion of the system. 


The forces Q,’, Q.’, ..-, Qn’ are unknown: but they are such that, in any | 
displacement consistent with the instantaneous constraints, they do no work. 
It follows that the quantity 


Qi dq Te Q.’dq2 3 O00! 1 Qn’ dan 


is zero for all values of the ratios dq,:dg,:...:dq, which satisfy the 
equations 


Axydq, + Andq +... + Anidgn = 9; 
hence we must have 

QQ, =MAnt MA; t .0) + AmArm (r= 15 2; .:., n)} 
where the quantities \,, A», ..., Am are independent of r. We thus have 
altogether the (n+m) equations 
5 (35.) = 57 Ort Ant Ant SE SNAG roel 2M n) 

| Ange AgGs tit AadatTen Oy s(bady 202-52); 

and these are sufficient to determine the (n+m) unknown quantities 
Jas Gar +++ Yn Ary Nas eves Aen: The problem is thus reduced to the solution 
of this set of equations*. 


* The extension of Lagrange’s equations to non-holonomic systems is due to Ferrers, Quart. 
Journ. Math. xu. (1871), p. 1: C. Neumann, Leipzig Berichte, xL. (1888), p. 22: and Vierkandt, 
Monatshefte fiir Math. u. Phys. m1, (1892), p. 31. 
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88. Equations of motion referred to axes moving in any manner. 


The method given in the preceding article depends essentially on the 
reduction of the non-holonomic system to a holonomic system by introducing 
the forces due to the nqn-holonomic constraints. In practice, this is often 
most conveniently done by forming separately the equations of motion of 
each of the-bodies of the system. It is moreover frequently advantageous 
to use axes of reference which are not fixed either in space or in the body, 
and we shall now find the equations of motion of a rigid body referred to 
axes which have their origin at the centre of gravity of the body, and are 
turning about it in any manner*. 


Let G be the centre of gravity of the body, and let Gayz be the moving 
axes. Let (u,v, w) be the components of velocity of the centre of gravity 
resolved parallel to these axes, and let (@, 4, @;) be the components of 
angular velocity of the system of axes Gayz resolved along the axes them- 
selves; further let (@,, @2, 3) be the components of angular velocity of the 
body, resolved along the same axes. Then (§ 64) the motion of G is the same 
as that of a particle of mass M, equal to that of the body, acted on by forces 
equal to the external forces which act on the body (including all forces of 
constraint, except the molecular reactions between the constituent particles 
of the body); let (X, Y, Z) be the components parallel to the axes Gayz of 
these external forces. 


The component of velocity of @ parallel to Ga is u, and consequently 
(§ 17) the component of its acceleration in this direction is 1 — v6, + w6,; we 
have therefore the equation 

M (u — v0; + w8,) = X, 

which can be written 
d (oT or oT 
where 7’ denotes the kinetic energy of the body, expressed in terms of 
{U, V, W, @, @, @3); and similar equations can be obtained for the motion 
of G parallel to the axes Gy and Gz. 


Consider next the motion of the body relative to G, which (§ 64) is 
independent of the motion of G; from §§ 62, 63, we see that the angular 
momentum of the body about the axis Ga is 07'/d,, so that the rate of 
increase of angular momentum about an axis fixed in space and _in- 
stantaneously coinciding with Gx is 
d (oT Or or 
i Fi Wiese f mee eee + 0, awl 
dt \do, 0M. 0a; 

* In the applications of this method, the axes are usually chosen subject to the condition 


that the moments and products of inertia of the body with respect to them do not vary; but this 
condition is not’ essential. 
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If L, M, N denote the moments of the external forces about the axes 
Gayz, we have therefore (§ 40) 
dad (oT or or 
dt (30,) ~ 8 da oer 
and two similar equations. 


eos 


Hence finally the motion of the body is determined by the six equations 


3 (5) oT or d (oT 

Dy BS a a d or =. or 

dt \du 3 By + Gear 28, Fi (Buz) ~ 9 5a Soe = D> 
meee ar ot d oT ar 

sid Dats Peal Seales Cte Rg ie aL 

dt = “Ow +; Ou us dt (a) Gs; SER aie uf 
d fT or oa? dav or oor 

Fi (bug) ~ 8 by 8 Gy = Fi (5a,) ~ Sao: + 5 = 


It will be observed that these are really Lagrangian equations of motion 
in terms of quasi-coordinates, and could have been derived by use of the 
theorem of § 30. 


Example. If the origin of the moving axes is not fixed in the body, let (7, ue, us) 
be the components of velocity of the origin of coordinates, resolved parallel to the 
instantaneous position of the axes; let (@,, 42, 63) be the components of angular velocity 
of the system of axes, resolved along themselves; let (v,, 72, v3) be the components of 

- velocity of that point of the body which is instantaneously situated at the origin of 
coordinates; and let (1, 2, 3) be the components of angular velocity of the body, also 
Cea to the moving axes. Shew that the equations of motion can be written in 
the form 


d (oT or on 
dt Gs.) = 9s bit bps 
d (oT or or 
Si (Bo;) 8355 883, = F 


d (oT ) a Ad 

dt (Gi) % om Bethe 
ad (oT oT oT oT oT 
di a) — U3 Bean 2 Ov, = 83 aaa ia 


d (eT oT oT oT oT 
5( \~ apes Goad Owen bo wi 


dt Opi) COU; A ce Oop 8 Ong 


0a 
where (X, Y, Z, L, M, N) are the components and moments of the external forces with 


reference to the moving axes. 


89. Application to special non-holonomic problems. 
We shall now consider some examples illustrative of the theory of non- 


holonomic systems. 

Example 1. Sphere rolling on a fixed sphere. 

Let it be required to determine the motion of a perfectly rough sphere of radius a and 
mass m which rolls on a fixed sphere of radius 6, the only external force being gravity. 
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Let (6, 6, @) be the polar coordinates of the point of contact, referred to the centre of 
the fixed sphere, the polar axis being vertical. We take moving axes G'ABC, where G is 
the centre of the moving sphere, GC is the prolongation of the line joining the centres of 
the spheres, GA is horizontal and perpendicular to GC, and GB is perpendicular to GA 
and @C, in the direction of 6 increasing. 


With these axes we have, in the notation of the last article, 
6,= -6, 6,= — sin 6, 0s= > cos 8, 
u=—(a+b)dsiné,  v=(a+b)é, w=0, 
T=3m {uteoteuts 5 (ost or + ox}, 
and if F, F’ denote the components. of the force at the point of contact parallel to GA 
and GB respectively, we have 
Af, Y=mgsin6+F’, 
L=F'a, M=-Fa, N=0. 
The equations of motion of the last article become. therefore 
m (ut —v63)=f = — am (a2 — 6103 + 6304), 
m (6+u63)—mgsind=F’= gam (d,—6302+ 6203), 
3 — 09.01 + 0; og=0. 
Moreover, the components parallel to the axes GA, GB of the velocity of the point of 


contact are %—ae, and v+a@,, and consequently the kinematical equations which express 
the condition of no sliding at the point of contact are 


U—Ae,=0, v+daa,=0. 
Eliminating F, F’, o,, 2, we have 
ut — vO3 — 2.46; 03=0, 
“4 6+163— #00203 — $9 sin 6=0, 
=. 
The last equation gives ;=n, where 7 is a constant ; while substituting for w, v, 6,, 62, 
in the first two equations their values in terms of 6, 6, 6, we have 


( (a+b) © (sin 6) + (a+b) 6f cos 4 Fanb=0, 


(0) 6 — (a+b) g? cos 6 sin 6+#an ¢dsin 6—$g sin 6=0. 


The former of these equations can be integrated at once after multiplying throughout 
by sin 6, and gives : 
(a+) psin? 6+4an cos 6=k, 


where & is a constant. Moreover, multiplying the second equation throughout by 6 and 
the first equation by #sin 6, and adding, we obtain an equation which can be at once 
integrated, giving 


62+? sin? 640 ots cos 06=h, 


where / is a constant ; this is really the equation of energy of the system. 
Eliminating ¢ between these two integral equations, we have 
(a+b)? sin? 6. 62= —(k—%an cos 6)*—329 (a+b) sin? 6 cos6+h (a+b)? sin? Bie 
and on writing cos é=4, this equation becomes 
(a+b)? 2=h (a+b)? (1 — 2) -(k-Fanx)?-12g (a+b).#(1—2?), 
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The cubic polynomial in x on the right-hand side of this equation is positive when 
a= +, negative when #=1, positive for some real values of 6, i.e. for some values of x 
between —1 and 1, and negative when x=—1; it has therefore one root greater than 
unity, and two roots between 1 and —1; we shall denote these roots by 

| ; cosh y, cosP, cosa, 
where cos8>cosa; and we then have 


4 
(F ws) (t +2)= | (e—cosb y) (@ - cos 8) (#— cos a)}~ da, 
where ¢ is a constant of integration. 
Writing 
a= ~ z+4 (cosh y+cos 8 +cos a)= 


the equation becomes 


l4a+d Th (a+b)? + 4a?n? 
5 g 30g (a +6) ’ 


trem | (4 (ze) (2&9) (2-es)} =o dz, 


or z=@ (t+e), 
where the function @ is formed with the roots 


_ 59g That | 
“14 (a+) feosby ~— BOg(a+b) J’ 
, eevbg ee ee 
“14 (a+b) {eos ~~ B0g(a+b) 


Qty {eos Th(a+by+ ee : 
als (a +6) o 30g (a+b) : 
these quantities ¢, €:, ¢3 are all real, and satisfy the relations 
Qyteot+es=0, & > eg > es. 

Now z is real for real values of ¢ and (since & is real) lies between cosa and cos B; 
so zis real and lies between e, and ¢3;; hence the imaginary part of the constant e in the 
argument of the @-function is the half-period corresponding to the root es, which we shall 
denote by w; the real part of « may be taken to be zero by suitably choosing the origin 
of time: and therefore we have finally 


7h(a+b)?+ ¢a*n? 
Sob Bird a). ea 2s 


5 g 30g (a+b) ~ 
This equation gives the variable 6 in terms of the time: the other coordinate ¢ of the 
centre of the moving sphere is then obtained by integrating the equation 
puta Fan cos 8 
o= a+b) sin?! | 
this integration can be effected by a procedure similar to that used ($ 72) to obtain the 
Eulerian angles which define the position of a top spinning on a perfectly rough plane. 


Example 2. A rough sphere rolls in contact with the outside of a fixed rough sphere, 
under gravity ; if z,, 23 be the greatest and least heights of its centre, during the motion, 
and z be the height at a time ¢ from an instant when z was equal to z:, prove that 

(22 = 2) [@ (t) — €2]=(ze— 2s) (1 — €2), 


= —e,—¢,) are real quantities in descending order of magnitude. 
eis gid 2 (Coll. Exam.) 
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Example 3. Sphere rolling on a moving sphere. 


Consider now the motion of a rough sphere of radius a and mass m which rolls under 
gravity on another sphere, of radius b and mass J, the latter sphere being free to turn 
about its centre O, which is fixed. 


Let (6, @) be the polar coordinates of the point of contact referred to axes fixed in space 
with the fixed centre as origin, the axis from which 6 is measured being vertical. 


To obtain the equations of motion of the sphere m, we take (as in the last example) 
moving axes GABC of which @C is the prolongation of the line OG joining the centres of 
the spheres, and GA is horizontal. Let (6), 62, 63) denote the components of angular 
velocity of the coordinate-system resolved along its own axes, and let («;, @:, #3) denote the 
components of angular velocity of the sphere m along the same axes. Then, as in the last 
example, we have 


6,= —4, 6,= —dsin 6, 63= cos 6. 
u=—(a+b) psin d, v=(a+b) 6, w=0, 
2a? 
T=4m {uteotsut (@? + wo? + @ 3") ’ 
and if F, F’ be the components of the force acting on the sphere m at the point of contact 
parallel to GA and GB respectively, we have 
X=F, Y=mg sin 6+ F", 
L=F'a, MU= -— Fa, N=0, 


so the equations of motion become 


m (u—vb3)=F =—#am (do — 81 03 + 630) oc eeeccocccccccces (is 
m (0+ UO3)— mg sinO=F"= Zam (1 — O3@2+ 203) «..--eeeeeeeeeeees (2), 
3 — 05@,;+ 6; @2=0 pis eislnveieisielsie'e'eiaieioie/sivieaisinaleisialaiereicie wieteiclalercieisisieteisielaieie arias (3). 


To determine the motion of the sphere M, we take moving axes parallel to the axes 
GABC, but with their origin at O; let (Q,, Q:, Q3) denote the components of angular 
velocity of the sphere resolved along these axes. Then for the sphere M we have 


T=3M. 20? (0,7+ 0,7 + 057), 


and its equations of motion are 


— 2b (GQ2— 0,93+632,)=F" oer eee ee secre rece ewesssneeneses (A), 
$OM (Gy — 0305+ Og03) =F" oo. ceccccseccescsccescseesees (5), 
Q3 — 692; + 6; Qe = Oaen ae Rade et Oren BSCaD OUD: (6). 


The conditions of no sliding at the point of contact are 
U—GAa,=b92, V+ da, = — bQ, Wien 0 00.0 ofe biel cicieisicss siveieice suis cic Op 


In order to solve this set of equations we multiply equations (3) and (6) by a and 6 
respectively, and add ; thus, using (7), we have 


A@3+ bO; +ué, = V0,= 0, 
or @3+b03 =0, 
Integrating, we have 


aw3+bQ,=an, where 7 is a constant. 
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Moreover, from equations (4) and (7) we have 
— $MU (u — de@,- 66,23 = O30 = @3a@,) ie 
Eliminating F' and 62+630, between this and equations (1), we have 


7M+5m ,. 
Wa (&u—63v)=anb,, 


2Man6 
(FM +5m)(a +6) Org te wcaeeevscacsess (A). 


Similarly from equations (5) and (7), we have 
$M = v — Aa, — 103+ 48,.09+ 66,23) =F". 
Eliminating F” and 6, — 6,0, between this and equations (2), we have 


5m+7H ,. 5: 
oT (0+ uO3) = and,+ Bee) g sin 6, 


or © (sin 6) +6) cos 6— 


2M 
Heese 5 (M+ m) g sin 6 an 2M he ’ 
2 PEt SUL A Bt SE aan a 
or 6—¢? sin 6 cos 6 (Sm+7M(a+b) ran zy P sing Pile ne: (B). 


Now the equations (A) and (B), from which @ and ¢ are to be determined in terms of t, 
are of essentially the same character as the equations found for the determination of 6 
and ¢ in the previous example: the former equations being in fact derivable from the 
present ones by making M very large compared with m. The integration therefore 
proceeds exactly as in the former case. 


Example 4. A uniform sphere rolls on a perfectly rough horizontal plane, under 
forces whose resultant passes through its centre. Shew that the motion of its centre 
is the same as that of a particle acted on by the same forces reduced in the ratio 5 : 7. 


Example 5. Form the equations of motion of a perfectly rough sphere rolling under 
gravity inside a fixed right circular cylinder, the axis of which is inclined to the vertical at 
an angle a; and shew that, if the sphere be such that #7=4a%, a being its radius and & 
the radius of gyration about any diameter, and if it be placed at rest with the axial plane 
through its centre making an angle 8 with the vertical axial plane, the velocity of 
the centre parallel to the axis, when this angle is @, is 


rte aes 
$ Ce) {sin } @ arccosh (cos 34 sec $8) + cos 34 arccos (sin $6 cosec $8)}, 
where 6+a is the radius of the cylinder. (Camb. Math. Tripos, Part I, 1895.) 


For other examples cf. Woronetz, Math. Ann. uxx. (1911), p. 410. 


90. Vibrations of non-holonomic systems. 


We shall next consider the small vibratory motions of a non-holonomic 
system : it will appear that so far as vibrations about equilibrium are con- 
cerned, the difference between holonomic and non-holonomic systems is 
unimportant. - 


For consider the vibrations about equilibrium of a non-holonomic system 
with m independent coordinates and (n—m) degrees of freedom, in which 
the constraints are independent of the time. Let 7’ be the kinetic and V the 
potential energy, so that for the vibrational problem 7’ will be supposed to be 
a homogeneous quadratic function of (G1, Gz, «+> qn), and V to be a homogeneous 
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quadratic function of (q, q2,---, Qn), the coefficients in both cases being 
constants. There are m equations of the type 


Agi + Auge +... + AnkGn = 9 (k=1, as Ay; mm); 


which express the non-holonomic constraints; and the equations of motion 


are (§ 87) 


d Ole OV 
(=> ‘A om se Ly Ze seit): 
From these am ae it is evident that A,, Xe, ..., Am are in general small 


quantities of the order of the coordinates; and therefore for the vibrational 
problem only the constant parts of Ay, Ay, ..., Anm need be considered. The 
vibrational motion is therefore the same as if the coefficients A,,, Ay,..., Anm 
were constants independent of the coordinates; but in this case the equations 


Angi + Antge+ ++ + AnkGn = 0 (k =1, 2,...,m) 
can be integrated; in fact, they give 
Aug t Akgat .:- + Ansgn = 9 (k= 1; 2, ...;m), 
the constants of integration being zero since the values 
9 =0, g2=9,..-, Gn=O 
represent a possible position of the system. 

It follows that the vibratory motion of the given non-holonomic system is 
the same as that of the holonomic system for which the equations of con- 
straint are expressible in the integrated form 

Angi t+ Anget -.- + AntGn =0 (4 = 1, 2, ...,m); 


-we can therefore determine the vibrations by using these equations to elimi- 
nate m of the coordinates (q,, q2,---, Qn) from 7 and V; we shall then have 
a holonomic system with (n — m) degrees of freedom, the kinetic and potential 
energies being expressed in terms of (n—m) coordinates and the corre- 
sponding velocities: the vibrations of this system can be determined by the 
usual method described in the preceding chapter. 


As an example, we shall consider the following problem *. 


A heavy homogeneous hemisphere is resting in equilibrium on a aes rough horizontal 
plane with its spherical surface downwards. A second heavy homogeneous hemisphere is 
resting in the same way on a perfectly rough plane face of the first, the point of contact 
being in the centre of the face. The equilibrium being slightly disturbed, it is required 
to find the vibrations of the system. 


Take as axes of reference 


(1) A rectangular set of axes Z,xyz fixed in the upper hemisphere, the origin being 
its centre of gravity Z. 


* Due to Madame Kerkhoven-Wythoff, Nieuw Archief voor Wiskunde, Deel 1v. (1899). 
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(2) A rectangular set of axes Z, éng, fixed in the lower hemisphere, the origin being 
its centre of gravity Z,. 


ah (3) A rectangular set of axes Rlmn fixed in space, the origin R being the equi- 
librium position of the point of contact of the lower hemisphere and the plane. 


We further define these axes by supposing that in the equilibrium position the axes 
2,2, 24, and Rn are vertical and therefore coincident, while the axes 2,2, Z,é, Rl 
are parallel, the axes Z,¥, Zn, and Rm being therefore also parallel. 


Suppose that at time ¢ the coordinates of a point referred to ‘these different sets 
of axes are connected by the equations 


E=ataLtay +ag2z, 
7 =B+8, +B y+Bs2, 
C =ytnet yoy +732, 
b=at+a&+a9n +436, 
m=b+b E+ boy +656, 
M=C+ OE + Con +06, 

The 24 coefficients in these transformation-formulae completely specify the position of 
the system at any instant. As however the system has only six degrees of freedom, there 
must be 18 equations connecting these coefficients or their differentials. Of these, 12 are 
the ordinary conditions of the types 

ay? +ag+a3?=1, 18; +4282+4383=0, 
Gy + aq? +ag=1, a1b,+42b,+a3b3=0, 
which express the orthogonal character of the axes; the remaining 6 are the conditions of 
contact and rolling, which we shall now find. 


Let &,, Rz be the radii of the lower and upper hemispheres respectively, and /,, ls 
the distances of the centres of gravity from their plane faces, so /;,=2% 2,, ,=3R,. The 
coordinates of the point of contact of the upper hemisphere with the lower are 


m= —Reyi, Yo=—Rey2x, 2=l—- Keys; 
- the conditions that this point shall be at rest relative to the lower hemisphere are 
G+ Gy 22+ GeYo+ 4g2=0, 
B+ 62+ Bays +bo%2=0, 
YY Let y2Yat Ya%2=0- 
The last of these eeestiont gives y+/,73=0, which is the differentiated form of the 
equation | 
4—y-ysla= — Re, 
an equation which expresses the condition of contact of the two hemispheres: while 
the first two of the equations give 
G— dy Roy, — da Reye + ag (lp - Rays) =9, 
B-B, Roy1.—B2Ray2tBs (l2— Bays) =9, 
and these express the condition of rolling of the upper.on the lower hemisphere. These 
equations give as a first approximation 
é=ds(Ry—hy),  B=Bs(Fa—ls), 
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and therefore on integration 
a=a3(H,—l2), B=B3(f2—l2). 
Similarly the condition of contact of the lower hemisphere and the horizontal plane is 
* C+03,=h,, 
and the conditions of rolling aré 
a=d3(R,—-t), b=b3(,—4). 
We have thus now obtained the 18 equations connecting the 24 coefficients: taking 


a2, B3, 71, &, 53, ¢, a8 the 6 independent coordinates of the system, and solving for 
the other 18 coefficients in terms of these, we find with the necessary approximation 


a =; (l,— Rp), a =c, (l,—2,), 

a, =1—$(az?+1"), a =1—$ (a?+¢,”), 
ag= — 41. d3= —¢y. 

B =B3 (Re - la), b =6b3(R,—h), 

Bi = — a2, {a= 
Ba=1=$ (as? +857). ba=1—} (ag? + 3”). 


y2= —Bs, Co= — bs, 
y¥s=1-4$ (1? +B"). 


The potential energy of the system is 


( = Roth —lz {1—4$ (17+ B3")}, | e =R,—1, {1-3 (ce? + b3”)}, 


g=1—4 (c,2-+ 052). 


V=Myge+ Mog (ct+cat+e8+ czy), 
or, retaining only small quantities of the second order, 


Vig = bs? (qs Ry My — 35 Re Me) — § Me Ro b3B34 335 Bs? Mo Re + 0,7 (7% 2 My — Py Re Me) 
—§ MoReq + fee Roy”. 


If now we express the coordinates 1, m, n of any particle of the upper or lower 
hemisphere in terms of its coordinates relative to the axes Z,xyz and Z,&n¢ respectively, 
and form the sim }3m (l#+7?+47%2) for each hemisphere, neglecting terms above the second 
order of small quantities, and remembering that the principal moments of inertia of 
a hemisphere of mass VM and radius & at its centre of gravity are 2MR*, §3,UR?, 
$35; Uh?, we find for the kinetic energy of the system the value 7’, where 


QT = 24o? (My Ry? + Me Re?) + 4 doay My Re? + 3 ao? MoRe? 
+b3? {43 Ro M, + Me (38 RP +R, Ro +2,?)} + 2b385 Me Re (48 Ro+$ Ri) +43 Be? Me RP 
+6)? (33 RPM, + Me (33 RE +R, Lot R,”)} + 26 1 Me Re (3 Ry +4§ Re) +43 7? MR. 
The equations of motion evidently separate into three distinct sets, consisting of 
(i) Equations for the coordinates a, and ag: these coordinates give rise to no terms 
in V, and do not correspond to vibrations in the stricter sense: in fact, the equilibrium 


is not disturbed if either of the hemispheres is turned through any angle about its axis of 
revolution. We can therefore neglect these equations. 


(ii) Equations involving the coordinates b; and 85. 


(iii) Equations for the coordinates c, and y,; these are exactly the same as the 
equations for 6; and £3, so we need consider. only the latter. 
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The equations for bs and 8; are, in extenso, 
{86 By? My + Me (Ry+ § Ry Ro +43 Re®)} by +My Ro (& Ry +43 Re) Bs 
e +9 (§ Ri My — § Re M2) bs — 39 Mp R2B3=0, 
($2, +33 Re) bs +3§ Hobs — 8963+ 3983=0. 
The corresponding determinantal equation for A, where 2m //X is a period, is 
BF Mh + Me (Ry? + $y Ro +33 Rdg (BR Mi— ERM) My Re (SR +43 Ra) r+ Sg Rs|=0. 
($i +4§ Re) A+ 89 $§-R2d— 89 
This is a quadratic equation in A: it is easily found that its roots are positive if 
9R, M, >40R2 Mp, 
-and this as the condition for stability of the equilibrium. 


The vibrations of non-holonomic systems about a state of steady motion 
are most conveniently discussed by use of the equations of motion given 
in §88. The method will be illustrated by the following example. 


Example. A solid of revolution has an equatorial plane of symmetry, and is rolling 
uith ungular velocity n round its axis in steady motion on a perfectly rough horizontal 
plane, the equatorial plane of the solid being vertical. This motion being slightly disturbed, 
to find the period of a vibration. 


Let G be the centre of gravity of the solid, and let (C, A) be its moments of inertia 
about the axis and about a line through G perpendicular to the axis. Take as moving 
axes of reference Gayz, where Gz is the axis of the solid, Gy is perpendicular to the plane 
through Gz and the point of contact (so Gy is horizontal), and Gx is normal to the plane 
Gyz. Let F, F’, R be the components of the force acting on the solid at the point 
of contact, #’ being in the plane Gzz, F’ being parallel to Gy, and & being normal to the 
plane. Let (6,, 65, 63) and (@;, 2, #3) denote as usual the components of angular 
velocity of the axes and of the body respectively, and let (w, v, w) be the components of 
the velocity of G, parallel to the moving axes. Further, let p be the radius of curvature 
of the meridian of the solid at the equator, a the radius of its equatorial circle, 6 the 
angle made by Gz with the vertical, and ¢@ the angle between Gy and its undisturbed 
direction. Then we have 


6, =0|= —¢sin 8, 62= w2=6, 63= cos 0, 
and the kinetic energy is 
T=4M (w+ v2 + w2) +44 (w? + 027) + $ Coos”. 
The equations of § 18 therefore give, if P is the point of contact, PK the perpendicular 
from this point on the axis, and GW the perpendicular from G on the horizontal plane, 


M (% — 063+ Wy) =F cos 6—(R—g) sin 6, 
M (6 —w6, +63) =i Mis 

M (w — U8o+v6;) =(R— Mg) cos 6+ F'sin 6, 
Ad — 4@263+ Co362= —F". GK, 

Ady — Ca36,+ Ao,6;= —F.GN-h. NP, 

Cos ee aie 


In these equations, GX and WP are measured positively parallel to the positive direction 


of the axis of z and the horizontal projection of this direction respectively. 
15 
Ww. D. 
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The conditions of no sliding at P are 
fe cos 6+wsin 0—GN, a,=0, 
v+PK.03—GE. w; =i) 


and the condition of contact of the body and plane is 


w cos 6—w sin a= 2 (- GK cos 6+ PK sin 6). 


These equations determine the motion in the géneral case, when the disturbance from 
steady motion is’ not supposed to be small. When this latter assumption is made, 
we have 


O=F +x, O3=N+0, V=—an+n, 
where x, @, 7 are small; and F, F’, u, w, @1, we, 6, 62, 63 are small, while # is nearly 
equal to Mg. Moreover we have VP=(p-a) x. The equations therefore become 

HU (%+an,)= —h+ Ma, 


Mi =i 
UM (1b — an6,)= F, 
Ad,+Cné, =0, 
\ Ade— On, = —Fa—Mg (p—a) x, 
Ca — ia, 
W — Awe =0, 
nt+aw =0, 
where o> 6,=-4, @2=6,= x, O3=0. 


Eliminating F, F’, R, and replacing 6,, 62, 03, @,, w2 by their values, the equations 
become 


4g" Cnx =0, 
Bit Me nb tly —a) x+Maw=0, 
c = Man, 
I = aX; 
0 : =—-aa. 


From the third and fifth of these equations we see that # and 7 are zero, and therefore 
@ and 7 are constants. The other three equations give, on eliminating w, 


{ Ad —Cnx=0, 
(Ma? +A) x+ (C+ Ma?) np + Hg (p= a)x=0, 
and therefore the equation for the determination of x is 

A (A + Ma*) X+{MgA (p—a)+ Cn? (C+ Ma} y=0; 
this equation shews that the ok of a vibration is 


an { A (A+ Ma?*) 4 
UgA (p—a)+ Cn? CEN} 


91. Dissipative systems ; frictional. forces. 


We now proceed to the consideration of systems for which the principle of 
conservation of dynamical energy is not valid, the energy of the system being 
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continually changed into some other form (e.g. heat) which is not recognised 
in dynamics. We shall first consider frictional systems. 


If two rigid bodies which are not perfectly smooth are in contact, the 
reaction between them at the point of contact may be resolved into a com- 
ponent along the common normal to their surfaces at the point, which is 
called the normal pressure, and a component in the common tangent-plane, 
which is called the frictional force. The frictional force is determined by 
the following law*, which has been established experimentally : The bodies 
ull not slide on each other, provided the frictional force required for the 
prevention of sliding does not eaceed wu times the normal pressure, where pu 
ws a constant called the “limiting coefficient of friction,” which depends only 
on the material of which the surfaces in contact are composed. If on the 
other hand the frictional force required to prevent sliding is greater than w 
times the normal pressure, there will be sliding at the point of contact, and 
the frictional force called into play will be w times the normal pressure. 


Painlevé has pointed out that the four hypatheses—(1) that the above laws of friction 
hold, (2) that there exist rigid bodies, (3) that the normal pressure between bodies cannot 
be negative, (4) that all accelerations and tensions are finite—taken together lead in some 
cases to contradictions of the fundamental laws of dynamics. For a discussion on this | 
subject, cf. Comptes Rendus, CXL. (1905), pp. 635, 702, 847: zbed. cxL1. (1905), pp. 310, 401, 
546; Zeitschrift fir M. u. P. Lyi. (1909), p. 186. 


The following examples illustrate the motion of systems involving 
frictional forces. 


Example 1. Motion of a particle on a rough fixed plane curve. 

‘Consider the motion of a particle which is constrained to move in.a rough fixed tube 
of small bore, in the form of a plane curve, under forces which depend solely on its 
position in the tube. Let f(s) and g(s) denote the components of force per unit mass 
acting on the particle in direction of the tangent and normal to the tube, where s is the 
distance of the particle from some fixed point of the tube, measured along the arc in the 
direction in which the particle is moving; and let 2 be the normal reaction per unit mass, 
and p the coefficient of friction. 

Since the components of acceleration of the particle along the tangent and normal are 
vdv/ds and v*/p, where v is the velocity of the particle and p the radius of curvature of the 
tube, we have :, 2 

) 
—-=f(8s)—pk, —= R. 

vnl@)-ak,  “=9(0)+ 
Eliminating #, we have 

Ge +E ot 9/0) +2p9 (0) 
Integrating, we have 

& 
waco? + 2 -206 | e HF F(s) +g (8)} ds, 


where d= {ds/p, and ¢ is a constant depending on the initial circumstances of the motion. 


* The discovery that the friction is proportional to the normal pressure was made by 
G. Amontons, Paris Mém., année 1699, p. 206. 


15—2 
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The right-hand side of this equation is a known function of s, say =/'(s). Then 


we have 
(G) -F ©. 
so the relation between s and ¢ is 
t= ["Urcoyn4 ds. 


This equation represents the solution of the problem. 

Example 2. A circular hoop of mass M stands on rough ground, and a particle of 
mass m ts attached to the end of the horizontal diameter. To find whether the hoop will roll 
or slide. 

Let us investigate the rolling motion, assumed possible, and so determine whether the 
friction required to produce this motion is, or is not, greater than the maximum friction 
actually available, i.e. p times the corresponding normal pressure. Let 6 be the angle 


turned through by the hoop from the commencement of the motion, and let x and y be 
the coordinates of the centre of gravity of the system, referred to horizontal and vertical 


(downward) axes through its own initial position, so that 
n= 08— (1 ~cos 6), vy “sin 6, 
where a is the radius of the hoop. 
The kinetic and potential energies are 
T= Ma? 6? + ma*é? (1 — sin 6), 
(\V=—mgasin 6. 
The Lagrangian equation of motion is therefore 


w [2026 {M+ m (1 —sin 6)}]+ma6? cos 6= mga cos 6. 


For the initial motion, this equation gives 
206 (M +m)=m, 
so initially we have i 
eamg= & ee Le ye eae 
2(M+m)’ To Ma SCM AS 
But if #’ be the frictional force and R the normal pressure, we have 
F=(M+m)#,  R=(M+m)(-J +9), 


ee: & m(M+m) 


t=ab= 


80 initially we have 


Ro -i+g 2M?+4Um+m? 
The hoop will therefore roll or slide according as the coefficient of friction is greater or 
less than 


eee ee 
2M?+4Mm +m?" 
Example 3. A particle moves under gravity on a rough cycloid whose plane is 
vertical and whose base is horizontal: if @ be the inclination of the tangent at any point 
to the horizontal, so that the equation of the cycloid can be written 


s=4asin ¢, 
and if tan e be the coefficient of friction, shew that the motion is given by the equation 


¢dtane . g t 
ce sin (@+e)= coe (n/2 54), 


where c is a constant. 
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92. Resisting forces depending on the velocity. 


A different type of dissipative system is illustrated by the motion of 
a projectile in the air, as the resistance of the air depends on the velocity of 
the projectile. No general rule can be formulated for the solution of prob- 
lems involving forces of this kind: a case of practical interest, however, 
namely the motion of a projectile under the influence of gravity and of a 
resistance varying as some power of the projectile’s velocity, can be integrated 
in the following manner. 

For low velocities (below 100 ft./sec.) the resistance of the air to a projectile is nearly 
proportional to the square of the velocity. For high velocities (say 2000 ft./sec.) the 
resistance is approximately a linear function of the velocity. 

At time ¢ let v be the velocity of the projectile, kv” the resistance per 
unit mass, @ the inclination of the path to the horizontal, and p the radius of 
curvature of the path. The components of acceleration of the projectile 
along the tangent and normal to its path are vdv/ds and v*/p; and hence the 
equations of motion are 

vdv/ds = — gsin 8 — kv", 
| v?/p = g cos 0. 
Dividing the first equation by the second, we obtain 
I dv tand k 
vi dd vw — gcos@’ 


or de yn 
Integrating, we have 


(1/v") sec” 6 + Constant = — (nk/g) | sec™*! Od 6. 


d /1 1d nk 
(sa) + 5a qo (* log see 0) = — 7 see 8. 


This equation gives v in terms of 9. To obtain ¢, the equation v* = pg cos @ 
gives 
gt = —fo sec 6d0, 


and as v is a known function of @, this equation gives ¢ as a function of 0. 
The rectangular coordinates (#, y) of the particle can now be found from the 
equations 


z= | vcos dt, y=fosin Odt. 


The solution of the problem is thus reduced to quadratures. 


Resisting forces proportional respectively to », v, and av-+ bv? were considered by 
Newton, Principia, Book 11. $§ 1, 2, 3. The case of a resistance proportional to any power 
of the velocity was then examined by John Bernoulli* in 1711. 


* Opera, 1. p. 502. 
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D’Alembert * shewed that if gu denotes the ratio of the resistance to the mass of the 
projectile, the integration can be effected in the four cases 
u=at bv, 
u=atb log», 
u=av+ R+bv-", 
u=a (log v)"+ Rlogv+, 
where a, b, x are arbitrary constants and £ is another constant depending on them. 

Siaccit obtained many more integrable cases, of which the following may be mentioned : 

du du 
log [ edumde [pana 8 Ttb uti C, 
where a, b, c, C are arbitrary constants: this equation defines v in terms of u, the 
number of terms involved being finite when c is rational. 

Poisson pointed out in 1806¢ that the theory of singular solutions of differential 
equations has applications in Dynamics, notably in the case of a particle under a resisting 
force. If a particle is moving in a straight line under a resisting force varying as the 
square root of the velocity, the equation of motion is 

dv/dt= — av}. 
The initial velocity being c?, the motion is represented by the generad integral 
v=(e—hat)? 
so long as t<2c¢/a, after which it is represented by the singular solution v=0. 

Example 1. A heavy particle falls vertically from rest at the origin in a medium 
whose resistance varies directly as the velocity. Shew that the distance traversed 
in time ¢ is 

g - g + I ett, 
a a 
where pv is the resistance per unit mass, 
Example 2. A heavy particle falls vertically from rest at the origin in a medium 


whose resistance varies as the square of the velocity: shew that the distance traversed in 
_ time ¢ is 


1 — 
- log cosh (7 gp-t), 
where pv? denotes the resistance per unit mass, 


93. Rayleigh’s dissipation-function. 

When a system is subject to external resisting forces which are directly 
proportional to the velocities of their points of application, it is possible to 
express the equations of motion of the system in general coordinates in terms 
of the kinetic and potential energies and of a single new function. 


For let the energy lost to the system by the action of the resisting force 
which is applied to a particle m of the system, whose coordinates are (a, y, 2), 
in an arbitrary displacement (dz, dy, dz) be 

k,@8a + kyySy + k,28z, 


* Traité de Véquilibre et du mouvement des fluides, Paris, 1744. 
t+ Comptes Rendus, cxxx11. (1901), p. 1175. 
t Journal de V Ecole Polyt. v1. (Cahier 13), p. 60. 


92,93] Non-holonomic Systems. Dissipative Systems 231 


where ky, ky, k, are functions of #, y; z only. The equations of motion of the 
typical particle m will therefore be 


mit = — hye + X, 
in = —kyy + Y, 
mt=—k,z+Z, 
where X, Y, Z are the components of the total force (external and molecular) 
on the particle, except the force of resistance. 
Now let a function F be defined by the equations 
F=td (kya? + hyy? + k,2"), 


where the summation is extended over all the particles of the system; so 
that F, which is called the dissipation-function, represents half the rate at 
which energy is being lost to the system by the action of the resisting forces, 


and let: (q:, 42, ---» Yn) be coordinates specifying the configuration of the 
system. 


Multiplying the equations of motion of the particle m by 0x/0q,, dy/09r, 
0z/dg,, respectively, and summing for all the particles of the system, we have 


OG OY" ,. Of \ ( . Ox . oy . OZ 
+ + =—Z(k,a— + kyy = + hz = 
=m (é Bar d5q, z a0.) a eae Ba V9 3, + k,z aa) 


Ox oy Oz 
+3 (Xr + Vent aoa) 
As in § 26, we have 


War cursory ea oT Or 
2" e oq, Og 35) ~ dt (55) Ogr’ 
where 7’ is the kinetic energy; and 


0x oy oz 

Z SS A) 
Og, * Y Oqr ‘ 2a.) @ ? 
where @Q,5q: + Q25q2+ --- + Qnd9n denotes the work done by the external 
forces (excluding the resistances) in an arbitrary infinitesimal displacement : 
while we have 


x(x 


18 yg Want) a3 (he BE + yy Beene) 
Le (bets, +kyy se + k,z ine V( kee 4: WV Gr aq: 
Eels 
aatog 
It follows that the equations of motion of the system im terms of the co- 
ordinates (qi, Jo» «++» In) can be written in the form 
ag ac r=1,2,...,7)- 
Slee aati 
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Example. If the resisting forces depend on the relative (as opposed to the absolute) 
velocity of their points of application, so that the forces acting on two particles (2, 71, %) 
and (#2, Y2, 22) have the components 

— ky, (at — 42), —ky(ji-Ho)y_ Fe (4% — 22) 
and 2 

— ky (&_- 4), —hy(Y2—-Y),  — he @2— 41) 
respectively, shew that the equations in general coordinates can be formed with the 
expression 


$3 {hy (41 — Ho)? + hy (YJ — Yo)? + he (&1 — 22) 


as a dissipation-function. 


94. Vibrations of dissipative systems. 


If a dynamical system is specified by its kinetic energy function, botentiel 
energy function, and dissipation function, methods similar to those of 
Chapter VII can be applied in order to determine the nature of the small 
vibrations of the system about an equilibrium-configuration. 


For simplicity we shall consider a system with two degrees of freedom. 
As in § 76, we find that for the vibrational problem the kinetic.energy and 
dissipation function can be taken as homogeneous quadratic functions of the 
velocities, and the potential energy as a homogeneous quadratic function of 
the coordinates, the coefficients in these functions being constants. Taking 
as coordinates those variables which would be normal coordinates if there 
were no dissipation function, we can write these three functions in the form 


T= 4 (Gi +40), 
a = 4 (ag? + 2hq, Ga + bq,?), 
\V = 3 Aug? + A@”), 
where A, and 2, will be supposed positive, so that the equilibrium would be 
stable if there were no dissipative forces. 


The equations of motion are 
a fol\ Ol aol aro.V 
dt ice » 0g, t Oqr ‘ 0Gr 
or h + agi + hgot+ iq = 0, 
Go + hy + bg + Avqe = 0. 
If we attempt to find a particular solution of these equations in the form 
q = Ae”, g.= Ber, 
on substituting these values in the differential equations we have 
A (p?+ap+r,) + Bhp =0, 
Ahp + B(p*+ bp +r.) = 0 
from which it follows that p must be a root of the equation 


(p? +. ap +.) (p? + bp + A») — h?p? = 0. 


a (r= I, 2), 
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We shall suppose the dissipative forces to be comparatively small, so that 
squares of the quantities a, h, b can be neglected; on this supposition, the 
roots of the last equation are readily found to be 


py =tVr4— $a, Po=tVry—4F0. 


Corresponding to the root p, we have, from the second of the equations 
connecting A and. B, 


B_thvy 
A’ Mia: 
A particular solution of the differential equations is therefore given by 
e = (Ay — Ay) e7 #% (cos VAjE +7 sin Vy), 
@ah Vr,e 2 (cos VAyt — sin V),¢), 

and a second particular solution is obtained by changing 7 to —7 in these 
expressions. It. follows that two independent real particular solutions of the 
differential equations are 


{u = (A, — Ax) e~ bat cost ti = (Ay — Ay) e~ bat sin Vat, 
ee os n ee BS 

lq=—hvVre7 2 sin Vage go =hVrAye~ 2% cos VAGt, 
and therefore the most general real solution involving e?:' is 


gu= (A — Ag) Ae #% sin (VAyt + €), 


Ga=h Vn, Ae~*% sin (viie+ 5 + e) ; 
where A and ¢ are real arbitrary constants. This represents one of the normal 
modes of vibration of the system. Adding to this the corresponding solution 
in e?:', we have finally the general solution of the vibrational problem, namely 


gi= (My — x) Ae 2% sin (Wage + €) +hVA,Be~ 2” sin (Vaut+ 5 + 1) ; 


Q2=hVn, Ae 3% sin (Vant+5 + c) (Qe 2h) be ty sin (VAgt +4), 
where A, B, ¢, y are four constants which must be determined from the 
initial circumstances of the motion. 


Now we suppose the dissipative. forces such that energy is being con- 
tinually lost to the system, so that F' is a positive definite form, and therefore 
a and 6 are positive. The last equations therefore shew that the vibration 
gradually dies away, on account of the presence of the factors e~ bat and e~ 4%; 
the periods of the normal vibrations are (neglecting squares of u, h, b) the 
same as if the dissipative forces were absent ; and in a normal vibration, the 
amplitude of oscillation of one of the coordinates is small compared with the 
amplitude of oscillation of the other coordinate, while the phases of the 
vibration in the two coordinates at any instant differ by a quarter-period. 
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A similar analysis leads to corresponding results for systems with more 
than two degrees of freedom; supposing that the dissipative forces are small 
and that the dissipation function and potential energy are positive definite 
forms, we find that the periods of the normal vibrations are (neglecting 
squares of the coefficients in the dissipation function) unaltered by the. 
presence of the dissipative forces, but that the vibration gradually dies away: 
and if (q%, ge, ---, Yn) are the normal coordinates of the system when the 
dissipative forces are absent, there is a normal vibration of the system when 
the dissipative forces are present, in which the amplitude of the vibrations in 
Ge» Ya +++) Qn is small compared with the amplitude of the vibration in G 
and the phase of the vibrations in qo, qs, -.-, Qn differs by a quarter-period 
from the phase of the vibration in q. , 

Example. Discuss the vibrations of a system which is acted on by periodic external 


forces which have the same period as one of the normal modes of free vibration of the 
system ; shewing the importance of dissipative forces (even where small) in this case. 


95. I muypact. 


Another mode in which energy may be lost* to a dynamical system is by 
the collision of bodies which belong to the system; a collision generally 
results in a decrease of dynamical energy. 


The analytical discussion of collisions is based on the following experi- 
mental law+. When two bodies collide, the values of the relative velocity of the 
surfaces in contact (estimated normally to the surfaces) at instants immediately 
before and immediately after the impact bear a definite ratio to each other: 
this ratio depends only on the material of which the bodies are composed. 


This ratio will in general be denoted by —e. When e is zero, the bodies 
are said to be inelastic. 


The general problem of impact reduces therefore to a problem in impulsive 
motion in which the unknown impulsive force at the point of contact of the 
bodies is to be determined by the condition that the change in relative 
normal velocity of the bodies satisfies the above law. 


96. Loss of kinetic energy in impact. 


We shall now find the loss of kinetic energy when two perfectly smooth 
bodies impinge on each other. 


Let m typify the mass of a particle of either body, and let (1%, v), w,) and 
(u, ¥, w) denote its components of velocity before and after the impact, and 


* L.e. lost to the system considered as a dynamical system: the energy is not annihilated, but 
appears in some other manifestation, e.g. heat. 

t The laws of impact were discovered in 1668 by John Wallis (Phil. Trans, No. 43, p. 864) 
and Christopher Wren (ibid. p. 867). 
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let (U, V, W) be the components of the total impulsive force (external and 
molecular) on this particle. The equations of impulsive motion (§ 35) give 
m(u—uUu) = U, m(v—%) = V, m (w— WwW) = W. 
Multiplying these equations by (w+ eu), (v + ev), (w+ ew) respectively, 
adding, and summing for all the particles of both bodies, we have 
=m {(u— Up) (U + eto) + (VU — %) (V+ EU) + (W — Wy) (W + ewp)} 
=> {U(uteu)+ V(vt en) + W (w+ ew)}. 
Now So far as molecular impulses are concerned, we have 
=(Uu+ Vv+ Ww)=0, and 2(Um+ Vv. + Ww,)=0, 
since the impulsive forces which correspond to each other in virtue of the law 


of Action and Reaction will give contributions to these sums which mutually 
destroy each other. 


Also, since the part of (w+ eu) due to the normal component of velocity 
has the same value for each of the particles in contact at the point where 
the impact takes place (in virtue of the law of impact) it follows that 
the impulsive force between the bodies does not contribute to the sum 
=U (u+eu), and similarly does not contribute to the sums XV (u+ ev) 
and 2 W (w+ ew). 
We have therefore 
> {U (w+ em) + V (vt ev) + W (w +ew)} = 0, 
and consequently 
San {(u— rh) (u+ ett) + (¥ — %) (+ eu) + (w= We) (w + ewe)} = O, 
or 
Sm (u2 + v? + w?) — Lan (ug? + V0? + Wo") 
eye eas 
 selite 


Xm {(w— Uw)? + (Y— %)? + (w — wW)’}. 


This equation can be expressed by the statement that the kinetic energy 
lost in the impact is (1 —e)/(1 +e) times the kinetic energy of that motion 
which would have to be compounded with the motion at the instant before the 
impact in order to produce the motion at the instant after the vmpact. 


97. Examples of impact. 


The impulsive change of motion consequent on the collision of two free 
rigid bodies in space can be most simply determined by the following 
considerations. 

The motion of each body before or after impact is specified by .six 
quantities (e.g. the three components of velocity of its centre of gravity and 
the three components of angular velocity of the body about axes through its 
centre of gravity). The total number of equations required to determine the 
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impulsive change of motion is therefore twelve. Of these, six are immediately 
furnished by the condition that the angular momentum of each body about 
any axis through the point of contact is unchanged (since the impulsive forces 
act at this point); another equation is obtained from the condition that the 
momentum of the system in the direction normal to the surfaces in contact 
is unchanged (since the normal impulsive forces on the two bodies at the 
point of contact are equal and opposite), and another by the experimental 
law of impact. If the bodies are perfectly smooth, the remaining four 
equations can be derived from the condition that the linear momentum or 
each body in any direction tangential to the surfaces in contact is unchanged 
(since there is no tangential impulse if the bodies are smooth): if on the 
other hand the bodies are perfectly or imperfectly rough, the condition that 
the linear momentum of the system in any direction tangential to the 
surfaces in contact is unchanged gives two equations; if the bodies are 
perfectly rough, the condition that the relative velocity of the bodies in 
any tangential direction after the impact is zero gives the other two: while 
if the bodies are imperfectly rough, the coefficient of friction between the 
surfaces in contact being mw, the remaining two equations are given by the 
conditions that 


(a) the relative velocity in any tangential direction is zero after the 
impact, provided the tangential component of the impulse required for this 
does not exceed « times the normal component of the impulse; 

(8) if the last condition is not satisfied, there is a tangential impulse 
equal to yw times the normal impulse between the bodies. 

In all cases, therefore, the required twelve equations can be found. 

If the motion takes place in a plane, or if one of the bodies is fixed, this 
- procedure is still valid after making some obvious modifications. 

The following examples illustrate these: principles : 
Example 1. An inelastic sphere of mass m falls with velocity Von a perfectly rough 


inelastic inclined plane of mass M and angle a, which rests on a smooth horizontal plane. 
Shew that the vertical velocity of the centre of the sphere immediately after the impact 7s 


5(M+m) Vsin?a 
7M +2m+5m sin? a® 


(Coll. Exam.) 
Let U be the velocity of the plane after impact, « the velocity of the sphere parallel to 
and relative to the plane, the angular velocity of the sphere, and a its radius. 
The equation of horizontal momentum gives 
m(ucosa— U)= MU. 
The kinematical condition at the point of contact is aw=u. 


The condition that the angular momentum of the sphere about the point of contact 
shall be the same before and after impact is 


mVasina=2ma*o+ma(u—U cosa). 
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These three equations give, on eliminating and U,/ 


5 (M+m) Vsin?a 


usin a= : 
7M +2m-+5m sin? a’ 


which is the result stated. 


Example 2. A sphere of radius a rotating with angular velocity 2 about an axis 
inclined at an angle a to the vertical and moving, in the vertical plane containing that axis 
with velocity Vin a direction making an angle a with the horizon, strikes a perfectly Soak 
horizontal plane. If the plane be tangentially inelastic, find the angle which the vertical 
plane containing the new direction of motion makes with the old. 


Take rectangular axes Oxyz, where O is the point of contact, Oz is vertical, and ¥0z is 
the initial plane of motion; and let , and ; be the components of angular velocity 
about Ox and Oy respectively after the impact, and M the mass of the sphere. 


Equating the initial and final angular momenta about Ox, we have 
MaV cos a={ Ma?o. 
Equating the initial and final angular momenta about Oy, we have 
% Maa sin a=} Mares. 
The tangent of the inclination of the new plane of motion to the plane y0z is (on 
account of the perfect roughness of the plane) w2/«;, and this is therefore equal to 
2 Ma? Q sina 
MaV cosa 
or ga (Q/V) tana. 
Example 3. A perfectly rough circular dise of mass M and radius ¢ impinges upon 
a rod of mass m and length 2a capable of turning freely about a pivot at its centre. If 


the point of impact is distant b from the centre of the rod, and the direction of motion of the 
centre of the disc makes angles a, B with the rod before and after collision, shew that 


2 (3Mb?+ ma*) tan B=3 (ema* —3.M6") tan a. _ (Coll. Exam.) 

Let V denote the initial velocity of the disc, and let v denote its final velocity and Q 
its final angular velocity. 

Since there is no sliding at the point of contact, we have 

» cos B+cQ=0. 
Denoting by @ the final angular velocity of the rod, and by J the normal irapulse 
between the rod and disc, the equation of the motion of the rod is 
Ib= mao. 
The equation of impulsive motion of the disc in the direction normal to the rod is 
M(vsin B+ Vsina)=ZJ, 
and the law of impact gives the relation 
vy sin B+bo=eV sina. 

Equating the initial and final angular momenta of the disc about the point of contact, 
Dame V cos a=v cos B — $a. 
Eliminating v, Q, J, from these equations, we have 

2 tan B (3Mb?+ma*)=3 tana (mea* - 3Mb*), 


which is the result stated. 
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Example 4. A circular hoop, in motion without rotation in its own plane, impinges on a 
rough fixed straight-edged obstacle in the plane. The velocity of the centre of the hoop 
before impact is V, in a direction making an angle a with the edge, and the coefficient 
of friction is p. To find the impulsive change of motion. 

Let wu and v dénote the eomponents of velocity of the centre of the hoop after the 
impact, parallel and perpendicular to the edge, and let be the angular velocity, M the 
mass and a the radius of the hoop, 


Equating the angular momenta about the point of contact before and after the impact, 


we have 
— Moo + Mau= HM Va cosa. 


The law of impact gives the equation 
v=eVsina. 
Since the plane is rough, «+a is zero after the impact, provided the frictional 


impulse required for this does not exceed p times the normal impulse: but if this 
condition is not satisfied, the frictional impulse is » times the normal impulse. 


Let F' be the frictional and & the normal impulse: then we have 
M(u-—Vcosa)=—F, M(v+Vsina)=H, Ma*o=-aF. 
We have therefore R=M (1+e) Vsina, 


and if ~+aq is zero, we shall have 
F=tHV cosa. 


The quantity u+ao will therefore be zero after the impact, provided 
p 2cota/2(1+e); 
and if » does not. satisfy this inequality, we shall have 
F=pM(1+e) Vaina. 
Thus finally, if »>cot a/2(1+e), the motion is determined by the equations. 
u=Vcosatao, v=eVsina, u+ao=0, 
while if p < cot a/2(1+e), the motion is determined by the equations 


u=Vcosat+ae, v=eVsina, aw=—p(1+e) Vsina 


MISCELLANEOUS EXAMPLES. 


1. A perfectly rough sphere of radius a is made to rotate about a vertical diameter, 
which is fixed, with a constant angular velocity m. A uniform sphere of radius 6 is 
placed on it at a point distant aa from the highest point: investigate the motion 
and determine in any position the angular velocity of the sphere. Shew that the sphere 
will leave the rotating sphere when the point of contact is at an angular distance 6 from 
the vertex, where 


cos 0= 2” cosa +—*. cee Cae 
Tal h sine l1O<(@-4b) gas 


(Camb. Math. Tripos, Part I, 1889.) 


2. A rough sphere of radius a rolls under gravity on the surface of a cone of revolution 
which is compelled to turn about its vertical axis with uniform angular velocity 7, 
its vertex being uppermost; if a be the semi-vertical angle of the cone, rsina be the 
distance of the centre of the sphere from the axis of the cone, ~ be the angle turned 
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through, relatively to the cone, by the vertical plane containing the centre of the sphere, 
and ws be the rate of rotation of the sphere about the common normal, prove that 


2+5sin?a (F 


2 
meee oi <+nr+B) —10gr cos a=C, 


bs \ ne 
a(o,—nsin a) =F" (F+nr) + C+ Ssina) 8 
(7 —6n) 72=A, 


where 4, B, C are determinate constants. (Camb. Math. Tripos, Part I, 1897.) 


3. A homogeneous solid of revolution of mass UY with a plane circular base of 


radius e rolls without slipping with its edge in contact with a rough horizontal plane. 
Shew that 6, , Q are determined by the equations 


a 
Mac or (© cos? 6) — Mc? cos? 6= (C+ Me?) cos 6 2 , 


{4 (0+ Mc*) — M?a%c} 2 (Q cos? 6) + 0 (C+ Mc?) w cos 6 — Mae Coa cos? 6=0, 


(A + Me?) 62+ AQ? cos? §—-2MaceQ cos 6+(C+ Me?) w* +2Mg (asin 6+¢ cos 6)=Constant, 


where 6 is the inclination of the axis of the body to the horizon, ® the angular velocity of 
the vertical plane containing its axis, w the angular velocity of the body about its axis, 
A the moment of inertia of the body about a diameter of its base, C the moment of 
inertia of the body about its axis and a the distance of the centre of gravity from the 
base. (Camb. Math. Tripos, Part I, 1898.) 


4. A wheel with 4n spokes arranged symmetrically rolls with its axis horizontal on a 
perfectly rough horizontal plane. If the wheel and spokes be made of a fine heavy wire, 
prove that the condition for stability is 
3 Wn+r 
resus 
Voce 4 4n+37r I% 


where a@ is the radius of the wheel and V its velocity. (Coll. Exam.) 


5. A body rolls under gravity on a fixed horizontal plane. If this plane be taken as 
plane of yz, shew that 


=m {(y—y,) @—(2-2,) 9} = Constant, 


where (x, y, 2) are the coordinates of a particle m and (4, Y4, 24) of the point of contact, 
and the summation is extended over all the particles of the body. (Neumann.) 


6. One portion of a horizontal plane is. perfectly smooth and the other portion is 
perfectly rough. A uniform heavy ellipsoid of semi-axes (a, }, c) has its b-axis vertical and 
moves with velocity v in the direction of its a-axis along the smooth portion of the plane 
towards the rough. Shew that, if 
b2 +k 

b? 
the ellipsoid will return to the smooth portion, 4 being the radius of gyration about 
the c-axis, and that the motion will then consist of an oscillation about a steady state of 
motion. 


yt < 2g 


(a a b), 


In the special case a=2b, shew that after the return of the ellipsoid to the smooth 
portion, the b-axis can never make an angle with the vertical which is greater than 


arctan “/$. (Coll. Exam.) 
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7. A shell in the form of a prolate spheroid whose centre of gravity is at its centre 
contains a symmetrical gyrostat, which rotates with angular velocity o about its axis and 
whose centre and axis coincide with those of the spheroid. Shew that in the steady 
motion of the spheroid on a perfectly rough horizontal plane, when its centre describes 
a circle of radius ¢ with angular velocity Q, the inclination a of the axis to the vertical 
is given by 

{Mbe (a cot a+b) — Ab cosa+C(asina+c)} 0?+ C’bad — Mgb (a—b cot a)=0, 


where is the mass of the shell and gyrostat, A the moment of inertia of the shell and 
gyrostat together about a line through their centre perpendicular to their axis, C, C’ 
those of the shell and gyrostat respectively about the axis, a the distance measured 
parallel to the axis of the point of contact of the shell and plane from the centre and 
b its distance from the axis. (Camb. Math. Tripos, Part I, 1899.) 


8. A uniform perfectly rough sphere of radius a starting from rest rolls down under 
gravity between two non-intersecting straight rods at right angles to each other whose 
shortest distance apart is 2c and which are equally inclined at an angle a to the vertical. 
If po, po’ are the original distances of the points of contact from the points where the 
shortest distance intersects the rods and p, p’ their distances at a subsequent time when 
the velocity is V, shew that 

{p°p"? — a? (p? + p?)} pe 
Vamee wlGat (p?— ppp” 
and that 
y2 {a — 20c? — 5p? — aa 
4a? — 4c? p?— p® 


1 ’ r ee 4 

= 10g {(o—Pu-+e'~ ps) cos a+ 7 (p?— po’ — p+ po”) J= cosa. 
(Camb. Math. Tripos, Part I; 1889.) 

9. A particle moves under gravity on a rough helix whose axis is vertical. If a be the 


radius and y the angle of the helix, shew that the velocity v and arc described s can be 
expressed in terms of a parameter 6 by the equations 


| 5 is (1+ 6?) dé 
ee ea 6 {cos y+ (ucosy+2sin y)}’ 


fle aig ou 
ta (0 a): 


10. A particle is projected horizontally with velocity w so as to slide on a rough inclined 
plane. Investigate the motion. 


Prove that if 


2>2Qncota>1, 
the particle approaches asymptotically a line of greatest slope at distance 
u 2p Cos a 
9, 4p? cos? a—sin?a’ 


where p is the coefficient of friction, and a is the inclination of the plane. 
(Coll. Exam.) 


11. A rough cycloidal tube has its axis vertical and vertex uppermost. If a@ be the 
radius of the generating circle and a particle be projected from the vertex with velocity 


/ 4ag sin a, shew that it will reach the cusp with velocity equal to 
[4ag cos*a {1-2 sin ae #7—9) taneyak 


where a is the angle of friction. (Coll, Exam.) 
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12. A heavy rod of length 2a is moving in a vertical plane so that one end is in contact 
with a rough vertical wall and the other etid moves along the ground supposed to be equally 
rough ; and the coefficient of friction for each of the rough surfaces is tane. Shew that the 
inclination of the rod to the vertical at any time is given by 

6 (k? +a? cos Qe) — a6? sin Qe= ag sin (6 — 2e). (Coll. Exam.) 

13. A thin spherical shell rests upon a horizontal plane and contains a particle of finite 
mass which is initially at its lowest point. The coefficient of friction between the particle 
and the shell is given, that between the shell and the plane being practically infinite. 
‘Motion in two dimensions is set up by applying to the shell an impulse which gives it an 
angular velocity ©. Obtain an equation for the angle through which the shell has rolled 
when the particle begins to slip. (Coll. Exam.) 


14. A circular disc of radius a is placed in a vertical plane touching a uniform rough 
(#4) board which can turn freely about a horizontal axis in the upper surface of the board 
through its centre of gravity, the point of contact of the disc being at a distance b from 
this axis. A string, parallel to the surface of the board, is attached to the point of the 
disc furthest from the board and to an arm perpendicular to the board at the axis, and 
rigidly connected te the board. The centre of gravity of the board and arm lies in the 
axis. The system starts from rest in that position in which the centre of the disc lies in 
the horizontal plane through the axis. Shew that slipping will take place between the disc 
and the board, when the board makes an angle 6 with the vertical given by 
A+a*+6yab+ 3b? 

QA + 7pur+sab ’ 
where 4 is the moment of inertia of the board about the axis divided by the mass of the 
disc. (Coll. Exam.) 

15. A hoop is projected with velocity V down a plane of inclination a, the coefficient 
of friction being » (> tana). It has initially such’a backward spin © tha3 after a time ¢, it 
starts moving uphill and continues to do so for a time ¢,, after which it once more 
descends. Shew chat, if the motion take place in a vertical plane at right angles to the 
given inclined plane, then 


tan @= 


(4; +¢2) g Sin a=aQ — V. _ (Coll. Exam.) 

16. A ring of radius a is fixed on a smooth horizontal table; a second ring is placed 
on the table inside the first and in contact with it, and is projected with velocity V, but 
without rotation, in a direction parallel to the tangent at the point of contact. Find the 
time that elapses before slipping ceases between the rings if the coefficient of friction 
between them is p, and prove that the point of contact will in this time describe an arc 
of length (a log 2)/p. 

Diseuss the motion that will ensue if at the moment slipping ceases the fixed ring be 
released and left free to move, and prove that during the time that the inner ring rolls 
half round the outer one the centre of the latter will be displaced a distance 


m 
OO 24.4 3 
M+ m (a ) (7 aE ) ’ 
where m, Jf are the masses of the inner and outer rings and 6 is the radius of the inner 
ring. (Camb. Math. Tripos, Part I, 1900.) 


17. In the vertical motion of a heavy particle descending in a medium whose resistance 


varies as the square of the velocity, shew that the quantity 


—k 
e€ ae ete) 


where év? is the resistance, and a and 8 are the distances described in two successive equal 
intervals r of time, depends only on r and is independent of the initial velocity. 
(Coll. Exain.) 


W. D. 16 
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18. Prove that a heavy particle, let fall from rest in a medium in which the resistance 
varies as the square of the velocity, will acquire a velocity U tanh (gt/U), and describe 
a space U?log cosh(gt/U)/g in a time ¢, where U denotes the terminal velocity in the 
medium. 

Shew also that, for the cémplete trajectory of a tees in such a medium, the angle 6 
between the asymptotes is given by 

U?2/ V2=arcsinh cot 6+ cot 6 cosec 6, 
where V is the velocity when the projectile moves horizontally. (Coll. Exam.) 


19. Shew that the horizontal and vertical coordinates (x, y) of a particle moving under 
gravity in a medium of which the resistance is & satisfy the equation 
ay,  2gh 
das * ot cost dp ech 
v being the velocity and ¢ the inclination of the tangent to the horizontal. 
(Coll. Exam.) 


20. A particle is moving, under. gravity, in a medium in which the resistance 
varies as the velocity. Shew that the equation of the trajectory referred to the vertical 
asymptote and a line parallel to the direction of motion when the velocity was infinite, can 
be written in the form 

y=b log (a/a). (Col .ixam.) 


21. Prove that in the motion of a projectile through a resisting medium which causes 
a retardation /v®, where kis very small and the particle is projected me he with 
velocity V, the approximate ee of the path is (neglecting £?) 


9%, hgx? gz 
fats 3V ( +o)» 


the axis of # being in the direction of projection and the axis of y vertically downwards. 
(Coll. Exam.) 


22. A particle moves in a straight line under no forces in a medium whose resistance 
is (v*— v3 log s)/s, where v is the velocity and s the distance from a given point in the line. 
Shew that the connexion between s and ¢ is given by an equation of the form 

t=at+4cs* +8 log 3, 
where a and ¢ are constants. 
23. A particle is moving in a resisting medium under a central attraction ; shew that, 


if # be the retardation due to the resistance of the medium, and v the velocity, the rate of 
description of areas by the radius vector to the fixed centre of force varies as 


ef z at (Coll. Exam.) 


24. Prove that in a resisting medium, a particle can describe a parabola under the 
action of a force to the focus which varies as the distance, provided the resistance at 
a point, where the velocity is v, be & {vy (v— v)}? ; where v is the velocity at the vertex. 
Determine &. (Coll. Exam.) 


25. A particle moves in a resisting medium under a force P tending to a fixed centre. 
If & be the resistance, shew that 


r being the radius vector and p the perpendicular on the tangent. 
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If de I/r, P=pw’, and R=kv*, and we neglect i? and higher powers, shew that the 
differential equation to the path is 


ap 3 dp\? _ 2nk we 
af du? 4 ¢ he @ — p?u2)s 2 
h being a certain constant. (Coll, Exam.) 


26. A particle is moving under a central force $(r) repelling it from the origin, in 
a resisting medium which imposes a retarding force equal to & times the velocity. Prove 
that the orbit is given by the equations 
7°6 = he-#, F+ki— h2r—8e- Mt = (7), 
where / is a constant quantity. (Coll. Exam.) 


27. A particle is moving in a circle under a force of attraction to an interior point 
varying as the distance ; the resistance of the medium is equal to its density multiplied by 
the square of the velocity. Shew that the density.at any point is proportional to the 
tangent of the angle between the lines joining it to the centre of force and the centre of 
the circle. (Coll. Exam.) 


28. A rod of length a@ is rotating about one extremity, which is fixed, under the 
action of no forces except the resistance of the atmosphere. Supposing the retarding 
effect of the resistance on a small element of length dz to be Adz. (velocity)?, shew that 
the angular velocity at the time ¢ is given by 

beled tad 
; : a Q 4M”? 
where MK? is the moment of inertia about the fixed extremity, and © is a coustant. 
(Coll. Exam.) 


29. A smooth oval dise of mass M, turning on a smooth horizontal table with 
angular velocity » but without any translational velocity, strikes a smooth horizontal rod 
of mass m at its middle point. Prove that the angular velocity is diminished in 
the ratio 

(M+m) k? —mex® *: (M+m) k*¥ + m2, 
where e¢ is the coefficient of elasticity, 2 the distance of the centre of gravity from the 
normal at the point of impact and / the radius of gyration about a vertical axis through 
the centre of gravity. (Coll. Exam.) 


30. Two rods, each of length a and mass m, are jointed together at their upper ends 
and the system falls symmetrically, with its plane vertical, on to a smooth inelastic 
plane. Just before impact the joint has a velocity V and each rod has an angular 
velocity @, tending to increase its inclination a to the horizon. Shew that the impulse 
between each rod and the plane is 

m (k2+¢? sin? a) (V +a cos a)/{k? +c? +a (a — 2c) cos? a}, 
where ¢ is the distance of the centre of gravity of each rod from the joint and mé? is the 
moment of inertia of each rod about its centre of yravity. (Coll. Exam.) 


31. Three equal uniform rods 4B, BC, CD, each of length 2a, and hinged at B and @, 
are in one straight line and moving with a given velocity in a horizontal plane at 
right. angles to their lengths. The ends 4 and D meet simultaneously two fixed inelastic 
obstacles, reducing A and D to rest. Determine when they will form an equilateral 
triangle, and shew that } of the original momentum is destroyed by the impacts. 

(Coll. Exam.) 


16—2 
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32. A smooth uniform cube is free to turn about a horizontal axis passing through 
the centres of two opposite faces and is at rest with two faces horizontal ; an equal and 
similar cube is dropped with velocity « and without rotation so as to strike the former 
along a line parallel to the fixed axis and at a distance ¢ from the vertical plane containing 
it, prove that the angular vélocity imparted to the lower cube is 

(1 +e) cw 
24k +a? (1—sin 2a)’ 


where a is the inclination to the horizon of the lower face of the falling cube, 2a is the 
length of an edge, & the radius of gyration and ¢ the coefficient of restitution. 


Find also the motion of the upper cube immediately after the impact. 
(Coll. Exam.) 


33. <A perfectly elastic circular disc of mass J and radius c impinges without rotation 
upon a rod of mass m and length 2a which is free to turn about a pivot at its centre, the 
point of impact being at a distance 6 from the pivot. Prove that if the component of the 
velocity of the centre of the disc normal to the rod be halved by the impact, M@b?=ma?, the 
friction being sufficient to prevent sliding. (Coll. Exam.) 


34. <A perfectly rough sphere of radius a is projected horizontally with a velocity V 
from a point at a height A above a horizontal plane. The sphere has also initially 
an angular velocity @ about its horizontal diameter perpendicular to the plane of its 
motion. Shew that before it ceases to bound on the plane it passes over a horizontal 


distance 
2 /2 We e 


where e is the coefficient of elasticity, and the distance is reckoned from the first point of 
contact. 


Compare the final with the initial kinetic energy. (Coll. Exam.) 


35. A homogeneous elastic sphere (coefficient of elasticity ¢) is projected against 
a perfectly rough vertical wall so that its centre moves in a vertical plane at right angles 
to the wall. If the initial components of the velocity of its centre are u and v, and 
its initial angular velocity (Q) is about an axis perpendicular to the vertical plane, find 
the subsequent motion after impinging on-the wall, and shew that if its centre returns 
to its original position the coordinates of the point of impact referred to this point are 


deu (Te+5)v+2a0 
g 7+ 10¢e4+ 7e2 
2e {(7e+5) v+2aQ} {v (7 +5e) — 2aeQ} 
es (7 +10e + 7e2)? ; 
where « is the radius of the sphere. (Coll. Exam.) 


+4, 


and 


CHAPTER IX 


THE PRINCIPLES OF LEAST ACTION AND LEAST CURVATURE 


98. The trajectories of a dynamical system. 


The chief object of investigation in Dynamics is the gradual change in 
time of the coordinates (q;, gz, ---, n) which specify the configuration of a 
dynamical system. When the system has three (or less than three) degrees 
of freedom, there is often a gain in clearness when we avail ourselves of a 
geometrical representation of the problem: if a point be taken whose rect- 
angular coordinates referred to fixed axes are the coordinates (q, q2, qs) of 
the given dynamical system, the path of this point in space can be regarded 
as illustrating the successive states of the system. In the same way when 
n >8 we can still regard the motion of the system as represented by the path 
-of a point whose coordinates are (q;, q2, ---, Qn) in space of n dimensions ; 
this path is called the trajectory of the system, and its introduction makes 
it natural to use geometrical terms such as “intersection,” “adjacent,” etc., 
when speaking of the relations of different states or types of motion in the 
system. 


99. Hamilton's principle, for conservative holonomic systems. 


Consider any conservative holonomic dynamical system whose configuration 
at any instant is specified by n independent coordinates ((1, G2, +++» Qn), and 
let L be the kinetic potential which characterises its motion. Let a given 
are AB in space of n dimensions represent part of a trajectory of the system, 
and let CD be part of an adjacent are which is not necessarily a trajectory : 
it would however of course be possible to make OD a trajectory by sub- 
jecting the system to additional constraints. Let ¢ be the time at which 
the representative point (q, G2, ---» Qn) occupies any position P on AB: we 
shall suppose each point on CD correlated to some value of the time, so 
that there will be a point Q on CD (or on the are of which CD is a portion) 
which corresponds to the same value ¢ as P does. As the are CD is 
described, the correlated value oft will be supposed to vary continuously 
in the same sense. A moving point which describes the are CD will there- 
fore pass through positions corresponding to a continuous sequence of values 
of G1, Qa» +++» Fn» #, and consequently to each point on CD there will correspond 
a set of values of 1, Go, -++) Qn- 
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We shall denote by 8 the variation by which we pass from‘a point of AB 
to that point of CD which is correlated to the same value of the time, and 
shall denote by ty, t, fo + Ato, t: + At, the values of ¢ which correspond to the 
terminal points A, B, C, D respectively, and by Lz the value of the function 
L at any point & of either arc. 


If now we form the difference of the values of the integral 


[x Ce Gz, See Gn> > Ya, On) Yn» t) dt, 
taken along the arcs AB and CD respectively, we have 
: é . 
perce erg ape sie iF SLdt 
- AB 


» CD 


= [,At,—L,At+ ff: > 
: bo 


r=1 


(5 bqr + Pa, a ba) dt 


. =1,d4-L,a4+[" 3 5 ai+ 5 d wi (age) ar a 


by perme $ equations, 


ft LACSEA ‘es fi (Sap 8) 


dt r= 10 
» OL (3 als 
= Ly At, — L, At, + (2 bat Sar) oy) r= a Ogr a , 


But if (Aq,)z denote the increment of gr in passing from B to D, we have 
(Aq,), =e (89¢r)p ae (Gr pAt,, 
and similarly if (Aq,), denote the increment of q, in passing from A to C, 
we have 
(Agr)s = (8¢)4 + (Gr) Oto, 
- and consequently 


[| Lar—| Ldt=| 3 5 Aq, + (z- Ee 2 4,) at)" 


“ CD - ABR 


Suppose now that C coincides with A, and D coincides with B, and that 
the times correlated to C and D are ¢, and ¢, respectively, so that Aq, 
Aq,, --., Agr, At, are zero at A and B: then the last equation becomes 


| Lat —| Lae OF 


which shews that the integral | Ldt has a stationary value for any part of an 


actual trajectory AB, as compared with neighbouring paths CD which have 
the same terminal points as the actual trajectory and for which the time has 
the sume terminal values. This result is called Hamulton’s principle*. 


* Hamilton, Phil. Trans. 1834, p. 307; ibid. 1835, p, 95. 


99, 100] and Least Ourvature — 247 


if the kinetic potential Z does not contain the time explicitly, we can 
evidently replace the condition that the time is to have the same terminal 
values by the condition that the total time of description is to be the same 


for AB as for CD, since 3 iraq which represents the total energy of 


the system, is in this case constant. 


Helmholtz, J. fiir Math. c. p. 151, remarked that the conditions for a stationary 
value of 


BLOT: 
fe (815 855 »»-5 ny Gay vy Gm) +2 59 (Ge Or) ct 


(where the g’s and 6’s are regarded as independent variables) are 


. oL ad /oL 
6-=Qrs Ome > as) (r=1, 2, ..., 2), 


so that we again-obtain Lagrange’s equations. 


100. The principle of Least Action for conservative holonomic systems. 


Suppose now that the dynamical system considered is such that the 
kinetic potential does not involve the time explicitly, so that the integral 


of energy 
Sree Deh 
AB 4 Ogr 


exists. Taking as before AB to be part of a trajectory and CD to be part of 
any adjacent arc, to the successive points of which values of the time are so 
correlated as to satisfy an equation of the form 


. OL 
3 agg Dah tah 


where Ah is a small constant, we have 


[0 ( 3, aag sa) ae | (3 ae ag) 


= (h+ Ah) dt — | hdt+| Ldt-| Lat 
cD AB 


cD AB 


n ob |B 

= (h + Ah) (t; + At — t) — Aty) — h(t, — to) + [3 ge Ogee | 
~ OL B 
> —A + tah | ° 
=| 255 q 5 A 


If therefore we suppose that C coincides with A and D coincides with B, 
and that Ah is zero, we shall have 


r [ee OL 
J (2, Gr ey Dag [AZ Hi 5a) a 
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which shews that the integral | (= Pati i 3) dt has a stationary value for any 


part of an actual trajectory, as Sree with neighbouring paths between the 
same termini for which the time is correlated to the coordinates in such a way 
as to satisfy the same equation of energy. This is called the principle of 


Least Action, the integral 
| (= 2 Gra xz) dt 
being called the Action. 

In natural problems, for which Z is the difference of a kinetic energy 7, 
homogeneous of the second degree in the velocities, and a potential energy 
V, independent of the velocities, we have (§ 41) 

n OL 
3a ifs Sa ae oT 
r=1 4 0Gr 
and the stationary integral can therefore in this case be written i T dt. 


The Principle of Least Action originated in Maupertuis’ attempt (Mém. de? Acad., 1744, 
p. 417) to obtain for the corpuscular theory of light a theorem analogous to Fermat’s 
“Principle of Least Time.” Maupertuis’ principle was established by Euler (Addit. 1. 
p. 309 of his Methodus inveniendi lineas curvas, 1744) for the case of a single particle under 
a central force, and by Lagrange (Miscell. Tawrin. 1. (1760-1), Oeuvres, 1. p. 365) for much 
move general problems. 


Example 1. Shew that the principle of Least Action can be extended to systems for 
eee the integral of energy does not exist, in the following form. Let the expression 


2 bg — I be denoted by 4; then the soriie 


I(2 AS A +eG,) at 


has a stationary value for any part of an Site trajectory, as compared with other paths 
between the same terminal points for which / has the same terminal values. 


Example 2. If a dynamical system which possesses an integral of energy is reduced to 
a system of lower order as in § 42, shew that the principle of Least Action for the 
original system is identical with Hamilton’s principle for the reduced system. 


101. Lztension of Hamilton’s principle to non-conservative dynamical 
systems. 


We shall now extend Hamilton’s principle to holonomic dynamical 
systems in which the forces are no longer supposed to be conservative. 


Let 7’ denote the kinetic energy of such a system, and let 3 &r Sgr 


denote the work done on the system by the external forces in an ieee 


displacement (6q,, 82, .. ., 6Qn); the equations of motion of the system are 
therefore 

aol cL 

dt a ag ntas (r=1, 2 ,n) 
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Let a denote a part of a trajectory of the system, and let 8 be an adjacent 
arc having the same terminals, the times correlated to the path 8 at the 
terminals being the same as the values ¢, and ¢, of the time at the terminals 
in the trajectory a; then if § denotes the variation by which we pass from a 
position on a to the contemporaneous position on @, we have 


| : (s7+ 3 Q,89,) ae= f Sut +s 84, + Q,8qr) dt 


= A. 
t) r=1 Og, 


BICC CI 
=| Bs oe ae (55,) br 


d 4d n oT 
=] a (35) 


This result 
t, n 
| (or + E Q,8q,) dt =0 
to r=1 


is (like the theorem of § 99, which is really a particular case of it) known as . 
Hamilton's principle. 


102. Extension of Hamilton’s principle and the principle of Least Action 
to non-holonomic systems*. 


We shall now shew that Hamilton’s principle, when suitably formulated, 
is true even for dynamical systems which are not holonomice. 


Consider a. non-holonomic conservative system, in which the variations 
of the n coordinates (q,, gz, ---, Yn) are connected by m non-integrable 
kinematical equations . 

Axzdq, + Axdgq. +... + Anidgn + Tidt = 0 (i= 1, 2,-2.5 172) 
where A,,, Ais; --., Anm, Li, ---» Im, are given functions of q, go, ~--; Qn: $0 
that if Z denotes the kinetic potential, the motion is determined (§ 87) by 
the n equations 
a! (=) = a =A ,An + AA a+ :-- HAmAen (BEY pared), 
dt \0gr/ qr 
together with the above kinematical equations; the unknown quantities 
being 

> q2> MOOS) Yn» > Ao, Sistah Am: 

Let AB be part of a trajectory of the system, and let CD be a path 

derived from AB by displacements consistent with the instantaneous kine- 


* Cf. Hilder, Gott. Nach. 1896, p. 122, and Voss, Gitt. Nach. 1900, p. 322. 
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matical equations, i.e. the above kinematical equations with the terms T,.dt 
omitted; this path CD will not in general be itself a path whose continuous 
description would satisfy the kinematical conditions, so CD is really a kine- 
matically inpossible path. ) 


It may naturally be asked why we do not take CD to be a kinematically possible path : 
the answer to which is, that in that case the displacements from AB to CD would not be 
displacements consistent with the kinematical equations : for in non-holonomic systems, 
if two adjacent possible configurations are given, the displacement from one to the other 
is not in general a possible displacement; there are infinitely more possible adjacent 
positions than there are possible displacements from the given position. 


Proceeding as in the proof of Hamilton’s principle given in § 99, 6 denoting 
as usual a displacement from a point of AB to the contemporaneous point on 
CD, we have 


[_,lat-[,fdt= Lady —Lade+ 3 (2 34, + 57 bar) at 
/ CD AB ty r=1 \OGr 


ol d 


aL 
. Be iti tey mate hie 
Fiat Hoot DENS +{" 3 tig oiet aes °) Ban Ota. thm a 


f r=1 
Since the displacements obey the relations 
Andq == An 8qs GP G00 SF Ank89n =0, 


it follows that the terms of the type A,A,,5g, in the integral annul each 
other, so we have 


OL d sol 
Lat -| Ldt=L a AE (ie te 5g ) Bar at 
[is AB ‘ Bat Ses & r= el Or slay dt (54 q 


From this point the proof proceeds as in §99. We thus obtain the result 
that Hamilton’s principle applies to every dynamical system, whether holonomic 
or not. In every case the varied path considered is to be derived from the 
actual orbit by displacements which do not violate the kinematical equations 
representing the constraints; but it is only for holonomic systems that the 
varied motion is @ possible motion; so that if we compare the actual motion 
with adjacent motions which obey the kinematical equations of constraint, 
Hamilton's principle is true only for holonomic systems. 


The same remarks obviously apply to the principle of Least Action, and 
to Hamilton’s principle as applied to non-conservative systems. 


103. Are the stationary integrals actual minima? Kinetic foet. 


So far we have only shewn that the integrals which occur in Hamilton’s 
principle and the principle of Least Action are stutionary for the trajectories 
as compared with adjacent paths. The question now arises, whether they 
are actually maxima or minima. 
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We shall select for consideration the principle of Least Action, and for 
convenience of exposition shall suppose the number of degrees of freedom 
in the dynamical system to be two, the motion being defined by a kinetic 
energy 

P= $n (Gas Go) Gr? + Ais (Gis G2) Gada + $42 (Gr, Ge) Ge", 
and a potential energy 
Var(q, q)- 
The discussion can be extended without difficulty to Hamilton’s principle, 


and to systems with any number of degrees of freedom. The principle of 
Least Action, as applied to the above system, is (§ 100) that the integral 


a 


| (dy Gy aia 20129192 ar Ca”) dt 


has a stationary value for an actual trajectory as compared with other paths 
between the same termini for which dt is connected with the differentials of 
the coordinates by the same equation of energy 

P+V=h. 


This latter equation gives 
ang +.2aqi qo + Qe Ge =2 (h = 1), 
or dt = {2(h—W)}~} (andg? + 2andqidg, + andg.?)?, 


so the stationary integral can be taken to be 


f= fa = py? (dy + 2A2Qo te dna?) dq ’ 


where q' stands for dq,/dq,; this integral is to be taken between terminals, 
at each of which the values of g, and q are given. 


Writing this equation 
r=| fa qe; qe ) du, 


we shall discuss the discrimination of its maxima and minima (which was 
first effected by Jacobi) by a method suggested by Culverwell*. 


Consider any number of paths adjacent to the actual trajectory. These 
paths will be supposed to have the same terminals, and to be continuous, 
but their directions may have abrupt changes at any finite number of 
points. For such a path let (qm, q+) be a point corresponding to a 
point (1, gz) on the actual trajectory; we shall frequently write ad ne 8q., 
where a is a small constant the order of which determines the order of 
magnitude of the quantities we are dealing with, and @ is zero at the terminal 
points. 

* Proc. Lond. Math. Soc. xxut. (1892), p. 241. 
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Let the expansion of the function 
F(G, Bt A, 92 + af’) 


in ascending powers of a be 
JG qe> qe ) tact (Od te U;¢’) te 4a? (Uo? st 2Un.¢o¢' at: Und?) + tee 


let SZ denote the terms involving a in the first degree in 


[ F (qs G2 + Oh, G2 + 2h’) dq, 


and let 6272 denote the terms in a’. 


When the range of integration is small, and its terminals are fixed, the 
value of ¢’ at any point is large compared with the value of ¢. For since ¢ 
is zero at the terminals, we have 


? =| ¥dq, 


where P and FR denote the terminals. If therefore 8 be the numerically 
greatest value of ¢’ between P and R, it follows that ¢ can never exceed 
(G(R) — Gm) 8, and consequently by taking the range sufficiently small the 
ratio of @ to ¢’ can be diminished indefinitely. 


Thus if the range is very small, the most important term in VJ is 
4 | U,,¢7dq,; and as the sign of this is always the same as that of U,, (the sign 


of dq, is taken to be positive), we see that for small ranges, J is a maximum 
or minimum according as U,, is negative or positive. Now 
of 


Oe ag. fs (h oa vy? (dy oh 2droGo at Con Jo’?) 2 (Ay, op aa Ce 


and this is positive, since the kinetic energy is a positive definite form and 
therefore @,,d..—).° 1s positive. We thus have the result that for small 
ranges the Action is a minimum for the actual trajectory. 


Now consider any point A on an actual trajectory, and let another actual 
trajectory be drawn through A making a very small angle with the first. If 
this intersects the first trajectory again, say at a point B, then the limiting 
position of the point B when the angle between the trajectories. diminishes 
indefinitely is called the kinetic focus of A on the first trajectory, or the 
point conjugate to A. 


We shall now shew that for finite ranges the Action is a minimum, 
provided the final point is not beyond the kinetic focus of the initial point. 
For let P and @ be the terminals; we have seen that if Q is very near 
to P, the quantity 6° is always positive and of order e compared with the 
value of J for the limits P and Q. It is therefore evident that as we remove 
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Q further from P, the quantity &Z cannot become capable of a negative 


value until after Q has passed through the point for which 6J can vanish 
for a suitably chosen value of ad. 


Suppose then that PBQ is an arc of an actual trajectory, Q being the first 
point for which it is possible to draw a varied curve PHQ for which &I is zero ; 
we shall shew that the varied curve PHQ must itself be a trajectory. For if 
it is not a trajectory between two of its own points A and C (supposed near 
each other), let a trajectory ADC be drawn between these points. Then the 
integral taken along ADC is less than that taken along AHC, so the integral 
taken along PADCQ is less than that along PHQ, which by hypothesis is 
equal to that along PBQ. Hence 8J along PADCQ is negative, and there- 
fore Q cannot be the first point for which, as we proceed from /, the variation 
ceases to be positive; which is contrary to what has been proved. It follows 
that PAHCQ is a trajectory, and Q is the kinetic focus of P. Hence the 
Action is a true minimum, provided that in passing along the trajectory the 
final point is reached before the kinetic focus of the initial point. 


Lastly we shall consider the case in which the kinetic focus of the initial 
point is reached before we arrive at the final point. Suppose, with the notation 
just used, that the initial and final points are P and R; and let two points £ 
and F be taken, the former on the curve PHQ and the latter on the are QR; 
these points being taken so close together that the trajectory EGF joining 
them gives a true minimum. Since the integral taken along HGF is less 
than that along EQF, it follows that the integral taken along PEGFR is less 
than that along PHQR; but the latter is equal to that along PBQR, since 
both integrals are equal from P to Q; and therefore the integral along PBQR 
is not a minimum; but it is not a maximum, since the integral taken along 
any small part of it isa minimum. Hence when the kinetic focus of the mitral 
point is reached before we arrive at the final point, the Action rs nevther a 
maximum nor a minimum. 

A simple example illustrative of the results obtained in this article is furnished by the 
motion of a particle under no forces on a smooth sphere. The trajectories are great- 
circles on the sphere, and the Action taken along any path (whether a trajectory or not) 
is proportional to the length of the path. The kinetic focus of any point A is the 
diametrically opposite point A’ on the sphere, since any two great-circles through A 
intersect again at A’. The theorems of this article amount therefore in this case to the 
statement that an are of a great-circle joining any two points A and B on the sphere is 
the shortest distance from A to B when (and only when) the point A’ diametrically 
opposite to A does not lie on the are, ie. when the arc in question is less than half 
a great-circle. 

104. Representation of the motion of dynamical systems by means of 
geodesics. 


The principle of Least Action leads to an interesting transformation of 
the motion of natural dynamical systems with two degrees of freedom. 
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Let the kinetic energy of such a system be 
4 {an (> Ye) Gi? + 2Aie (M1, Je) ge + Mee (M1; Gz) 4e"} ; 
and let its potential energy be 4 (q, gq). By § 100, the orbits corresponding 
to that family of solutions for which the total energy is h are given by the 
condition that 


[@ gr + dig qo + Axe Go”) dt 


is stationary for any part of an actual orbit, as compared with any other arc 
between the same terminals for which dt is connected with the differentials 
of the coordinates by the relation 


4 (ang? ap 201241 Go UP Ao0. a”) =P ap (9, Yo) =h... 
The integral ; 
[GW andgt+ 2emdgqdg, + dadge)? 


is therefore stationary. But this integral expresses the principle of Least 
Action for the motion of a particle under. no forces on any surface whose 
linear element is given by the equation 

ds? = (h— Wr) (andqi? + 2a,2d9q,dq_ + Aodqz"), 
and is therefore the defining condition of the geodesics on this surface. 
Consequently the equations of the orbits in the given dynamical system are the 
same as the equations of the geodesics on this surface. 


Example 1. Shew that the parabolic orbits of a free heavy projectile correspond 
to the geodesics on a certain surface of revolution. 


Example 2. Shew that the orbits described under a central attractive force ¢’ (7) in a 
plane correspond to geodesics on a surface of revolution, the equation of whose meridian- 
curve is z=f(p), where 

f’ (p)={(pdr/rdp)?—1}2 


and where 7 and p are connected by the relation p?=7r? {-—@ (r) +A}. 


105. The least-curvature principle of Gauss and Hertz. 


We shall now discuss a principle which, like Hamilton’s principle, can be 
used to define the orbits of a dynamical system, but which does not involve 
the sign of integration. 


In any dynamical system (whether holononiic or non-holonomic) let 
(2+; Yr, 2) be the coordinates of a typical particle m, at time ¢, and 
(X,, Y,, Z,) the components of the external force which acts on the particle. 
Consider the function 
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where the summation is extended over all the particles of the system, and 
where (%,, ¥,, Z,) refer to any kinematically possible path for which the 
coordinates and velocities at the instant considered are the same as in some 
actual trajectory. This function substantially represents what was called by 
Gauss the constraint and by Hertz (who however considered primarily the 
case in which the external forces are zero) the curvature* of the kinematically 
possible path considered. In what follows Hertz’s terminology will be used. 


We shall shew that of all paths consistent with the constraints (which 
are supposed to do no work), the actual trajectory is that which has the 
least curvature. 


In the, simple case of a single particle moving on a smooth surface under no external 
forces, this result clearly reduces to the statement that the curvature in space (in the 
ordinary sense of the term) of the orbit is the least which is consistent with the condition 
that the particle is to remain on the surface. 


To establish this result, let the equations which express the constraints 
(using «, to typify any one of the three coordinates of any particle) be 


S xp, da, = 0 (k=1, 2,..., m), 
r » 


- where the coefficients a, are given functions of the coordinates. Differ- 
entiating these relations, we have 


Sree SS ee, 20 Gets ee any. 
r » g Os 

Let #, be a typical component of acceleration in the path considered 
(which is supposed to be kinematically possible, but is not necessarily the 
actual trajectory), and let #, be the corresponding component of acceleration 
‘in the actual trajéctory. Subtracting the preceding equation, considered as 
relating to the actual trajectory, from the same equation, considered as 
relating to the kinematically possible path, we have (since the velocities are 
the same in the two paths) 


Sap, (Ey — Lp) = O (k= 1, 2, ..., m). 


‘This equation shews that a small displacement of the system, in which 
the displacement 62, of the coordinate a, is proportional to (#,—@,»), 18 con- 
sistent with the equations of constraint, i.e. is a possible displacement. 


The components of the forces exercised by the constraints are typified by 


* Strictly speaking, the square root of this function, and not the function itself, was called 
the curvature by Hertz. ma 

+ Gauss, Crelle’s Journal, tv. (1829), p. 232; Werke, v. p. 23. Gauss measured the constr aint 
by ‘‘ the saa of the masses of the particies, each multiplied by the square of its deviation from 
pple. motion.” ‘The above analytical expression for it was first given by H. Scheffler, 
Zeitschrift fiir Math. ut. (1858), p. 197. Hertz’s theory is given in his Mechanitk. 
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(m,é — X,): and in any possible displacement the forces of constraint do no 
work. We have therefore 


EJ (MyHypy — X,) (Er — Bro) = 9, 
* 
an equation which may be written in the form 


X,\? lee Bae dali 
=m, (@, - =") = >m, (zn —— ) + Xm, (¥> — Fy)’, 
? - 


F Uy r me 


or (reverting to the use of y’s and z’s) 


se ».¢ 2 oe Y; a fea Z, 2 
ce i(é ae) +( ie} satus a 
Xe \ wae ye “ Ly\? 
age \(é "i = + (Go a % (én ms = 


ae =m, (Ger a7 Bro)? aE (Yr “Ea Yroy of (Z, se: 2r0)}. 


Since the terms in the last summation on the right-hand side are all 
positive, it follows that 


r Yr 


Ve ok Nee any 
me, at SAG tr PO ag EY 
Snee(& =4 = (¥, a) 5 lz s 
on G5 z oe Y; : a 4, ; 
» Sr (tn 22}+ (oe 2) + (te BY} 


which establishes the result stated. 


106. Expression of the curvature of a path im terms of generalised 
courdinates. 


Lipschitz has shewn* that the curvature of a kinematically. possible path 
in a holonomic dynamical system with n degrees of freedom can be expressed 


in terms of the derivates of the n independent coordinates which define the 
position of the system. : 


Let (q, Ye, +++, Gx) be the coordinates; let (G, Ge, -.-, In) be the accelera- 
tions of these coordinates in any kinematically possible path, and let 
(jin, Yor «++» Gro) be the accelerations in the actual trajectory which corre- . 
sponds to the same values of (q1, qo, «+-) Gn» Gis Gas +++) In). Using «, to typify 
any one of the three rectangular courdinates of any particle m,,and X, to typify 
the corresponding component of force, the Gauss-Hertz curvature of the path 
is Sa, (z, — X,/m,)?; and it has been shewn in the last article that this can 


U 
be written in the form 
2M, (¥ro — X,/m,) + Lm, (Zy — Fo)”. 
(fe 7 
* Journal fiir Math. uxxxu. p. 323, Cf. also Wassmuth, Wien. Sitz. crv. (1895); and for 
further work connected with the principle of Least Curvature see Leitinger, Wien. Sitz. cxy1 
(1908), p. 1321 and Schenkl, Wien. Sitz. cxxir. (1913), p. 721. 
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The first of these summations is the same for all the paths considered, since 
it depends only on the actual trajectory: we can therefore omit it without 
causing the whole expression to lose its minimum-property, and we can call 
the remaining summation Sm, (&- — Zo) the curvature of the path. 

le 


Let the kinetic energy be 
T= $2 = adage, 


where the quantities a,, are given functions of (q,, 2) +++; Yn); let D denote 
the determinant formed of the quantities a,;, and let Aj denote the minor of 
Q in this determinant. 
From the equation 
: 2m, 2) = = Zande qi 
3 


we have ty = 2M. 


07a, 
N i, = > eee > > ee STi es ; 
1% meme oh ea ns1 oquogn 
and consequently, since the coordinates and velocities are the same for all the 
paths considered, we have 
ae ee hae 
Ly — Lng = Son (Ge — Yeo). 
But if we write 
CLOW NE G5 
Si= 5; (55) ~ ag, - 2 Bat le 
s dt Ogz Cdk +r Ogk 


since this expression is zero for the actual trajectory, we have 


(ha 1) 20°), 


S;, = the difference of the values of g Ga for the path considered and 
k 


the actual trajectory, 


or = Sy= Lan (Gr — Gu) (K=1, 2, ..., n), 
at 
apis OS 
whence we have Gt — Geo = Fy = AwS (hesd DA ee iy ie 
and consequently 
ie eee ss As 
r Sey) ae 09% kiXVl- 


The curvature, =m, (Z,— Zo), is therefore 
r 


i Ox, Ox. 
= = Im, — ApAyS,S;, 
eae eh rae ae 


1 
or Dd > 2 2 Sari Ans Ay SiS}. 
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But by a well-known property of determinants, we have 


> Lay: Away = DAy, 
ik 


and therefore finally the curvature can be expressed in terms of the coordinates 
(G15 Yas «++» Yn) and their derivates in the form 


1 
p => AuSS 


107. Appell’s equations. 


The Gauss-Hertz law of Least Curvature is the basis of a form in which 
Appell has proposed* to write the general differential equations of dynamics. 
This form, as will be seen, is equally applicable to holonomic and non- 
holonomic systems. 


Consider any dynamical system ; let 
Audg, + Audg,t+...+Andgnt+Tidt=0 (k=1, 2, ..., m) 


be the non-integrable equations connecting the variations of the generalised 
coordinates q;, g2, -.-, m3 in holonomic systems these equations will of course 
be non-existent. 


Let S denote the function 42m, (#7 + #7 + 22), where m, typifies the mass 
k 


of,a particle of the system, whose rectangular coordinates at time ¢ are 
(tz, Ye, 2x). By means of the equations which define the position of the 
particles at any time in terms of the coordinates (q@, gz, .-., @n), 1t 1s possible 
to express S in terms of (9), G2, ---, Qn) and the first and second derivates of 
these variables with respect to the time. Moreover, by use of the equations 
of constraint we can express m of the velocities (q;, gs, -.-, Gn) in terms of the 
others: let the coordinates corresponding to these latter be denoted by (p,, po, 
.++) Pn—m). By differentiating these relations we can express G, G, ..-, Gn 
in terms of the quantities 1, B., .-.,Gn—m, Pr, Par +--+» Pn—ms QU» Qa» «++» Yn» and 
hence S can be expressed in terms of this last set of variables. 


Now any small displacement which is consistent with the constraints 
can be defined by the changes (6p,, dp., ..., Sfn-m) in the quantities 


(Dr Da oss Dacia nel ee = ‘P,Sp, denote the work done by the external forces 


in such a displacement. As in § 26, we have 


Oye cre ; Ff 


Oar% 
Sy ee) 
Sm: (de 5 + He an, Aol 7b Op, 


* Journal fiir Math. cxx1, (1900), p. 310. 
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; Let the equation which expresses the change in 2; in terms of the changes 
im (pi; Pe, zsieiy Pr—m) be 


nm 
5x4 = > T,ODr, 
r=1 


where (,, 12, .-.) Tn—m) are known functions of the coordinates: the 
equations of this type are of course non-integrable. From this we have 
0x,/0p,=1m,, and so the equation which expresses 4 in terms of 


: (pr, Pe, IN) Daan) 
will be of the form 
n—-m 
Ly = Tr Pr + a, 
r=1 
where a denotes some function of the coordinates, Differentiating this 
equation, we have 
Nam dar, . - da 
Sade tlieadie 


n—m 
x= > Wr Py + 
r=1 


whence a =, = Fat ° 
Ti follows that 
AOU ROUE. asm OPE 
pe ( Ome | OY , » Cee 
Sm Xy, Op, + Yi ap, + Z% a) 
— Eom ( i ag + Shap, + 255) 
= 0S/dp,, 
and therefore the equations of a dynamical system, whether holonomie or not, 
can be expressed in the form 
oS 
Rae (r=1, 2, ...,n—m), 
where S denotes the function 42imy(#2+%2+ 22), and (pr, Pas +» Dn—m) are 
coordinates equal in number to the degrees of freedom of the system*. . 


Tt is evident that the result is valid even if the quantities p,, ..., Pn—m 
are not true coordinates, but are quasi-coordinates. 


Example. Obtain from Appell’s equations the equations 

Aw — (B- C) @,03=L, 

Boy — (C— A) a301=H, 

Caz —(A — B) o o2=N, 
for the motion of a rigid body one of whose points is fixed; where (;, @), 3) are 
the components of angular velocity of the body resolved along its own principal axes 
of inertia at the fixed point, (A, B, C) are the principal moments of inertia, and (LZ, M, N) 
are the moments of the external forces about the principal axes. 


* On the connexion of these equations with the Principle of Least Action, cf. H. Brell, Wien. 


Sitz. oxxit. (1913), p. 933. 
17—2 
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108. Bertrand’s theorem. 


A theorem in impulsive motion, which belongs to the same group of 
results as the least-curvature principle of Gauss and Hertz, is due to 
Sturm* and may be stated thus: Jf a given set of impulses is applied to 
different points of a system (whether holonomic or non-holonomic) im motron, 
the kinetic energy of the resulting motion ts greater than the kinetic energy 
of the motion which the system would acquire under the action of the same 
impulses and constraints and of any additional constraints due to the reactions 
of perfectly smooth or perfectly rough fixed surfaces, or rigid connexons 
between particles of the system. 


For let m be the mass of a typical particle of the system, and let (u, v, w), 
(u’, v’, w’), (u,, %1, W,) denote the components of velocity of this particle before 
the application of the impulses, after the application of the impulses, and in 
the comparison motion, respectively. 


Let (X, Y, Z) denote the components of the external impulse acting on 
the particle: (X’, Y’, Z’) the components of the impulse due to the con- 
straints of the system: and (X’+ X,, Y’+ ¥,, Z’+Z,) the components of 
the impulse due to the constraints in the comparison motion. 

The equations of impulsive motion are 
m(u'—uy=X+X’, m(v-v=Y+Y’, m(w—w)y=Z4+Z', 
m(uy—u=X+X'+X,, m(y—v=V+YV'+Y,, m(w—w)=2Z4+7'4+2,. 

Subtracting, we have 

m(u,—w')=X,, m(,-v')= Vj, m (w, — w’) = Z,. 


Multiply these last equations by uw, v,, w,, respectively, add, and sum for 
all the particles of the system; we thus have 


=m {(uy — wu’) uy + (vy — 0’) vy + (w, — w’) wy} = 2 (Xiu, + Viv, + Zw). 
Now from the nature of the constraints, it follows that finite forces 
acting on all the particles of the system and proportional to the impulsive 


forces (X,, Y,, Z,), would on the whole do no work ina displacement whose 


components are proportional to the quantities (u,, v,, w;); and therefore we 
have 


= (X,u, + Y,v,+ Z,w,) = 0, 
oF 2m {(% — uw’) m+ (%— v’) ¥, + (Ww. — w’) w,} =0; 
this equation can be written in the form 


Xm (u? + v2 + w?) — Xm (uy? + v2 + w2) = =m {(u — u)? + (0 — 14) + (w'’ — w,}}, 


* Sturm, Comptes Rendus, x111. (1841), p. 1046. It is always known as Bertrand’s theorem. 
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which shews that 


$m (u? + v2 4+ w?) > $ 2m (u?+ v2 + w,), 
and so establishes Bertrand’s theorem. 


The theorem may readily be extended to the case when the forces are not 
impulsive but continuous: in this case the increase of kinetic energy per 
unit of time is diminished by the introduction of fresh constraints that do 
not affect the potential energy. 


The following result, due to Lord Kelvin and generally known as Thomson's theorem* 
can easily be established by a proof of the same character as the above: If any number ap 
pownts of a dynamical system are suddenly set in motion with prescribed velocities, the 
kinetic energy of the resulting motion is less than that of any other kinematically possible 
motion which the system can take with the prescribed velocities, the excess being the energy of 
the motion which must be compounded with either to produce the other. ake 


Lord Rayleigh has remarked+ that the theorems of Thomson and Bertrand may both 


be comprehended in the statement that the introduction of fresh constraints increases the 
inertia, or moment of inertia, of a system. 


Example. A framework of (n—1) equal rhombuses, each with one diagonal in the 
same continuous straight line, and two open ends, each of which is half of a rhombus, is 
formed by 2n equal rods which are freely jointed in pairs at the corners of all the 
rhombuses. Impulses P perpendicular to and towards the line of the diagonals are 
applied to the two free extremities of one open end; shew that the initial velocity, 
parallel to the diagonal, of the extremities of the other open end is 


3P __sinacosa 

m cos?a+n? sin? a’ 
where m is the mass of each rod, and 2a is the angle between each pair of rods at 
the points of crossing. (Camb. Math. Tripos, Part I, 1896.) 


MISCELLANEOUS EXAMPLES. 


1. If the problem of determining the motion of a particle on a surface whose linear 
element is given by the equation 
ds?= Edu2+2Fdu dv+ Gdv*, 
under the action of forces such that the potential energy is V(u, v), can be solved, shew 
that the problem of determining the motion of a particle on a surface whose linear 
element is given by 
ds?= V(u, v) (Edu?+2Fdudv+ Gdv*), 


under forces derivable from a potential energy 1 /V(u, 2), can also be solved. 
(Darboux.) 


2. If in two dynamical systems in which the kinetic energies are respectively 
Sin Gi Ge and Shi gi ge, and the potential energies are respectively U and V, the trajectories 


e 
* Thomson and Tait’s Natural Philosophy, § 317. 
+ Theory of Sound, Vol. 1. p. 100. 
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are the same curves, though described with different velocities, so that the relations 
between the coordinates (91, 2) ---) Yn) are the same in the two problems, shew that 


ya2U+8 
‘“ ~ y0+8? 


where a, 8, y, 6 are constants, and that 
3bydqidqu=(yU +8) Sandqidg. (Painlevé.) 


3. If all the trajectories of a particle in a plane, described under forces such that the 
potential energy of the particle is V(x, y), with a value h of the constant of energy, are 
subjected to a transformation 


a (X, Y), y= (4, Y), 


where ¢ and y are conjugate functions of (#, ¥), shew that the new curves so obtained are 
the trajectories of a particle acted on by forces derivable from the potential energy 


2 fs) 2 
[Vib (% V4 (% ry-70{(38) + (Fh) f 
with a zero value of the constant of energy. (Goursat.) 


4. If 7 and V denote respectively the kinetic and potential energies of a dynamical 
system, shew that 


av peel ag Be aha 
2 Ty +2 (P+7?2+2) 


| ROL GEA CILLA IA Al CLA 
a mit ae) + mite) + (meee) } 


by a quantity which does not involve the accelerations; and hence that 


eT A es 
qe 7 Bem (+H? +2) 


differs from 


is 4 maximum when the accelerations have the values corresponding to the actual motion, 
as compared with all motions which are consistent with the constraints and satisfy 


. the same integral of energy, and which have the same values of the coordinates and 
velocities at the instant considered. (Forster.) 


CHAPTER X 
HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS 


109. Hamilton’s form of the equations of motton. 


We shall now obtain for the differential equations of motion of a con- 
servative holonomic dynamical system a form which constitutes the basis 
of most of the advanced theory of Dynamics. 


Let (@1, qa, «++» Qn) be the coordinates and L (qi, qo, +++) Gms Ga» Ges +++» Gn» #) 
the kinetic potential of the system, so that the equations of motion in the 
- Lagrangian form are 


d joL\ oL 
Gra) ec (p=1,2)'5.,n). 
: oL 
Write Og = Pr (r =1, 2, ? n), 
oL 
that Dp == y=1, 2, ..., n). 
so tha Py ) 


From the former of these sets of equations we can regard either of the 
sets of quantities (Gis Gas «>» Gn) OF (Pi; Pas ++ Pn) a8 functions of the other set. 


If & denote the increment in any function of the variables 
| (> qa» CHI) dn» Pi» Pas sisiely Pn) or (qm; qe, aha7shy) Qn> h> qa» Onur) Gn) 


due to small changes in the arguments, we have 


n (OL le 
Se Blac ale. ee 8 r 
ob es Ge 54 3 Oqr q ) 


ll 


2 (Prdqr + Pr 84r) 
=o S pride + & (Brg — Gr Pr)s 


er é 12, Pr4r — x a, = (4, 5pr — Pr 8qr)- 
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* n 5 
Thus if the quantity = p,g,— Z, when expressed in terms of 
: r=1 


(hm; Y2) 7) An> Pr Pa» OOF Pn» t), 
be denoted by H, we have 


SH = > (G,OPpi— De OGp), aveaien carpeok nme (1), 
r=1 ; 
dq, 0H dp,__0H ¢,_ 
or dine aoe (7 = 1,2,7..0, Recta) 


The motion of the dynamical system may be regarded as defined by these 
equations, which are said to be in the Hamiltonian or canonical form; the 


dependent variables are (41, q2, «++» Yn; Pi» Po» +++) Pn), and the system consists 
of 2n equations, each of the first order; whereas the Lagrangian system 
consists of n equations, each of the second order. 


The Hamiltonian form was introduced by Hamilton in 1834*. In part he had been 
anticipated by the great French mathematicians: for Poisson in 1809+ had taken the step 
of introducing a function 


Be : 
= Prqr-T 
r=1 


and expressing it in terms of (91, G2, ---) Yn» P1s +++» Pn), and had actually derived half of 
Hamilton’s equations: while Lagrange in 1810} had obtained a particular set, of equations 
(for the variation of elements) in the Hamiltonian form, the disturbing function taking the 
place of the function H. Moreover the theory of non-linear partial differential equations 
of the first order had led to systems of ordinary differential equations possessing this form : 
for, as was shewn by Pfaff§ in 1814-15 and by Cauchy|| in 1819 (completing the earlier 
work of Lagrange and Monge), the equations of the characteristics of a partial differential — 
equation 

SF (Fry Lay 00) Vay Pry Pay +++» Pa)=9, 


where a=e, 
8 
a OO GT LE os ae) OR Oe Bie Oe 
flop, Offep, ~" Offopn —Offdxy “"  —Offox,” 


Hamilton’s investigation was extended to the cases when the kinetic potential contains 
the time, etc. by Ostrogradsky 7 in 1848-50 and by Donkin** in 1854, 


The equation (1) above is often called the Hamiltonian form of the 
equation of virtual work. It may be written in the more symmetrical form 


5 ( = prdq,— Hdt)=d( 3 p,8q,— H8t), 
r= ‘ r=1 


* Brit. Ass. Rep. 1834, p. 513; Phil. Trans. 1835, p. 95. 

+ Journal de Ecole polyt. vit. (Cahier xv), (1809), p. 266. 
+ Mém. de U’ Inst. 1809, p. 343. 

§ Berlin Abhand. 1814-15, p. 76. 

|| Bull. soc. philomath. 1819, p. 10. 


{. Mélanges de V Acad. de St.-Pét. Oct. 1848 ; Mém. de l’Acad. de St.-Pét. vt. (1850), p. 385. 
** Phil. Trans. 1854, p. 71. 
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which directly suggests the importance of the differential form 
= prdq, — Hat 


in connexion with the differential equations of dynamics: cf. § 187 below. 


When the kinetic potential Z does not involve ¢ explicitly, the Hamiltonian 
function Hf will evidently likewise not involve ¢ explicitly, and the system 
will possess (§ 41) an integral of energy, namely 


Le ANS 
= i tO ae L = h, 
r=1 q Oqr 
where f is a constant. This equation can be written 


EG Oneness Gnas) Dees Pay ne 
and this is the integral of energy, which is possessed by the dynamical system 
when the function H does not involve the time explicitly. For natural problems, 
it follows at once from § 41 that H is the sum of the kinetic and potential 
energies of the system. 


Example. Shew that the equations of motion of the simple pendulum are 


dq 0H dp_ 0H 
dt op’ dt ~ oq’ 
where H=tp*—gi—1 cos q, 


and where g denotes the angle made by the pendulum with the vertical at time 4, / is 
the length of the pendulum, and the mass of the bob is taken as unity. 


110. Equations arising from the Calculus of Variations. 


From the preceding chapter it appears that the whole science of Dynamics 
can be based on the stationary character of certain integrals, namely those 
which occur in Hamilton’s principle and the principle of Least Action: 
similarly the differential equations of most physical problems can be regarded 
as arising in problems of the Calculus of Variations. 

Thus, the problem of finding the state of thermal equilibrium in an isotropic 
conducting body, when the points of its surface are kept at given temperatures, can be 


formulated as follows: to find; among all functions V having given values at the surface, 
that one which makes the value of the integral 


{(/AVN2 /OV\2?  /OV\? 
S{AGE) + Gy) + Ge) janes 
integrated throughout the surface, a minimum. * 


We shall now shew that all the differential equations which arise from 
problems in the Calculus of Variations, with one independent variable, can ‘be 
expressed in the Hamiltonian form*. 


* Cf. Ostrogradsky, Mém. de V Acad. de St.-Pét. v1. (1850), p. 385. 
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Suppose, for clearness, that there are two dependent variables ; the proof 
is equally applicable to any number of variables. 


(m) (n) é ; 
Let L(t, y, ¥, J, «+, 4, a Mt pel 2) be a function of the independent 


variable t, the dependent variables y, z, and their derivates up to orders m, n, 
respectively. 


The conditions that the integral 


(m) : (n) 
[z (€, Ys Ys ceey Yo 2, B, aoe 2) Ab 


. 


may be stationary, can, by the ordinary procedure of the Calculus of Varia- 
tions, be written in the form 


0-5-5, (M4. +e = (F): 


oy dt oy dim ‘do 
oL ad /oL ad” /oL 
Her tee) Il mers eee — 1)" — a) . 
oz = at (a) a eo) dt ( 
Now write 
( = oL od fal nee a” (=) 
Pi ay —— dt aa) eee eee rerecere + ( 1) ree ay ? 
OL a /oL d™- /oL 
Pp — aaa a “fe eee +(— Deas ( m:. > 
: oy = dt \ oy damn *) 
| aL 
| Pm = aa > 
j RR tbuev dro ni 
Pm = ay == at (53) Ste sistsicianeleshoe i wiciee + (- byt we (ss) 5 
oL d oL 
Pm+2 Aad oT eles selene cinace ar (— ij <) ’ 
| Oz din (i 
| TTreettteetteeeteseseeeeeeeeseeeeeeseeceectenaecegermecesessseeees 
oL 
| Pmt+n Soy 
\ Oz 
and write 
: (m—1) n—1) 
= Yr W2o=Ys veer Im =Y, Umi = 2%, Ymta = 2, ++) Ymin ars 
Then if 


(m) 
H= < + Pde + Pods +... + Pm—1 9m + PmY + Pm+iUm+2 +... 


> (n) 
+ Pm+n—1Um+n + Pmin Z, 
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(where H is supposed expressed as a function of (¢, q1, ..-; @mtns Pry +++) Pm+n) 
aigne (») ™ . . . i 
the quantities y and z being eliminated by use of the equations px =0L/ ay, 


(n) 
Pm+n=O0L/dz), and if & denote an increment due to small changes in the 
arguments g:, Qa, --:, mans Pir Par +++» Pmin, We have 


Che W NS, ob ™ ™10L 4 
8H =— 2 8dr — we OY — & =H Omi rt — ts 82 
AGL oy roo oe 


m—-1 (my) m-1 (m) 
+S Prdqria + PmdY + % Qrir8Pr + YoPm 

m+n-1 (~) mtn-1 (n) 
+ & Pr 89r41 + Pm+n bz+ DY Ori Sp, + Z5Pmin: 
m+1 r=m+1 


r= 


Using the relations 


OL st re Bel a OL .. OL 
dy Pv ay at Pv Dek see aprake” etc., 
this becomes $H = ase PrOQr se Gr Spr. 
r=1 r=1 


Thus, if H is expressed in terms of the variables 


(t, Pris Par -++) Pmins Nir Yoo o+s Omen) 
dq, OH d oH 

h al La cha! be Sh oe sed ‘= 
we have dion i ar (r=1, 2, ..., m+n), 
and the differential equations of the problem are thus expressed in the Hamal- 
tonian form. 

The systems of differential equations which arise in the problems of the 
Calculus of Variations are often called csoperimetrical systems. 


111. Integral-invariants. 


The nature of Hamiltonian systems of differential equations is funda- 
mentally connected with the properties of certain expressions to which 
- Poincaré* has given the name integral-invariants. 


Consider any system of ordinary differential equations 


ae dit, _x dat _ 
dt sy lo dt ae 2) OUD dt n> 
where X,, Xo,..-, Xn are given functions of a), %, ---» Zn, t. We may regard 
these equations as defining the motion of a point whose coordinates are 
(a, 3, .-», n) IN Space of n dimensions. 


* Acta Math. x11. (1890). 
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If now we consider a group of such points, which occupy a p-dimensional 
region ¢, at the beginning of the motion, they will at any subsequent time ¢ 
occupy another p-dimensional region ¢ A p-tuple integral taken over Eis 
called an integral-invariant, if it has the same value at all times 1; the 
number p is called the order of the integral-invariant. 


Thus, in the motion of an incompressible fluid, the integral which repre- 
sents the volume of the fluid, when the integration is extended over all the 
elements of fluid which were contained initially in any given region, is an 
integral-invariant; since the total volume occupied. by these elements does 
not vary with the time. 

Example 1. Consider the dynamical problem of determining the motion of a particle 
in a plane under no forces: let (x, y) be the coordinates of the particle, and (u, v) its 
components of velocity. The equations of motion may be written ; 


=u, y=v, u=0, o=0. 
The quantity 


is | (da —tdu), 


where the integration is taken, in the four-dimensional space in which (x, y, ¥, v) 
are coordinates, along the curvilinear arc which is the locus at time ¢ of points which were 
initially on some given curvilinear arc in the space, is an integral-invariant. For the 
solution of the dynamical problem is given by the equations 

u=a, v=b, xw=at+c, y=bt+d, 
where a, 5, c, d are constants: and therefore we have 


I= {(ea+de—- t6a) 


= [2 


Example 2. In the plane motion of a particle whose coordinates are (x, y) and whose 
velocity-components are (w, v), under the influence of a centre of force at the origin whose 
attraction is directly proportional to the distance, shew that 


| (uae— sou) 


and this is independent of ¢. 


is an integral-invariant. 
112. The variational equations. 


The integral-invariants of a given system of differential equations furnish 
integrals of another system of differential equations which can be derived 
from these. 

For let the given system of equations be 

dz, 
Te hr vs Mes soe, Un, t) (r=1, 2, ety n). 

Let (4, %, ..., %) and (a, + 8a,, @ + 8a, ..., &_, + 6%) be the values of 
the dependent variables at time ¢ in two neighbouring solutions of this set of 
equations; where (62, da, ..., &@,) are infinitesimal quantities. Then we have 


£ (Get Oty) = X_ (L, + O2,, T+ Obs, ».0, Sint Ot4;t) (r= 122 n) 


? 
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and consequently, 


@d Lx). € Gay ox, 
le or gent atm (r= 1,2, ..., %). 


These last n equations, together with the original n equations, may be 
regarded as a set of 2n equations in which (a, a, ..., @n, Oa, da, ..., bap) 
are the dependent variables. 


Now if 
[er (Ue Gere, a) OW, 
a 
denotes an integral-invariant of the original system, the quantity 


d 
AP \3F, (Che eee 2) Bt 


must, since the path of integration is quite arbitrary, be zero in virtue of 
precisely this extended system of differential equations; and therefore 


XF, (2, £2, -.-, &) 6%, = constant 
r A 


must be an integral of these equations: so that to an integral-invariant of 
order one of the original system of equations there corresponds an integral of 
the eatended system of equations, and vice versa. 


If a particular solution (%, 2, -.-, an) of the original equations is known, 
we can substitute the corresponding values (%, 1%, ..., an) in the extended 
differential equations, and so obtain n linear differential equations to deter- 
mine (4, 5a, ..., ap), Le. to determine the solutions of the original equations 
which are adjacent to the known particular solution. These » equations are 
called the variational equations. 


113. Integral-invariants of order one. 


Let us now find the conditions to be satisfied in order that 


| (M, 8a, + M,8m +... + Mn Sin), 


where (M,, Mz, ..., M,) are functions of (2, £2, --., Bn; t), may be an integral- 
invariant of order one of the system of differential equations 
dx, |dt = Xp (&1, Vay +++) Lay t) (Gab Ok roar 


We must have 
g (M80, + MyS0, +... + MyStn)=0, 


where the derivates of (8m, Sap, ..., 5%) are to be determined by the 
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extended system of differential equations introduced in the last article; and 
therefore 


n /dM, a. Oa) 
= Fy a )=0, 
2 (0M, ” OM, Rana. ) 
: = =); 
or 2 ( ag ott Bat Kuda, + M, & SF Bae 
Since (82, 5a, ..., 8a») are independent, the coefficient of each quantity 


$z, in this equation must be zero: and consequently the conditions for 
integral-invariancy are 


OM, 


Xess i S50 mide Bean): 
k=1 r 


Corollary 1. If an integral of the differential equations, say 
F'(&,, %, ..., Ln, t) = constant, 
is known, we can at once determine an integral-invariant. 


For we have 


o (S) +5 so (3) Xe+ $ or OX, _ 
1 OX; 


ot Ory k= Oily, a1 Og Oa, 


and therefore the expression 


is an integral-invariant. 


Corollary 2. The converse of Corollary 1 is also true, namely that if 


eeu) ; ; : 
| ( vy a be) as an wntegral-invariant of the differential equations, where U is 
r=1 rT 


a given function of the variadles, then an integral of the system can be found. 
For we have 


on 3 (5) + S ’ 4) ~ aU aX; 


Ox, Oxy \Oa,] * pay Day 02, 


af (OS 
~ Oar, \ Ot k=1 Oa, r) 
and consequently the expression 


oU 2 OU 


Ot ” gorda” 
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which is a given function of (a, £2, ...,@p, t), is independent of (a, 2, 
let its value be ¢ (t): this is a known quantity. 


Then we have dU/dt = $ (6), 


aks 


or U— | ¢ (t) dt = constant ; 


and this is an integral of the system. 


114. Relative integral-invariants. 


Hitherto we have only considered those integral-invariants which have 
the invariantive property when the domain of the initial values, over which 
the integration is taken, is quite arbitrary; these are sometimes called 
absolute integral-invariants. We shall now consider integrals which have the 
invariantive property only when the domain over which the integration is 
taken is a closed manifold (using the language of n-dimensional geometry) ; 
these are called relative integral-invariants. 


The theory of relative integral-invariants can be reduced to that of absolute 
integral-invariants in the following way. 


Let | (M, Sx, + MySay + :.. + My Sin) 


be a relative integral-invariant of the equations 
dz,/dt = X,, (rail ee2y cas tt); 


where (M,, M,, ..., Mn, X1, Xo, ..., Xn) are functions of (a, %, ..., Ln, t); 
so that this expression is invariable with respect to ¢ when the integration.is 
taken, in the space in which (2%, @, ..., 4m) are coordinates, round the closed 
curve which is the locus at time ¢ of points which were initially situated on 
some definite closed curve in the space. 


By Stokes’ theorem, this integral is equivalent to the integral 


og 5 iB me, 


Jig \Oaj Om 


where the integration is now taken over a diaphragm bounded by the curve ; 
this diaphragm can be taken to be the locus at time ¢ of points which were 
originally situated on a definite diaphragm bounded by the initial position of 
the closed curve: and since the diaphragm is not a closed surface, this integral 
is an absolute integral-invariant of order two of the equations. 


Similarly, by a generalisation of Stokes’ theorem, any relative integral 
invariant of order p is equivalent to an absolute integral-invariant. of 
order (p+ 1). 
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115. A relative integral-invariant which is possessed by all Hamiltonian 
systems. 


Consider now the case in which the system of differential equations is a 
Hamiltonian system, so that it can be written 


where H is a given function of (q1, qo) «++ Qns Pts Par +++» Pns t). 
For this system let 


= {Lat 


denote Hamilton’s integral, so that L is the kinetic potential ; let 
Chest Petcaa ir derpeloPrectcemes 9, 

be the initial values of the variables 
(Qs Gas v++» Yns Pry Por +++ Pn) 


respectively, and let 6 denote the variation from a point of one orbit to the 
contemporaneous point of an adjacent orbit. By § 99, we have 


60 = S Pr 98Qr — 3 B,8a,. 
r=1 r=1 


Let C, denote any closed curve in the space of 2p dimensions in which 
(Gis Yor «+> Yn» Pr» Pa» +++) Pn) are coordinates, and let C denote the closed 
curve which is the locus at time ¢ of the points which are initially on CQ). 
Integrating the last equation round the set of trajectories which pass from 
C, to C, we have 


[ : PrOGr = | > B,8a,, 
Cunt Chr= 


» r=l 


. 
and this equation shews that the quantity i = p,dq, is a relative integral- 
r=1 


mvariant of any Hamiltonian system of differential equations. 


116. On systems which possess the relative integral-invariant | =p dq. 

We shall next study the converse problem suggested by the result of 
the last article, namely that of determining all the systems of differential 
equations which possess the relative integral-invariant | 3 Prdgr, where 

r=1 


(Gis Yo, «++, Qn) are half the dependent variables, and (Pi, Pe, +++) Pn) are the 
other half. 
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Consider then a system of ordinary differential equations of order 2n in 
which the variables can be separated into two sets, (GES Ggrs. oe dn) cand: 
(Di, Das ness Dn)s such that 

[wd + p28qs +... + pndGn) 


is a relative integral-invariant of the equations, and consequently by Stokes’ 
theorem 


|[Cr.8a = 82842 a O00 yp dpnOGn) 


is an absolute integral-invariant. . 


Let the system of differential equations be 


Me py _ wel 
=Q,, det (7 =1, 2,. 5D) 
where.(Qi3 Qs, «+, Qa. ti, Me ..., Py) are given functions of 


(Qs Gas =++> Ins Pry Pay +++) Dns t). 
As the domain of integration of the absolute integral-invariant is of two 
dimensions, we can suppose that each point in it is specified by two quantities 
X and yw, which do not vary with the time but are characteristic of the 
trajectory on which the point in question lies. The absolute integral- 
invariant can therefore be written in the form 


Men ees 


and as \ and pw do not vary with the time, we must have 


id ~ 0(G:, 3 (Gi» Pi) _ 


dt i=1 0 (Xr, pb) 
=~ 42 — Pi) , O(Gis aa fs 


eS eS {ee 0 (Ye, py) , 00 apap) , OP. 0(qi, Qu) , OP: Oe Pe 
=1 (0Ge Ow) Ope (A, m) | Oe OAM) Oe OAH) 


t=1 k=1 
Owing to the complete arbitrariness of the domain of integration and 


i 7) Z d 0 7) i: ; 
the choice of X and yp, thé coefficients of Og: OP: 29 OM and “Pé [Pi in this 


ON Om’ OA Om’ ON Om 
equation must vanish separately. We thus obtain 
0Q; , OP: 
rr 
oa oe CAGE oa NOS 
0Q: _ 2% _ 4 
Op, OD; 
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These equations shew that a function H (qi, ge, «++, Yn» Pris Pos +++» Pn» t) 


exists such that 
Q, = 0H /dp,, P,=— 0H /0q, (r= 1, Zoe reatt) 


and thus we have the result that if a system of equations 


AGr Apr _ ee 
Gog, BaP, (r=1, 2, ...,) 


possesses the relative integral-invariant 


[esa + p28qo +... + pn8Qn); 


then the equations have the Hamiltonian form 
dq,.0H. dp oH 

Tes pad Apa Tae ge = 1, 2, 
dt Op,’ \ dé 8g, Cae) 
this is the converse of the theorem of the last article. 


Corollary. If 


oats 


[oda + 928q2 +... + Pn On) 


is a relative integral-invariant of a system of equations 
dq,/dt = Q,, dp,/dt = P, (r = 1, 2, eesy k), 

where & is greater than n, it follows in the same way that the equations for 
(Gis Gos «++» Ynz Pr» Pos +++» Pn) form a Hamiltonian system 

| dq, 0H dpy__ oH 

ate” Op, dias SiaG, 

where H is a function of (q;, a; .--; Uns Pr, Pos +++» Pn» t) only, not involving 
(Qn; Yn+2. +++ Vk» Pn+is «+> Pk) 


(i= 12 et): 


117. The expression. of integral-invariants in terms of integrals. 
If the solution of a system of differential equations 


So ee t) A Coat ep-SaR)) 


is known, the absolute and relative integral-invariants of the system may easily 
be constructed. 


Thus, let 
Yr (Ly, Lay ory Un, L)= Cy, Yo(L,, Ley 0+3 Bn, t)= Coy «0+, Yn (Hr, Way «+2, Bn, t) = Cp, 
where ¢;, C2, ..., Cn are constants, be » integrals of the system; the absolute 


integral-invariants of order one are evidently given by the formula 


| (N Sy, + Nout see aby), 
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where (N,, N,,..., Nn) are any functions of (4, Yor --») Yn) Which do not 


involve ¢: and the relative integral-invariants of order one are given by the 
formula 


[onsy, + N,3ye4 -.. + Na Syn + OF), 


where F is any function of (a,, @, ..., 2, ¢), since the term | dF vanishes when 


the domain of integration is closed. 


It follows from this that any system of differential equations possesses an 
infinite number of absolute and relative integral-invariants of the first order. 


118. The theorem of Ine and Koenigs. 


The preceding results enable us to establish a theorem due to Lie* and 
Koenigs+ on the reduction of any system of ordinary differential equations to 
the Hamiltonian form. 


a | _ 
Let ap ae Cee ei) 


_ be the given system of equations, and let 


IG ba, 45 E, 82, tiie t E, 52x) 


be any relative or absolute integral-invariant of order one of this system, 
where &,, £,, ..., & are given functions of the variables: we have seen in the 
last article that an infinite number of such integral-invariants exist. 


Now let the differential form 
£,8a, + &,da,+... + Eda 
_be reduced to the canonical form 
. 154i + P20Go + «++ + PnOGn — 6Q, 
where (Pr, Pas -++) Pns Us Yar +++) In D) 


are independent functions of (a, %, ..-, %), I number not greater than k, 
and where 2 may be zero f. Let (a, Ue, »-+ 5, Uk—-mm) be a set: of other functions 
Of (01, M2,°-2.5 @E), such that (a, Uo, +5 Wk—2ns Gas Yor ve In» Pr» Pa» Pr payeare 
a set of & independent functions of (2; %, ..., %); and suppose that the 


* Archiv for Math. og Natur. u. (1877), p- 10. 

+ Comptes Rendus, cxxt. (1895), p. 875. 

+ The proof of the possibility of this reduction (which however requires in general the 
solution of a number of ordinary differential equations) will be found in any treatise on Pfaff’s 


roblem. 
FE 18—2 
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system of differential equations, when expressed in terms of these & functions 
as independent variables, becomes 


dgq,(dt =Q,, dp,/dt = P, (rel 2), 
: du,/dt =U, (s=1, 2, ..., & — 2n), 
where (Q,, On een Pi ba ens UneUs cs, Upn-m) S26. (unColOns Oba ne 


new variables. 
The expression 
[oda + pydqaeh «si Pn Sdn) 


is an integral-invariant (relative or absolute) of this system, since integral- 
invariancy is a property unaffected by such transformations as have been 
performed : and consequently it follows (§ 116) that the first 2n aan 
have the form 

dq, oH dp, of - fe 

Fi eee SEK aGS (r= eee 
where H is a function of (9), Go, -++> Yn» Pir Po» +++» Pn, t) only. The given 
system of differential equations is thus reduced to a Hamiltoman system of 
order 2n, together with the (k — 2n) additional equations 


eds pp (s=1, 2, ..., & —2n). 


119. The Last Multiplier. 


Before proceeding to discuss integral-invariants of higher order than 
those hitherto considered, we shall introduce the conception, introduced 
by Jacobi* in 1844, of the Last Multiplier of a system of equations. 


dz, dx, ‘ ‘> di, dx 
ey FGPG Oe Erg 
where (X,, X2,..., Xn, X ) are given functions of the variables (a, #,..., @n, £)s 


be a given system of equations: and suppose that (n—1) integrals of this 
system are known, say 


eA paths eee Oa ea Ce ee ot er Pier toned BR 


From these equations let (a, 22, +++) Dna) be expressed as functions of ap 
and «: then there remains only the solution of the equation of the first 


order 
din ax 


boty é 


to be effected ; in which accents are used to denote that (2, La, ..., 4) have 
been replaced in X, and X by the values thus obtained. 


* Crelle’s Journal, xxvu. p. 199, xxrx. pp. 213, 338. 
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We shall shew that the integral of this equation is 


[ =! (X’ da, — X,/dx) = constant, 


where M denotes any solution of the partial differential equation 
0 eit 7) a ‘s 
oa, es) + 2B, (MX,) +... + ay, Xa) ta UX) = 0, 


and A denotes the Jacobian 


O( fis for +++» Sn) 


OCG ret, Ong) 


The function M is called the Last Multiplier of the system of differential 
equations, 


For the proof of this theorem, we shall require the following lemma: 


If a system of differential equations 


da,/dt=X, (Cae eat) 
is transformed by change of variables into another system 
dy,/dt = Y, (7 =a Soe ce, 1), 
me Be a 
where D denotes the Jacobian 
0 (a, Xp, ---, &n) 
O(Yrs Yar +++) Yn) 


To prove this, we have 
% OX, LA) 02. 
r a, thee Y, =| 
a Ov, ie Ox, (2, OYE 


of iota 


a a Bixee 
pal on Ok OYs \Ea1 OYk 


% Ys fy diay, OY; ae 


Me 


nn 
= S, — 
ie nA fal 0%; \ : OYs0Y% OYs O”uK 


OL, OYE 
or unity according as s is different from, or equal to, k&. Also dy,/dx, = A,./D, 
where A,, denotes the minor of da,/dy, in the determinant D: so the coefficient 
of Y; in the above expression, which is 


n . . 
In this expression the coefficient of 0Y;,/dy, is = , which is zero 
r=1 


n n OYs 0? L>. 


r=1 s=1 02, OYs0Yn 
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may be written 


bo Oa, 1 2% 0 (ay, Gigs. 060) Lpaig, Op OYE, Lrary v0+5 Ln) 
1 g=1 OYsOYK’ re D heh O (Yrs Yor -++> Yn) ; 
1 aD 
or D in 
We have therefore 
ON pm ONE , 10D 
Be Ox, 2 OYE k=1 aD) OY, 
~1§ oY) : 
Dra Soye?. 


which establishes the lemma. 


Now in the original problem write _ 
dar, _ ity _ din da 


and consider the change of variables from 

(Gey est ane £) to (a, a2, fy) An—-1, Ln, &): 
by the lemma, we have 
0X, 0X, OXn , OX _ Ae X’ 
Bon is of sa + Ge 7 tae (GP *\+5(F)t- 
so the quantity M, which is a soiution of the equation 


bidM- oxy eX: D.C AP € 
Uaginccet tics = cat at sale 


satisfies the equation 


Pe EN en 
A’ ‘ SF 4) 


AM dt * 0a Ox 
ie ak X’M’ 
o se (A a’ )+ ~fia A’ )=0, 


which shews that the expression 
(X’da,— X,' dz) 


is the perfect differential of some function of 2, and a; this establishes the 
theorem of the Last Multiplier. 


Boltzmann and Larmor’s hydrodynamical representation of the Last Multiplier. 


The theorem of the Last Multiplier may also be made apparent by physical con- 
siderations. For simplicity we shall take the number of variables to be three, so that the 
differential equations may be written 

CO 


Uae Tewe, 
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where (w, v¥, w) are given functions of (2, y, 2); and the last multiplier 4 satisfies 
the equation 


0 re) 0 
an ee (Mo) += (Mw) =0. 


This equation shews that in the hydrodynamical problem of the steady motion of 
a fluid in which (wu, 2, w) are the velocity-components at the point (, y, z), the equation of 
continuity is satisfied when M is taken as the density of the fluid at the point (2, y, z). 

Now let O@,4,2)=C 
be an integral of the differential equations; then the flow will take place between the 
surfaces represented by this equation ; thus we can consider separately the flow in the 
two-dimensional sheet between consecutive surfaces C and C+6C. ‘The flow through the 
gap between any two given points P and Q on C’ must be the same whatever be the 
arc joining P and Q across which it is estimated: and since the flow across arcs PR and RQ 
together is the same as that across PQ, we see that the flow across an arc joining P and Q 
must be expressible in the form f(Q)—/(P). So if ds denotes an element of this arc, and 
r the (variable) thickness of the sheet, so that r= {(dp/0x)? + (0g/dy)? + (6p/0z)?} ~ 2 80, and 
if £ denotes the velocity-component perpendicular to ds, we have 


| [ Meras-$@-F P) 


so that Mérds is the perfect differential of a function of position. But it is easily seen 
that this expression can be written in the form MOC (vdx—udy)/(0p/cz); and consequently 
M (wdu—u dy) 
0g/dz 
is a perfect differential; this is the theorem of the last multiplier for the case con- 
sidered. 
We readily find for éds the value 
(d2tdtos)2./de dy dz); 
uv w! 


dz by $s 
so the theorem really states that M(2+,/?+$.")") 1 an integrating factor of the 
equation 


ida dy dz|\=0. 
% % Ww 


dz by $e 


This, as was remarked by Appell (Comptes Rendus, civ. (1912), p. 878), is a symmetrical 
form of the theorem of the Last Multiplier. 


120. Derivation of an integral from two multipliers. 
Suppose now that two distinct solutions M and N of the partial differential 
equation of the last multiplier have been obtained, so that 


0 i) 2.0 0 DOC PE Ca ec 

REGEX es vey Ge ae eee a 
( 1 Oa, 8: one tn oe a) oe 02, ny 02's Sco OXn Ba: 
and 


seers ee ee ore axyey Ore AX 
(Hot Kage t+ Kage, + ¥ Gy) 0B ae Onn + aie an + ap 
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Subtracting these equations, we have 
(x, & +e +. . + Xn +x2) log = 0 
but this is the condition that the equation 
log (M/N ) = constant 

shall be an integral of the system 

da, __ dix, ditty _ dé 

DED BS 0. Cyan 2.Se 
and we have therefore the theorem that the quotient of two last multipliers of 
a system of differential equations 1s an integral of the system. 


The reader who is acquainted with the theory of infinitesimal transformations will be 
able to prove without difficulty that if the equation 


AG x +h. + Inge +x L=0 
admits the infinitesimal transformations 
0 0 of 3 
éu E+ tag set. -+bina of ~ +E ae 2 (@=1, 2, eeey n), 


then the reciprocal of the determinant 
DG PG Fesops AGy EA 


Bere mesa seosesesesesreseoes 


is a last multiplier. 


121. Application of the last multiplier to Hamiltonian systems: use of a 
single known integral. 

If the system of differential equations considered is a Hamiltonian system, 
we have evidently 20X,/d”, = 0, and consequently M = 1 is a solution of the 


partial differential equation which determines the last multiplier; so the last 
multiplier of a Hamiltonian system of equations is unity. 

From this result we can deduce a theorem which enables us to integrate 
completely any conservative holonomic dynamical system with two degrees of 
freedom when one integral is known in addition to the integral of energy. 

Let the system be 

Ogi Oak SEP OD ea, 


Op. OP, OH Ds 
and in addition to the integral of energy H (q,, qs, Pi, P2) =A, let an integral 


V (q1, 92» Pr» Po) =¢ be known. From the theorem of the last multiplier it 
follows that 


5 VA) Wig dq, — oa da = constant 


| mm 1 \- oH 
d (Pr, Po) ? Po) 
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is another integral; where, in the integrand, p, and p, are supposed to be 
replaced by their values in terms of g, and q, obtained from the known 
integrals H and V. 


But if we suppose that the result of solving the equations H =h and 
V =c for p, and p, is represented by the equations | 


ie =f; (%, qa» h, c), 
Pr=fo (Qs qa, h, ©), 
then we have identically 

(OHA, OH 


Op, 0c Op» Oe ‘ 
av, eV A _ 
Op, 0c .0p,0c 
and therefore 
ac O(V, A), dc O(V, H)’ 
0 (Pr, Pa) 0 (Pr» P2) 
so the theorem of the last multiplier can be expressed by the statement that 


of Ofs 
[ge du 352%) 
is an integral. 


This result leads directly to the theorem already mentioned, which may 
be thus stated*: If in the dynamical system defined by the equations 
dg, 0H a) ap, “oH 


dt dp,’ dt 0g Cate) 


the integral of energy is H(q, 4; Pr po =h, and if V(%, Ge» Prr Pr) =C 


denotes any other integral not involving the time, then the expression 
pidq, + prdqs, where p, and p, have the values found from these integrals, 
is the exact differential of a function O0(q, 4, h, c); and the remaining 
integrals of the system are, 


BY = constant, and ay =t + constant. 
dc oh 


This amounts to saying that if any singly-infinite family of orbits is 
selected (e.g. the orbits which issue from a point gq, = %, G2= %) which have 


* This theorem is really an application of the well-known method for the solution of a 
partial differential equation of the first order, the equations of the dynamical system being 
the equations of the characteristics of the partial differential equation. As a dynamical 
theorem, it was published for a simple case (motion of a single particle) by Jacobi in 1836 
(Comptes Rendus, 111. p. 59), and for the general case given here vy Poisson in 1837 (J. de M. 
um. p. 317) and Liouville in 1840 (J. de M. v. P. 351). 
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the same energy, so that to any point (q%, gz) there correspond definite values 
of p, and p, (namely the values of p, and p, corresponding to the orbit which 
passes through the point q,, g. and belongs to the family), then the value of 
the integral | pidq, + pedq, taken along any arc joining two definite points 
(io. Gao) and (qu; gu) is independent of the arc chosen. 
To complete the proof, we have on differentiating the equations H =h 
and V =c, 
OH, Oo Of, OH Ga 
0g, Op 0G. OP OG 
OViOV c0f, 00 Va0rs 


? 


eames een ae on (), 
0g Op, 0G, Ops AG 
and consequently 
0(V, H) 0(V, H) 
Ofe _ 0(q, pr) p) fist Of: _ 0 (pr, qz) 
3g. TCV DY and similarly UR ae 
0 (Pr, P2) 0 (Pr, ps) 
But since V =¢ is an integral, we have 
OVeon Ole AME Peg he 9s 
ag, Y* ap, ag, # * ap, = © 


0(V, H 0(V, H) 0 0(V, H) Voce xe 
) 0(h, Pi) pi) 0 (qa, Ps) Pp) 
and therefore ofa _ ie = (0, 
091 0G 


This equation shews that f.dq, + fodq is the perfect differential of some 
function @ (q;, d2, h, c): and the result derived above from the theory of the 
last multiplher shews that 00/dc = constant is an integral. 


or 


Moreover, we have 
pe thn _ 
H/o 0H op,’ 
and therefore 
7) 
Ae SEE dq ame! an, dqs 
2 1 

Oy, Hf) 

) (po; Pi) 
But obtaining 0f,/0h and f,/oh in the same way as 0f,/dc and df, /Oc were 


found, we have 


dt = 


Ti 0V /op, ; Of. OV/dom, 
“30, A) and Norges aie 


0 (Pe, Pr) 0 (Pr, Peo) 


\ | 
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on 
_ Consequently ae u, 5, n+ elt dda, 
or t= : + constant, 


which completes the proof of the theorem. 


Example. In the problem of two centres of gravitation (§ 53), if (7, 7’) denote the 
radii vectores to the centres of force, and (6, 6’) the angles formed by 7, 7” with the 
line joining the centres of force, obtain the integral 


rr!266' — 2c (u cos 6 +p’ cos 6’) =constant, 


and hence complete the solution by the above theorem. 


122. Integral-invariants whose order is equal to the order of the 
system. 


The theory of the last multiplier of a system of differential equations is 
connected with that of the integral-invariants whose order is equal to the 
order of the system. 


ty % 
Let ies @=1, Oren); 
where ‘Ge 1, Xo, «+, Xx) are given functions of (x, #», ..., 2, t), be a system 


of ordinary ferennal equations; and let us find the conan which must 


be satisfied in order that 
[[J---| arden Oe. OE 


may be an integral-invariant, where M is a function of the variables. 


Let (¢, Cz, ---, Cr) be any set of constants of integration of these equations, 
so that, Be cine the equations, (7, %, .- ., @,) can be expressed in terms 
Of (Ess Casson Cee €): Then we have 


|ff--[ ast 8= [ff [Meee ep 2B 80,80. Bo 


and therefore the condition of integral-invariancy is 
d 0 (a, La, 2} 
le Co, eee, Cx) 4 


dM o (@,, Xo eoey DR) 5 4) (Li, Vo, ee » Vy» te. Ly+1» eee) Ly) ts 0, 


—— M 
LS aN PE EN OTT AG 
AM 0 (a,, ®o, +++» Xk) M Lo 0X, 0 (21, Bay + seeth) ui 
ee dt O(a, Co, +- ., Ck) ch mah Oxy O(C, Co, « +» Ck) 
aM Okra 
oF “dt fa S CLy ae 0, 


which shews that M must be a last multiplier of the system of equations. 
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This result gives immediately the theorem that for a dynamical system 
whose motion is determined by the equations 


dq, 0H dp, __ 0H =1,2 a n 
di ~ ap,’ dt oq, ee 


where H is any function of (qi, Qos «++» Qn> Pr» Par +++ Pns t), the expression 


[[l..-[ ba80 .-+ OGn Op; Spo BS Spn 


is an tntegral-invariant; since in this case unity is a last multiplier. This 
theorem is of importance in the applications of dynamics to thermodynamics. 
Example. For a system with two degrees of freedom, let the energy-integral when 
solved for p, take the form 
Fl’ (91, Y2) Pry P2, *) +P =O. 
Shew that, for trajectories which correspond:to the same valué of the constant of 
energy, the quantity 
oH’ 
aj °918928P2 


is independent of ¢ and also of the choice of coordinates: and hence shew that the 
trajectories of the problem can be represented as the stream-lines in the steady motion 
of a fluid whose density is e/7’/dh. 


123. Reduction of differential equations to the Lagrangian .form. 
Another question to which the theory of the last multiplier can be 
applied is the following: To find under what conditions a given system of 
ordinary differential equations of the second order 
Ue = fi (qi, qe, ass'> Qn, > 2, OO Qn) (k= ie 2, apoinig n) 
is equivalent to a Lagrangian system 
@ (=) oS 
dt\0q,/  Oqr — 
where L is a function of (,, Ga; ena; Qs Yas +++ Yas t). 
If these two systems are equivalent, the equations 
3 ( OL. +. OL y )+ ae OL 
w= \OGrOqu 1” 84,0qu *) * &G,08 — qr 
must evidently reduce to identities when the quantities %j are replaced by 


the expressions /,; and therefore the required condition is that a function L 
shall east satisfying the simultaneous partial differential equations 


ah Fe NS ol ob aL 
> ( saat a cae, } ) a ae Se ee 
ieee as 04, 04e a 0g,0t 0g» 


0 (r=1,2,:..,2) 


0 (rics ls ener) 


? 


k=1 


where (g,, Ga, --+) Gns Gis Jo, +++5 Qn, t) are regarded as the independent variables. 


\ 
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When n=1, the question can be solved in terms of the last multiplier. 
For the equation satisfied by Z is then 
OL Glee Ol ol 

ag! * agag * agar ~ Gq 
0 /eL G1 OL” Ola. Ob 

(apy) =a ) 


from which we have 


~ ag ape!) ~ ag logan’ * agen 2g 
Chae eel 
~ Brag 1” ager’ 
and therefore if we write 0°L/dg?= M, the function MV satisfies the equation 


3 Cae) ae 
5g (MA) + 5 (ld) +S = 05 


but this is the equation defining the last multiplier M of the system of 
equations 
wa Tht A a 
q S44 t)’ 
and therefore when n =1, the determination of the. function L reduces to: the 
determination of the last multiplier of the system. 


dt 


124. Case in which the kinetic energy is quadratic in the velocities. 


When n>1, the most important case is that in which each of the functions f, 
consists of a part F’, which is homogeneous and of the second degree in (91, 92, ---, gn) and 
a part G, which does not involve (1, G25 «+, Gn), and it is required to determiné whether 
the equations 


Gr=F+G, (r=1, 2, ..., 2) 
are equivalent to a system 
O(a A aay (r=1, 2 ...5 2) 
dt Ogr 0g, 8 rp se) ’ ’ 
where 7’ is homogeneous and of the second degree in (;, 92, ---), Gn) and also involves the 
variables (91, 2, «++» Yn); and (1, G2, ---» Yn) are functions of (91, Y25 «++» Yn) Only. 
The value of 7’ is clearly not dependent on (G1, Ge, ..., Gn), and therefore we can 


consider the problem in which (G1, Gg, ..., @n) are zero, Le. the problem of finding 
a function 7’ such that the equations 


Gr=f, (G=T, 2, neopy 
ivalent to the system 
are equi ys Fer ay , 
ir (aa) eee (r=1, 2 ..., 2). 
dt \cg,/ 0g 


The condition for this is the existence of a function 7’ satisfying the partial differential 


equations i 
er Ba dow SAU i 

aa Ff, > = -~—=0 7, 2, a ve): 

Te 09, 09x ee k=1 Gr 0Qk te 0g ( ) 2) 


: id . e 
Since F;, is homogeneous, we have 2 G0 /0G.=2F, and therefore 
3= 


n O27 6) on : 
lane (eel as ogee en (r=1, 2, ..., 2) 
Pell 0gr 09x A= s=1 k=1 op 0G, 9GrOGx st’ 
n 0 nm OF, -) Lik oh n OF, oT 
= pms rar ak ut Es — > . >> Ae As) Ae eo 
pear 48 0G, (32, Og. 09x sar 8 a1 0G60Gr OF 
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But since d//0g, is homogeneous, we have 
OF, Sere 
ar= As AS 
; 0g, eye 0g, Ogs . 
and therefore 


i GN a. ne OO n OF, 0T n OF, 07 
> = A= S va ( = = 5a) 7 DS eee 
k=1 09, OG% : cope 0g, fa 0G 09% 2 Or Fe 
The equations to be satisfied by 7’ may consequently be written 


RESO n OF, a) nO Fi Ol a0! LOL 
2 Ysa aa aes |= ae at DS aa Ga = 9 «=(r=l, 2, ..., 2 
oa 04, € k=1 OG, OG ad Ogr cise 0g, 09s 49 9, (r=1, 2; -+) ®); 


Sed n OF, oT on) ( ~ OF, oT =) 
> hiner za ar ta)-(4 av asta—)=0 (r=1, 2,...,0 

a 3 tag Bag ont og)” Gag ag tag)? Cob 
and evidently these may be replaced by the equations 
n OF,0T oT 

> aS Sa Apc 
ed Ogr Ogx 0¢r 

Thus, writing f, for (/’.+G,), we have the theorem that if the system of equations 

Gr =Sr (r=1, 2, ..., 2); 

where f, consists of a part which is homogeneous of degree two in the velocities and a 
part which does not involve the velocities, is reducible to the form 


(REM, Ph ocas, Ot 


ad /oT\ oT 
then T must be an integral of the system 
% Of, OT 
43 ee FEO (r=1, 2, ..., 2). 


742109, Ogu | OG 


MISCELLANEOUS EXAMPLES. 


1. In the problem of two centres of gravitation, the distance between the centres of 
force is 2c, and the semi-major axes of the two conics which pass through the moving 
particle and have their foci at the centre of force are (g1, g2). Writing 


di 00.” dt oa. (r=1, 2), 


MT ead a ce — qe" pe p 
H pias ae FeaGae aca Soe 
and p, and p, are constants. 


where 


2. Shew that 


| | i 2 89:37:89; 8p;, 


where the summation is extended over the 4n(n—1) combinations of the indices 7 and ds 
is an integral-invariant of any Hamiltonian system in which (Gis Ya» ++) Yas Piy 2) +2) Dn) 
are the variables. 5 (Poincaré.) 
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-3. In the problem defined by the equations 
dq, 0H py _ 0 


dia Op, aR. = ~ Op (r=1, 2), 
where H=1 pi — G2P2—- 4g) + bq2", 
shew that Para ts =constant 
“ N ; 


is an integral ; and hence by the theorem of § 121 obtain the two remaining integrals 


ie gz =constant, 
log ¢;=t+ constant. 


4. If M is a last multiplier of a system of differential equations 
Ak, _ dary Ain ax 


Sei ne A 
of which the equation 


F (41, 22, ..+5 Ln, 7)=Constant 
is a known integral, and if an accent annexed to a function of 4, #3, ..., %n, % i8 used to. 


indicate that x, has been replaced in the function by its values found from this integral, 
shew that M’/(0f/ox,)’ is a last multiplier of the reduced system 


rake dit _ Ota ta da ; 
PO. EFM ee . = Y’ D (Jacobi. ) 


5. If 6,= Constant, 6,= Constant, ..., 6,—= Constant are a set of integrals of the 
equations 
du _ ay di, _—d Aik 
Dis aed Cel cade Oil 


1 0(6;, 42, «+, On) 
XP Ol(Gie van cess Ca) 


shew that 
is a last multiplier. 
6. Let (uw, wu, ..., Un) be m dependent variables, and let 4, J, ..., J, be a set of 
linear differential expressions defined by the equations ~ 
nN 
[= me {Pre (t) Un+ Ore (t) te +11 (4) ty} (r=1, 2, -.., 2). 
=1 
If '(v,, V2, +++) Yn) are-functions of ¢ such that 
MT, +%]la+...+Undn 


is an exact differential, shew that the functions (v1, v2, ..., Ym) satisfy a set of n linear 
‘differential equations, which will be called the system bee to the system of linear 
differential equations 


=O (r=1, Po cop CO) 
If #. denotes the expression 
art a deeb Neel a 
= 5.) ~ Bg, (r=1, 2, ..., 1), 
dt \0q,, Og, 


where ZL is any given function of (g,, g2, «++; Gny V1 725 +++) Yn» ¢), Shew that the system of 
linear differential equations 


OF, ON fn Oly. ) 
=~ ti, ) =O =], 2, ...5 % 
2(5 arms ut oa, Uy (7 . ) 
is adjoint to itself. 
Shew that the converse of this latter theorem is also true. (Hirsch. ) 


CHAPTER XI 
THE TRANSFORMATION-THEORY OF DYNAMICS 


125. Hamilton’s Characteristic Function and Contact-Transformations. 


We have seen* that the integration of a dynamical system which is 
soluble by quadratures can generally be effected by transforming it into 
another dynamical system with fewer degrees of freedom. We shall in 
the present chapter investigate the general theory which underlies this 
procedure, and, indeed, underlies the solution of all dynamical systems. 


The origin of the method is to be found in a celebrated memoir on 
optics, which was presented to the Royal Irish Academy by Hamilton in 
1824+: the principles there introduced were afterwards transferred by their 
discoverer to the field of dynamics. 


In order to follow Hamilton’s thought, we must: refer to the connexion 
between dynamics and optics—a connexion which is perhaps less obvious in 
our day than in his, when the corpuscular theory of light was still widely 
held. If a ray of light traverses an optically heterogeneous but isotropic 
medium, the refractive index at any point (a, y, 2) being pw, the path of 
a ray may be determined by Fermat’s Principle{, namely that the integral 


[1 (x, y, 2) ds 


has a stationary value when the integration is taken along the actual ray 
joining two given terminal points, as compared with neighbouring paths 
joining them. If on the other hand we consider the motion of a free particle 
of unit mass in a conservative field of force where its potential energy is 
d(#, y, z), and its constant of energy is h, the path of the particle may be 
determined by the Principle of Least Action (§ 100), which in this case asserts 
that the integral 


[{u—$ (a, y, 2)}3ds 


has a stationary value for the actual trajectory as compared with neighbouring 
paths joining the same terminal points. Comparing these two statements, we 
* Cf: Chapter III, §§ 38-42. 


t Trans. R. Irish Acad. xy. (1828), p. 69; xvi. (1830), pp. 4, 93; xvrt. (1837), p. 1. 
t Cf. my History of the Theories of Aether and Electricity, pp. 9-10, 102-3. 


ere 
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see that the trajectories of the particle in the dynamical problem are the 


same as the paths of the rays in the optical problem, provided a suitable 
correspondence 


pa(h— $) 


is set up between the potential-energy function in the one case and the 
refractive index in the other. 


In the corpuscular theory of light, this was regarded as furnishing the 
explanation of the optical phenomena, the ray of light being conceived as 
a procession of rapidly-moving corpuscles. But the statement in itself is 
true whatever hypothesis regarding light be adopted: and therefore it 
supplies a means of connecting dynamics with the wndulatory hypothesis. 
This idea is the starting-point of Hamilton’s theory. 


When the undulatory hypothesis is adopted, we have the choice of two 
different methods of discussing the propagation of light mathematically: 
the first is to consider rays, the second is to consider wave-fronts. The 
latter method, which was introduced by Huygens in 1690, may be thus 
explained. 


Consider a wave-front, or locus of disturbance in an optical medium, as 
it exists at a definite instant ¢, having the form of a surface c. Each element 
of this wave-front may be regarded as the source of a secondary wave, 
propagated outwards from it; so that at a subsequent instant t’, the 
disturbance originating in any point (a, y, z) of the original wave-front will 
extend over a surface. To obtain the equation of this surface, we observe 
that the time taken by light to travel through the medium from an arbitrary 
point (a, y, 2) to another arbitrary point (#, y’, 2’) depends only on the six 
quantities (a, y, 2, #’, y’, 2’): let it be denoted by V (a, y, 2, a, 7,2). “This 
function V (a, y, 2, a’, y’, 2’) was called by Hamilton the characteristic function 
for the medium in question. A disturbance which originates at a point 
(x, y, 2) of the original wave-front at the instant ¢ will therefore at the 
instant t’ extend over the surface whose equation in the coordinates 
(a’, y’, 2) 18 

V (a, y, 2 0, Yo’, ZY HU HE ve ceec cece eee eeeeenena es (i): 

Now according to the principle of wave-propagation laid down by 
Huygens, the wave-front which represents the whole disturbance at the 
instant ¢’ is the envelope of the secondary waves which arise from the 
various elements of the original wave-front. Call this new wave-front 2; 
and denote the direction-cosines of the normal to the wave-front o at 
(x, y, 2) by (1, m,n), and the direction-cosines of the normal to the wave- 
front > at the corresponding point* (#’, y’, 2) by (U, m’, n’): these are the 


* The point (2’, y’, 2’) is said to correspond to (2, y, z) if the secondary wave propagated 
from (a, y, z) touches the envelope 2 at (5 Oly Ay 


W. Dz My 
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direction-cosines of the rays at (2’, y’, 2’) and (a, y, 2) respectively, since in 
an isotropic medium the ray is normal to the wave-front*. Then since 
x is the envelope of the surfaces V corresponding to points on o, the 
equation 


oY ay Fay + de=0 


must be satisfied by all those os of the ratios dx:dy:dz which 
correspond to directions in the tangent-plane to o, i.e. which satisfy the 


relation 
ldx+mdy+ndz=0. 


Hence we have 


Tey loves hov: 
(2). 


L ox “om oy ~ n 02 


eee ee or eerereeserosersesees 


Moreover, since (J, m’, n’) are the direction-cosines of the normal to the 
surface V at the point (a’, y’, 2’), we have 
iL OVS 1 OV tev, 
(3). 


U da’ m’ dyn’ Oz’ 


Cero eroreoeeresoeeeeeseeeee 


Now aray of light which passes through the pera (a, y, 2) in the direction 
(1, m,n) at time t passes through the point (2’, y’, 2’) in the direction (J', m’ »n’) 
at time ¢’: and equations (1), (2), (8), together. with the equation 


ee OL Make i tld Br Are Se ae OR on oR CAC (4), 


are six equations, from which we can determine the six quantities (2’, y’, 2’, 
I’, m’, n’) in terms of (a, y, 2, 1, m,n). Thus by these equations the behaviour 
of rays of light in the medium is completely specified in terms of the single 
function V (a, y, 2, #, y’, 2). Tt will be observed that they are not differential 
equations, but that they give directly, in the integrated form, the changes in 
any system of rays after a finite interval of propagation through the medium. 
It is evident therefore that all problems in optics depend on the deter- 
mination of Hamilton’s characteristic function V (a, y, z, x’, y’, 2’) for the 
optical medium or system of media through which the rays pass. 


From the point of view of Pure Mathematics, we regard the change from 
the set of variables (a, y, z, 1, m, n) to the set of variables (a, y/’, 2’, I’, m’, n’), 
or (to express it geometrically) from the surfaces o to the surfaces =, as 
a transformation. The function V is thus to be regarded as determining a. 
transformation of space which changes a surface o into a new surface 3. 
Tt is evident that if two surfaces o and o’ touch at a point, the corresponding 
transformed surfaces = and \’ also touch at the corresponding point: on this 
account the transformation has been called by S. Lie a contact-transformation. 
Thus any function V (a, y, z, «', y’, 2’) defines a contact-transformation, which 


* For simplicity we are supposing that the medium, though optically heterogeneous, is 
isotropic. Hamilton considered also the more general.case of a crystalline medium. 
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transforms any wave-front o into the wave-front % which is derived from 
o by propagation through the medium in the interval of time t’ —t. 


A simple example of a contact-transformation is the well-known geometrical trans- 
formation known as reciprocation. 1n order to find the reciprocal of any given surface o, 
with respect to a given surface, we correlate to every point (x, y, z) on o a plane, namely 
the polar plane of («, y, 2) with respect to the quadric. When the point (w, y, z) takes all 
possible positions on the surface o, the plane envelopes a surface 3, which is the reciprocal 
of «. The transformation from o to = is evidently a contact-transformation. In this 
case Hamilton’s function V is linear with respect to (wz, y, z) and also with respect to 
(w’, y’, 2). 


Proceeding now with Hamilton’s problem, equations (2) and (3) may be 
written 


a eel et he 

Bae eee toy ea ete ar 

Vee 29 » a aaa 

ag pip he Eo ae le & 


where « and are quantities not as yet determined. They can however be 
readily found. For the equations may be written 


dV = «(Lda + mdy +ndz) + (Uda! + m'dy' + n'dz’) .....0++- (5). 


Now by proceeding a small distance ds’ along the ray at (a’, y’, 2’), we 
increase V by the time which light takes to travel along ds’. But if the 
units are so chosen that the velocity of light in free aether is unity, then 
the velocity of light in the medium at («, y/, z') is 1/y’, where yp’ denotes 
the refractive index at this point. Thus the time taken by light to describe 
ds’ is p'ds’, or p’ (I? +m? +n) ds’, or pl (Uda! + m'dy’ + n'dz’). Comparing 
this with equation (5), we see that =p. Similarly «=—, where p 
denotes the refractive index at (a, y,z). Thus Hamilton’s general formula 
becomes 

dV =p (Uda +m'dy' + n'dz’) — (Lda + mdy + ndz). 

If we write 

wl=£, pman, wnab wae, pm'=q, pn=o. 
this takes the form 
dV = Fda’ + n/dy' + t'dz’ — Eda — ndy — Fdz ......s+004 (6). 


The quantities (&, 7, £),-(&, 1’, &") were called by Hamilton the components 
of normal slowness of propagation of the wave at (a, y,2) and (2, y’, 2’) 
respectively. . 
Consider now the particular case in which the interval of time (¢'— 1) 
between the two positions o and % of the same wave-front is very small: 
19—2 
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denote it by At. In this case the contact-transformation is said to be 
infinitesimal. Write 
a=xe+aht, y=ytBdt, 2 =24+ yAt, 
F=Et+uht, =ntvdt, C=F+ ea 
V= Wit 
Then equation (6) becomes 
dW. At=(E+uAt) (dx + da. At) + (n+ vAt) (dy + dB. At) 
+ (+4 wAt) (dz+dy. At) — Eda —ndy — Sdz 
= uAtdax + vAtdy + whtdz + EAtda + AtdB + CAtdy, 
or dW =uda2+vdy +wdz + Eda+ ndB + Edy, 
or d (—a+7B+ by — W)=adé+ Bdyn+ydf—udax — vdy — wdz. 
Thus if we denote the function £4+78+&y—W by H, and suppose 1 
expressed as a function of a, y, z, &,, & we have 
=adé + Bdn+ ydf— uda— vdy — wdz .....ccccceseee (8). 
Now evidently, from (7), in the limit w becomes a a becomes = , ete. 
Thus we have 


aH = de + Lint S % at —F da dy - oor 


so the rates of increase of the six variables (a, y, z, &, n, €) are given by the 
equations 
dx oH dy oH dz oH 
dt WBE age Gat He Hi00 Zag SAE on OG 
dE a GO dy _ oH Come FOL, 
di twean UTAAh hiaNe tila GF HAG DE 
and this 1s a Hamiltonian system of equations, such as occurs in dynamics. 
Our investigation shews that it may be regarded as representing an in- 
jinttesimal contact-transformation, that is to say, the motion of a wave-front 
from one position to a position indefinitely near it. The integrals of this 
Hamiltonian system are the equations (1), (2), (3), (4) above: they represent 
a finite contact-transformation, that is to say, the motion of a wave-front 
from one position to the position which it acquires after a finite interval of 
time. Thus we see how by using the ideas of the undulatory theory of light, 
Hamilton was able to obtain an integrated form for the differential equations 
of dynamics, depending on a single unknown function. 


126. Contact-transformations in space of any number of dimensions. 

The rest of the present chapter will be concerned with the application of 
Hamilton’s ideas, described in the preceding article, to the ‘general case of a 
dynamical system with any number of degrees of freedom, and the connexion 
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_ the results with certain theorems due to Lagrange, Poisson, Pfaff, and 
acobi. ; 


We shall first define a contact-transformation in n-dimensional space, 
using for this purpose a generalisation of equation (6) of the last article. 
Let (q1, Ge, «++; Yn» Pry Pa» ++) Pn) be a set of 2n variables, and let 


(Q,, Q:, Or C46) On Jess Vf e-sie's9) ia) 


be 2n other variables which are defined in terms of them by 2n equations. 


If the equations connecting the two sets of variables are such that the 
differential form 


P,dQ, + P,dQ:+ tee +PidQn — pdq, — pdqs at cet PnAQn 


is, when expressed in terms of (q,, Go, -+-, Yn» Pis Pos «++» Pn) and their differ- 
entials, the perfect differential of a function of (q,, das +++) Yn» D1» Par +++» Pn): 
then the change from the set of variables (q1, de, -»-) Yn» Pir Par +++ Pn) to the 
other set (Q,, Qs, ---, Qn, Pi, Po, ..., Pn) is called a contact-transformation. 


It may be observed that this is different in form from the definition which is most 
convenient when contact-transformations are studied with a view to their applications in 
geometry and in the theory of partial differential equations : the latter definition may be 
stated thus: a contact-transformation is a transformation from a set of (27+1) variables 

2 (M15 25 +++9 Iny Pty Pas +-+y Pny 2) to. another set (M1, Qe, s069 Qn) P,, Po, oF) P,; Z), for 
which the equation 
AZ — P,dQ, — P2dQ2—...- PudQn=p (dz — pidq, — podge—... —pn@qn) 


is Satisfied, where p denotes some function of (91, 92, +++) Yn» Pir Par +++» Pns Zz). 


If the n variables (Q,, Q2, -.., Qn) are functions of (1, G2, --+» Qn) only, 
the contact-transformation from the variables (q;, q2, +++» Yn» Pir +++) Pn) to the 
variables (Q,, Qs, --»» Qn» Pi, --», Pn) is called an extended point-transformation, 
the equations which connect (q;, qs; ---: Qn) With (Qi, Qo, «++> Qn) being in this 
case said to define a point-transformation. 


From the definition it is clear that the result of performing two contact- 
transformations in succession is to obtain a change of variables which is itself 
a contact-transformation. It is also evident that if the transformation from 
(ada he Ga Payee Pa bo (Qi, Qe, +++» Qn, Pi,--+» Pn) is a contact-trans- 
formation, then the transformation from (Or Orne. Qa tases P,) to 
(Gis Jas °**2 Yn» Pir Pas os Pn) 18 also a contact-transformation; this is generally 
expressed by saying that the inverse of a contact-transformation 1s a contact- 
transformation. This, together with the foregoing, shews that contact-trans- 
formations possess the group-property. 


Example 1. Shew that the transformation defined by the equations 


Q= (29)2 e* cos p, 
P=(2q)? e~* sin p, 
is a contact-transformation. 
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In this case we have 


PdQ—p dq =(29)* sin p ((29) ~ $ cos pdg - (29) sin pdp} —p dg 
=d(q sin p cos p— gp), 
which is a perfect differential. 


Example 2. Shew that the transformation 


ye 

nar ( sin p) ’ 
P=q cot p, 

is a contact-transformation. 


_ Example 3. Shew that the transformation 


Q=log (1+-g# cos p), 
ee ql +q2 cos p) qt sin p, 


is a contact-transformation. . 


We shall now obtain the explicit analytical expression of a contact- 
transformation. 

Let the transformation from variables (q,, G2, +++» Qn» Prs +++» Pn) to variables 
(Q:, Qe, «++; Qn, Pi, ..., Pn) be a contact-transformation, so that 


3 (P.dQ,— p-dqs)= ay, 


where dW is a complete differential. 


From the equations which define (Q,, Q2, ---, Qn, Pi, --., Pn) in terms of 
(G1) Yo, «+++ Qn» Pr» +++» Pn) it may be possible to eliminate(P,, P., ..., Pn, Pr, +++, Pn) 
completely, so as to obtain one or more relations between the variables 


(Q:, Q., oony Bee Qi» COs) Gna 
let the number of such relations be k, and let them be denoted by 


0,(h; qe, D0ON Fn» Qa; eisieny Qn) = 0 (r= 1, 2 eee, ke) Pp LCA: 


The meaning of these relations may be illustrated by reverting to the geometrical 
theory of contact-transformations in ordinary three-dimensional space, when there are 
three cases to consider : 


(a) There may be only a single relation between the new and old coordinates, say 
Q (2, y, 2, vy’, Z)=0. 

When (2, y, 2) are given, this equation, regarded as the locus of a point (a, y’, 2), 
represents a surface ; so that each point (a, y, z) is transformed into a surface, which we 
may call an Q-surface : and any arbitrary surface o is transformed into a surface 5 which 
is the envelope of the Q-surfaces corresponding to the individual points of ¢. This is the 
general case, and is the only one we considered in § 125. 

(8) ‘There may be two relations of this kind, say 

2, (a, y, 4 2, y', 2) =0, D2 (2, Y, % 2, y', 7)=0. 


If (x, y, 2) are given, these two equations in (x, 7’, 2’) represent a curve: so each point 
(x, y, 2) is transformed into a curve, which we may call a K-curve: and any arbitrary 
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surface ¢ is transformed into a surface = which is 
the envelope of the K- "e- 
sponding to the individual points of o. : Sada 
(y) There may be three relations of this kind, say 
QO, (2, y, 2, x, y', 7)=0, Qe (4%, ¥, % x’, y’, 2)=0, 03 (x, y, 2, 2, y’, 2) =O, 
in which case each: point (x, y, z) is transformed into a point (w’, y’, 2’), and any arbitrary 


surface ois transformed into a surface = which is the locus of the points corresponding to 
the individual points of o. ‘ 


Since the variations (dq,, dqz, ..., dgn, Qi, «»., Qn) in the equation 
Pet (P,dQ, — prdg,) = dW 


are conditioned only by the relations 
00. he) 


f is 00, 00, ; 00 
a— d ——d coe to eee EES a 
Od nat Oe J2+ ae adn dan + aQ, dQ, +... +39, dQn = 0 
pe by Rete dd? 
we must have (r=1, ) 
oW ,, a, a0, 
diaeecogian Aes 00.920; : 
oe 6D, _ x aQ, (Ce eee, Be na) Pes te (B), 
Pr Or 1 0g 6500 = * 00 


where (Ay, Xe, ---, Az) are undetermined multipliers and where W is a function 
Of (Gh, Gz, «2-5 Gnd Wp Gs 1-7 Qn). Lhe equations (A) and (B) are (2n +h) 
equations to determine the (2n + &) quantities 


(Q1, seey Qn; Pe sey aes A, eeey rx) 
in terms of (qi, ---) Qn» Pur «++» Pn)» These equations may therefore be regarded 
as explicitly formulating the contact-transformation, in terms of the functions 
(OG AOR as Osram O79) which characterise the transformation. 
Conversely, if (W, 2,, Q2, ...,O,) are any (k +1) functions of the variables 
(is Yar ->s Qn, Q;, --«) Qu), where k ¢n, and if 
(Q, Oe sory Qn, Van eee, Pas Mi eeey Ae) 


are defined in terms of (4, qe» gp, Da) DY. ene equations * 


QO; (qm; Q2> eeery Qn> 0, ae MOLE 7 Q,)=9 (r= 1, 2, COs; k), 
oW ea 90; 
=> 2H a eee Qian ale 2a ’ 
pp 5g, tag, 1+ 890, f e 
oW 0Q, 00; 


a et Diane SA an’ Dame, 
Een Recs ewe Oo ea 


* These equations were first given in Jacobi’s Vorlesungen tiber Dynamik (1866), p. 470, where 
their utility in the transformation of partial differential equations of the first order (to which 
dynamical problems can be reduced) was indicated. Their place in the theory of contact-trans- 
formations was pointed out by Lie. 
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then the transformation from (qi, Qa) +++» Qn» Pus +++ Day to Qe Qas sses Wa: 
P,, ..., Pn) is a contact-transformation; for the expression 


ee (P,dQ, — Pdr) 


becomes, in virtue of these equations, dW, and so is a perfect differential. 


Example. If Q= (2q)2 k- 2 cos p, P= (29)# #3 sin Dy 
ow ow 
shew that Saco! Bag: 
where W=3@ (2¢k- #2Q2)2 - ¢ arceos {k? Q/(29)*}, 


so that the transformation from (gq, p) to (Q, P) is a contact-transformation. 


127. The bilinear covariant of a general differential form. 


Now let (a,, a,..., 2») be any set of n variables, and consider a differential 
form 


X,da,+ X,dr,+... +Xndtn, 


where (X,, Xo, ..., Xn) denote any functions of (2, #2, ..., 4); a form of this 
kind is called a Pfaff’s expression* in the variables (a, 2, ..., 2n). Let this 
expression be denoted by 63, and write 


O0; = Xba, + X,6%, +... + Xnb4n, 
where 6 is the symbol of an independent set of increments. Then we have 
56a — d03= 8 (Xi da, + X,da, +... + Xndan)—d (X, 8a, + Xoba_+ ... + Xn ban) 
= 6X,da,+...+dXnda,+ X,6da,+...+Xn6dz, 
— AX, 8a, —... —AXn ba, — X,dda,—...—X,d ba. 


Using the relations 6dz,=d6éz,, which exist since the variations d and 8 
are independent, and replacing dX,, 6X, by 


OX, VG Ap ane a 
2a, da, +...+ fat 7 a 64, +...+ ee 6% respectively, 
we have 60, — dé; = 3 : ada; da; , 
j=1 j=l 


where a, denotes the quantity 0.X;/da;— 0X;/0a;. 


Let (%, Ye, ++» Yn) be a new.set of variables derived from (a,, a, ..., 2) 
by some transformation ; let the differential form when expressed in terms of 
these variables be 


Y,dy, + Yidy.+...+ Yndyn. 


* Pfaff’s celebrated memoir on these expressions was presented to the Berlin Academy in 1815: 
Abhandl. Akad. der Wiss, 1814-15, p. 76. 
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and let the quantity dY;/dy;—0Y;/dy; be denoted by by. Then since the 
expression 56; — 0s has obviously the same value whatever be the variables 
in terms of which it is expressed, we have 


n n n n 
> >> ij han, 820; = > e2 by dy: Sy;. 
4=1 j=l i=1 j=1 
The expression Sajda,;52; is, on account of this equation, called the 


bilinear covariant of the form > X Ay. 
r=1 


128. The conditions for a contact-transformation expressed by means of 
the bilinear covariant. 


Let (Q,,-Q,; ---, Qa; Pi; Pn) be. variables connected with (q:, qe, -++5 


n 
Yn> Pry «++, Pn) by a contact-transformation, so that > P,dQ, differs from 


r=1 


2 prdgq,y by an exact differential. 
r= 


It is clear from the last article that the bilinear covariant of a differential 
form is not’ affected by the addition of an exact differential to the form, since 
_it depends only on the quantities 0X;/da;—0X;/0";, which are all zero when 
the form is an exact differential: and we have shewn that the bilinear 
covariant of a form is transformed by any transformation into the bilinear 
covariant of the transformed form. It follows that the bilinear covariants of 


the forms = P,dQ, and S p, dg, are equal, Le. that 
ral r=1 


$ (8P,dQ, —aP,8Q,)= = (Sprdqr— dgrdpr) 
r=1 v=1 


so that if the transformation from 
(M1, qa» OU) Qn> Pi; Pio Dn) to Or; Qs, renee?) Ons P,, erdiets, Py) 


is a contact-transformation, the expression 
n 
> (Sprdqr — qr Spr) 
r=1 

is invariant under the transformation. 


Example. For the transformation defined by the equations 


Q= (2q)2 k~ ¥ cos Dp, P= (2q)2 i sin p, 

we have ; 
adP=(2q)~ 4 72 sin pag +(29)2 i? cos pdp, 
6Q=(29) — 44-4 cos pég — (29)? E74 sin pop, 
6P=(29) — 4 2 sin pdqt (2q)3 i cos pop, 
dQ=(2q)~ 4 £- 4 cos pap — (2q)2 k74sin pap. 
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By multiplication we have 
dP8Q—8PdQ= — sin? p (dq dp — gdp) +cos" p (dpdq — dpdq) 
=dp dq — dpdq, 
and consequently the transformation is a contact-transformation. 


129. The conditions for a contact- RRL in terms of Lagrange’s . 
bracket-ewpresstons. 

We shall now give another form to the conditions that a transformation 
from variables (q,, 2, +++» Qn» Pi» «++» Pn) to variables (Q,, Qe, ---» Qn, Pi, +++» Pn) 
may be a contact-transformation. 

If (Qi, qos +++ Yns Pi» +++» Pn) are any functions of two variables (u, v) (and 
possibly of any number of other variables), the expression 
3 (4 Ses Ste) 
du ov. du dv 
is called a Lagrange’s bracket-eapression*. and. is usually denoted by the 
symbol [w, v]. 

If now (qi, qo, «++» Yny Pr» ++», Pn) are any functions of 2n variables 

(Q1, Qo, --», Qn, Pi, ..-, Pn), then in the expression 


(dpe 8qr— Sprdqr) 


i Ms 


we can replace dp, by 


ee Opy a OPy 
dQ), + 30, dQ.+.. + ie AQn + oP +. bas Ope 


and sy for the other quantities; we ey obtain, on collecting terms, 


i 4s 


= (dp, 8q, — Sp,dq,) = = [up, uz] (duzduz — duzdu;,), - 
oy: 


where the summation on the Shanta side is taken over all pairs of 
variables (7, uz) in the set (Q,, Qo, ..., Qn, Pi, ..-, Pn). 

But if the transformation from the variables (q,, qo, -++) Qn» Pir «++» Pn) 
to the variables (Q,, Q., ..., Qn, Pi, ..., Pa) is a contact-transformation, we 
have 


S (dp.Sq. a outdg aa E (AP, 8Q, — 8P,dQ,), 
r=1 


and this holds for all types of anne : and d of the quantities; comparing 
with the above equation, we have therefore 


([P:, Pil=0, [Q:, Q]=0 (i, k=1, 2,..2,n), 
[Os Pela (i, k= lot te eek). 
(Q;, PJ =1 (¢=1, 2, ..., n). 


* Lagrange, Wém. de l'Institut de France, année 1808: reprinted Oeuvres, vt. p. 713. 
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These may be regarded as partial differential equations which must be 
satisfied by (qh, Ya, +++» Qn» Pir +++» Pn), considered as functions of 
3 (Q;, Ose Oa ost ln 
in order that the transformation from one set of variables to the other may be 


a contact-transformation. These equations represent in an explicit form the 
conditions implied in the invariance of the expression 


= (dp,8q, — §p,dqr). 


130. Povsson’s bracket-eapressions. 


We shall next introduce another class of bracket-expressions which are 
intimately connected with those of Lagrange. 
If wu and v are any two functions of a set of variables (q, q, +++) Gn 
Pr, --», Pn), the expression 
=1\0qr Op, Op, 84, 
is called the Poisson’s bracket-expression* of the functions wu and v, and is 
denoted by the symbol (u,v). 
Suppose now that (2%, ts, ..., Uon) are 2n independent functions of the 
variables (qi, Jas +++» Qn» Pir +++) ey, so that conversely (q1, Qa) «+11 Qn» Pus ++) Pn) 
are functions of (uw, Us, -. Say There will evidently be some connexion 
between the Shieh meee (uy, Us) and the Lagrange- -brackets [w,, ws]: 
this connexion we shall now investigate. 
We have 
Out uty — Ouy Outy\ (CQ; Op; _ Op; 09; 
= Mt tr) [tes Ua] = 22 Nev jeL 2 (x Op; Opi al & Ou, Out ag 
Now multiply out the right-hand side, eure that 
= Our OG; ee s Ou, Op; 
t=1 OG; OU t=1 OP; OUt 
are each zero if 1 $j and unity if «=j; and that 
Qn OU Op; 2n ue og; 
Oe Ogi Ott aud t=1 Op; OU 
are each zero; the equation becomes 


dw ov du a) 


Ou, Op; , Oly OG; 
S cosnternl= § (eto) 


and sehen 
2n 
D> (up, Uy) (Ue, Us] = 9 when r 2 8, 
t=1 
2 
while D (up, uy) [ete, tr] = 1. 
t=1 


* Poisson, Journal de V Ecole polytech. vin. (Cahier 15), (1809), p. 266. 
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But these are the conditions which must be satisfied in order that the 
two determinants 


[w, Uy] [t4, Ue]... oe Usn | and (ty, Ui) (Ue, %) +++ (Un, uy) 


[tes tr] [etg, 2h] «-+ [Was on] (ty, Ua) (Ue, Ue) ».- (Mon, Ua) 


Peer reer ooeesccresneeere 
eee eee were see esaeeee er eesesye | j= == | ##eeeeeeene 


a 


may be reciprocal, i.e. that any element in the one should be equal to the 
minor of the corresponding element in the other, divided by this latter 
determinant ; the product of the two determinants being unity; and thus the 
connexion between the Lagrange-brackets and the Poisson-brackets is expressed 
by the fact that the determinants formed from them are reciprocal. 


Example 1. If f, $, are any three functions of (9,, G2) «-+) Yny Pir +++) Pn), Shew that 
(Ch >) W+(O v) A+ F), 6) =0. 


Example 2. If F, ® are functions of (fi, f2, ..., f,), Which in turn are functions 
of (%,; G29 +++) Iny Piy +++) Pn)» Shew that 
Fob dF 0e@ 
(F, ae RHR Ff, 7) (Fes fe)s 


where the summation is taken over all combinations f,, /,. 


131. The conditions for a contact-transformation expressed by means of 
Poisson’s bracket-expressions. 


Now let (Qi, Qz, ---; Qn, Pi, --»; Pn) denote 2n functions of 2n variables 
(Gis Yas +++) Yn» Pry +++» Pn); We Shall shew that the conditions which must be 
satisfied in order that the transformation from one set of variables to the other 
may be a contact-transformation may be written in the form 


(Pi, Pj)=0, (Qi, Qj) =0 (i,7=1, 2, ..., n), 
(Q:, Pj) =0 (i, j=1, 2,...,n; 159), 
(Oe P)=1 eae Pe} 


For we have seen in § 129 that the conditions for a contact-transformation 
are expressed by the equations 


ee PyJ=0, [Q:, QJ =0 (i,j =1, 2, ..., n), 
| LQ; P;) =0 (1,9 = 1) 2, vee M5 t= 9), 
(Q;, Pi] =1 (Lenl Deen), 


Hence the relations 


2n 
> (ue, Ur) [t, Us] = 0 (x = 8) 
t=1 
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of the last article become 
(Q:,9)=90 (Pi, Pj)=0 (9 = 2515 0); 
Ia i) =0 j= 1, eee : ;=4 ? 
while the relations 7 20 (J Ce ool 
2n 
> (U, Ur) [ur, Ur | =1 
t=1 


give (Q;, P;)=1 ((=1, 2, ..., n); 
the theorem is thus established. 


_ Example 1. If (Qy, ey ++» On Pay «++» Pn) are connected with (91,25 «+5 Yny Piy +++» Pn) 
by a contact-transformation, shew that 


3 ce aa 


r=1 


Ea (penta on) 

00, OP, oP, 0Q,. r=1 0”, Op, ep, Og, : 

so that the Poisson-brackets of any two functions ¢ and y with respect to the two sets of 
variables are equal. 


Example 2. If (Q,, Qe, ---» Qn) are given functions Of (Oi, Jaye) Gar Pay <3 Pad) OBO 
satisfy the partial differential equations 


(Qr, Ys) =0 (7, 8=1, 2, ..., 2), 
shew that m other functions (P;, P2,...-, Pn) can be found such that the transformation 
from (G1, G2) +**> Yn» Pir «++ Pn) to (QM, Qe +++) Qn, Pi, ---» Pn) is a contact-trans- 
formation. (Lie.) 


132. The sub-groups of Mathieu transformations and extended potnt- 
transformations. 

If within a group of transformations there exists a set of transformations 
such that the result of performing in succession two transformations of the 
set is always equivalent to a transformation which also belongs to the set, this 
set of transformations is said to form a sub-group of the group. 

A sub-group of the general group of contact-transformations is evidently 
constituted by those transformations for which the equation 


Se edO= 2) peda, 
r=1 r=1 


:s satisfied. These transformations have been studied by Mathieu*. 


They are essentially the same as the transformations called “homogeneous contact- 
transformations in (91, Yo. +++» Ino Pir ++~9 Pn)” by Lie. 
In this case, we see from § 126 that (Qin Garver Qn, P,, ..-, Pn) are to be 
obtained by eliminating (Ay, Az, ---) rz) from the (2n +k) equations 
0,(@; de» SPD A Gn: Qa; QU) Qn) = 0 (r= Lb 1s One k), 
. 00, 00," 0 
=A Se te nae AEA) Grae (PEN, PA, soon) 
Titae a0 2250; sO eee 


Par man as Bahan ae 092 (r=1, 2, ..., ”). 


* Journal de Math. xrx. (1874), p. 265. 
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From the form of these equations it is evident that if (p,, po, --.; Pn) are 
each multiplied by any quantity w, the effect is to multiply (P,, Ps, ..., Pn) 
each by w; and therefore (P;, Ps, ..., Pn) must be homogeneous of the first 
degree (though not necessarily integral) in (p,, P2,'+-+) Pn). 


A sub-group within the group of Mathieu transformations is constituted 
by those transformations for which (P,, P2,..., Pn) are not only homogeneous - 
of the first degree in (p;, Ps, ---, Pn) but also integral, i.e. linear, in them; so 
that we have equations of the form 


P= = Prfre(Qs Pn Qn) (r=1, 2, Ay? 
Substituting in the equation 
> P,dQ,— = p.dge=0, 
r=1 r=1 


and equating to zero the coefficient of pz, we have 


2 ie Yay ++5 Qn) AQ, = Ade (cat Zs “Pegi tt). 
80 (qi, J, «+», Yn) are functions of (Q,, Qs, ---, Qn) only, and 
Fiz = 09%/0Q, (r, k=1, 2, ..., 0). 


It follows that transformations of this kind are obtained by assigning 
n arbitrary relations connecting the variables (q,, qo, ---) Qn) with the variables 
(Q1, Qe, -:+, Qn), and then determining (P;, Ps, ..., Pn) from the equations 


n O”dk 
eRe ray (r= 13 2, motte 
These transformations are extended point-transformations (§ 126). 
Example. If $ P,dQ,= $ Pry, 
r=1 r=1 
n C14) n OP. - 
shew tha Ra op? Po Pr aD, P,. 


133. Infinitesimal contact-transformations. 


_ We shall now consider transformations in which the new variables 
(Q1; Qe, +++» Qn, Pi, ..., Pn) differ from the original variables (Qusea we One 
Pr» +++) Pn) by quantities which are infinitesimal. Let these differences be 
denoted by (Aq, Ag, ..., Agn, Api, ..., Apn), where 


Agr= Gr (Gs Ya» +++ Qn; Pry +++, Pn) At Ge Teo 
Apr = Yr (Gis Geo +*+s. Gms Diy +++) Pn) At = 1727. ..5 %) 
and At is an arbitrary infinitesimal constant; so that 
Qr = Gr + Agr= G+ At 
P, = pr + App = py + cot (r=1, 2, ..., 2), 
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303. 


and the transformation is specified by the functions 


(di, ge; COR) Pn» vn, Vo, see 


’ 


Now suppose that the transformation is a contact-transformation 


we have 


Wn) 
. Then 


n 
= (P,rdQ,— prdgr) = dW, 


where W is some function of (G4, qa) ++) Yny Pry ++ 


Da) OF 


2 Mr +p, At) (dg, + dd,. At) — prdq,} =aW, 


or 


At > (w,rdqr + prdd,) =a W. 
r=1 


Tt is evident that the function W must contain At as a factor: writing 


W = UAt, where U is some function of (41, q2, -++ 
becomes 


Qn» Pis aery Pn) the equation 


= (trdgr + prdgr) = aU. 


Hence we have 


& (hrdar— dedpr)=d (U— 3 pod) 


= — AK (Qi; Gay +++: In Prs +++ Pn) SAY, 
and therefore 
oK OK 
x Ve mcg (r=1, Pps yt): 


Thus the most general infinitesimal contact-transformation is defined by the 


equations 


0K 
Q-= dr ar Spee 


where K is an arbitrary function of (qi, Qe. +++» ny Pas 


arbitrary infinitesimal quantity independent of (q 


The increment in any function FQ Gar +009 In 
ments (Qi, Yar +++» Yn» Par +++ Pn) are subjecte 


n (af dK _ af oB\ 
: r=1 te Op Opy a) 
or (f, K) At; 


on this account the Poisson-bracket CH 
most general infinitesimal transformation 0 
of all contact-transformations of the 2n variables 


wesy Pn), and At is an 
5) Q2> Sisieys: qn> Pw» DOO) Dn) 
, Pry +++) Pn) When its argu- 


d to this transformation is 


2 


R) is said to be the symbol of the 
f the infinite group which consists 


(Gus Gas e++» Ys Pr +++> Pr): 
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134. The resulting new view of dynamics. 


The theorem established in the last article enables us to extend to all 
conservative holonomic dynamical systems, whatever be the number of degrees 
of freedom, the conception which was formulated at the end of § 125 for 
certain simple systems. For the motion is expressed (§ 109) by equations of 
the type 

Nd CG oe Sie OE ae eee 

dt = Op,’ dt Or 

and from the last article it follows that we can interpret these equations as 
implying that the transformation from the values of the variables at time ¢ 
to their values at time t+ dt is an infinitesimal contact-transformation. The 
whole course of a dynamical system can thus be regarded as the gradual self- 
unfolding of a contact-transformation. This result is really a generalisation 
of the statement that the paths of the rays in a pencil of light can be specified 
by the gradual propagation of a wave-front. Taken in conjunction with 
the group-property of contact-transformations, it is the foundation of the 
transformation-theory of dynamical systems. 


From this it is evident that if (q, qs, ---, Yn» Pi» ++» Pn) are the variables 
in a dynamical system, and (a, @,..., dn, Bi, ---, Bn) are their respective 
values at some selected epoch t= t), the equations which express (q,, g2, .-», n> 
Pi, +++) Pn) in terms of (4, a, ..., Mn, Bi, ..-, Bn, t) (and which constitute the 
solution of the differential equations of motion) express a contact-transforma- 
tion from (G1; %, +.04' Gn, B15 «+-5- Bn) tO (Gina, ---9 Qns Pipie+sy Day ge tens aes 
regarded merely as a parameter occurring in the equations which define the 
transformation. 


135. Helmholtz’s reciprocal theorem. 


Since the values of the variables (Gir Gar +++ Qns Prr +++» Pn) Of a dynamical 
system at time ¢ are derivable by a contact-transformation from their values 
(a, Ge, .-., %n, Bi, »--, Bn) at time t,, we have (§ 128) 


2 (Apidgi— dp:Aq)= % (A8;8a,— 88;Aa), 

t= é=1 : 

where the symbols A and 6 refer to increments arrived at by passages from 
a given orbit to two different adjacent orbits respectively. 


Now suppose that 6 refers to the increments obtained in passing to that 
orbit which is defined by the values 


(a, %, CIO An, Bi, Ba, anarere (ofa: B,+ 58,, Bret wie; 29) Bn) 


at time f; and let A refer to the increment obtained in passing to that orbit 
which is defined by the values 


(> Qe» NOON) Qn> Pi» tN | Ps-1, Ds + ADs, Posi, ON) Pn) 
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at time t,; then the above equation becomes 

Ap,8qs Fae §8,A%,, 
so the increment in g, due to an increment in 8, (when , %, ..., dn, 
Diners Bria, fs Pn are not varied) is equal to the increment (with sign 
reversed) in a, corresponding to an increment in p, (when Guitar ccs Ones ¢3 
Ps—1) Pstis «++, Pn are not varied) equal to the previous increment in 6,. 


+3 


This result can for many. systems be physically interpreted, as was 
observed by Helmholtz*; for a small impulse applied to a system can be 
conveniently measured by the resulting change in one of the momenta 
(~1, «++, Pn), and the change in a, due to a change in p, can be realised in the 
reversed motion, i.e. the motion which starts from some given position with 
each of the velocities corresponding to that position changed in sign, so that 
the subsequent history of the system is the same as its previous history, but 
performed in reverse order. We can therefore state the theorem broadly 
thus: the change produced in any interval by a small initial impulse of any 
type in the coordinate of any other (or of the same) type, in the direct motion, 
is equal to the change produced in the same interval of the reversed motion in 
the coordinate of the first type by an equal small initial impulse of the 
second typet. 

Example. In elliptic motion under a centre of force in the centre, if a small velocity 
dv in the direction of the normal be communicated to the particle as it is passing through 
either extremity of the major axis, shew that the tangential deviation produced after 


a quarter-period is pot dv, where p is the constant of force. Shew also that a tangential 
velocity 8v, communicated at the extremity of the minor axis, produces after a quarter- 


period an equal normal deviation we dv. (Lamb. ) 


136. Jacobi’s theorem on the transformation of a given dynamical system 
into another dynamical system. 
It appears from § 116 that if a Hamiltonian system of differential 


tj 
equations dg, 0H ii 3 
a4 pata —_ Cd RS a3) 
Gimes op... dt 0¢r 
is transformed by change of variables, the system of differential equations so 
obtained will still have the Hamiltonian form 
dQ, 0K aD, oK 
iil © aP,’ dt 0Q, 
provided the new variables (Q;, Qs, ---» Qn, Pi, ++, P,,) are such that 
[P.se. + P,8Q.+ ... + PndQn 


is an integral-invariant (relative or absolute) of the original system. 


(r=1, 2,...,n), 


* Journal fiir Math, o. (1886). 
+ Cf, Lamb, Proc. Lond. Math. Soc, x1x. (1898), p. 144. 
20 
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A transformation of this kind is, in general, special to the problem 
considered, i.e. it transforms the given Hamiltonian system into another 
Hamiltonian system, but it will not necessarily transform any other arbitrarily 
chosen Hamiltonian system into a Hamiltonian system. Among these 
transformations however are included transformations which have the pro- 
perty of conserving the Hamiltonian form of any dynamical system to which 
they may be applied: these may be obtained in the following way. 


We have seen (§ 115) that 
> Pr OQr 
r=1 


is a relative integral-invariant ofany Hamiltonian system. Let (Qe Oe ena, 
P,, ..., Pn) be a set of 2n variables obtained from (qi, Ge, «++» Yn» Pry +++» Pn) 
by a contact-transformation, so that 
>P KEES >  prdg,=aW, 

r=l1 

where dW denotes an exact differential, The equations which Henne the 
transformation may involve the time, so that (Q,, Qs, ---» Qn, Pi, -.., Pn) are 
functions of (q:, 2, --+5 Qny Pi +++» Pn» #); but in the variation denoted by d 
in this equation éhet time is ae supposed to be varied: if ¢ is supposed to 
vary, the equation becomes 


> P,.dQ, — S pedgr = dW + Udt, 
r=1 


where U denotes some function “ variables. 


Now the variation denoted by 6 in the integral-invariant is a variation 
from a point of one orbit to the contemporaneous point of an adjacent orbit ; 


if therefore we regard the variables as functions of (a), ag, ..., Aon, t), Where 
(d;, zg, ---, Gn) are the constants of integration which occur in the solution of 
the equations of motion, the variation 6 is one in which (aq, a,,..., Qgn) are 


varied but ¢ is not varied: we have consequently, as a special case of the last 
equation, 


> P,8Q; ay © prdqe= 8W, 


=1 


~4 


and therefore > P,5Q, 


r=1 


is a relative integral-invariant; so the eee system of differentiai 
equations, in which (Q,, Q:,.-., Qn, Pi, ..., Pn) are taken as dependent. 
variables, will have the aetalicntat form ae can be written 

dQ, 0K aP, OK 

dt OP,’ dt Q, (r=1,2,..., m), 
where K is some function of (Q,, Qs, -.-, Qn, Pi, ..., Pn, t). 
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Hence a contact-transformation of the variables (qi, qa, ---> Uns Pir «++» Pn) 
of any dynamical system conserves the Hamiltonian form of the equations of 
the system*. In the case of an ordinary “change of variables” in the dynamical 
system, in which (Q,, Q.,..-,; Qn) are functions of (91, 'Ga, «++» Qn) Only, the 
contact-transformation is merely an extended point-transformation. 


Hizample. Shew that the contact-transformation defined by the equations 


q=(2Q)2 k~ ? cos P, p= 2)! sin P, 
changes the system 
“4 oH dp 0H 
pr ain og? 
where H=} (p?+ 2292), 
into the system 
a0 OK dP 0K 
mor? ree acog. 
where K=kQ. 


137. Representation of a dynamical problem by a differential form. 


The reason for the importance of contact-transformations in connexion 
with dynamical problems is more clearly seen by the introduction of a certain 
differential form which is invariantively related to the problem. 


Let any differential form with (2n + 1) independent variables (a, 22, .. 
Ltr) be 


oe 


X, dx, + X AX, + eos + Xonp1 dons 5 


we have seen (§ 127) that its bilinear covariant 
2n+1 2n+1 


ay da,d4;, 
i=1 j=l 
where a,; denotes the quantity (0.X;/da; —0X;/da;), is invariantively related to 
the form. If we equate to zero the coefficients of 84,, dm, ..., d%nu, We 
obtain the system of (2n+1) equations 
Qn+1 2n+1 2n+1 
2 a, dx; = 0, = And x; = 0, 085 > Q;, aang Ee 


t=1 
Since the determinant of Ad quantities a, is skew-symmetric and of odd’ 
order, it is zero, and these equations are therefore mutually compatible. 


They are known as the first Pfaf'’s system of equations corresponding to the 
2n+1 


differential form = X,da,, and from the mode of their formation are in- 
r=1 

variantively connected with it; that is to say, if any change of variables is 

made, the new variables (%, Y2, «++» Yen+1) being given functions of (2,, 72, ..-, 

Zen41), and if the differential form the changed by this transformation to 


2n+1 
> Y,dy,, 
r=1 


* This important theorem was first given by Jacobi, .Comptes Rendus, v. (1837), p. 61. 
20—2 
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2n+1 2n+1 2n+1 
and if > biady: => 0, > body; ES 0, oery 2 Di, onti yi = 0 
t=1 *=1 = 


be the first Pfaff’s system derived from the differential form 


then this system is equivalent to the system 


2n+1 2nt+1 
= Ay dx; = 0, 2 
t=1 i=1 


a 


+1 
> Ai, onda; = 0. 


2n 
t=1 


ap,dax; = 0, cielsy 
Consider now the special differential form 


pridgq, + podgs +... + Pnddn — Hdt 


in the (2n+ 1) variables (q,, 92, --+» Qn> Pir ---» Pn» t), where H is any function 
Of (G1, a> +--+» Yn» Pir -++> Dns t)» Forming the corresponding quantities ay, we — 
find that the first Pfaff’s system of differential equations of this differential 
form is 


oH 
a gee Face (r= 1; 2 Beat): 
oH 
lene ica (r=1, 2, oft), 
oH 
dl ——~, dt = 0. 


Of these the last equation is a consequence of the others: and therefore the 
system of equations can be written 

do, OR) Wap, con, 

dt dp,’ dt dq, (ral, 2, -:2)3 
but these are the equations of motion of a dynamical system in which the 
Hamiltonian function is H. It follows that the dynamical ‘system whose 
Hamiltonian function is H is invariantively connected with the differential 
Form 


pidq, + podqs EP Oct + prdan — Hdt, 


masmuch as the equations of motion of the dynamical system, in terms of any 


vartables (,, %,..., Zn, T) whatever, are the first Pfaff’s system of the 
differential form 


Xda, + Xedaty+ ... + Xone, + Tdt 
which is derived from the form 
Pidq, + podqs + ... + Pndgn — Hat 


by the transformation from the variables (Gi, Qs eves Ins Diy = 225 Past) LOnEne 
variables (a, £9, ..+, en, T)» 
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138. The Hamiltonian function of the transformed equations. 


The result of the last article furnishes another proof of the theorem that 
the equations of dynamics 
dq, 0H dp, oH 
Rite One win dt. we OG, 
conserve the Hamiltonian form under all contact-transformations of Crea Apeecce 
Qn» Pi» +++» Pn), and moreover it enables us to find the Hamiltonian function 
K of the system thus obtained, 


dOoKae dP wetoRs 


Va dp, 74. eels n) 


Rae Pee pia 00, Pits Ph 
For let the contact-transformation be defined by the equations 
0, = (r= 1, Anche k), 
pow 00, 0Q, 00% pe 
Prmng, 1 50 tag, tte 0Q,. (r=1, 2, ..., n), 
ow 00, 00, 00% i 
Pantera ce acre wee NE oe (r=, Zi ia soyh te), 


where (Q,, OQ,, ..., Qz, W) are any functions of the variables (q,, Gs en Pe 
Q:; Qe; par) Qn; t). 
From these equations we have identically - 


: (oW | oW (sage QO, 
= d r tS i) 
2 _ Prdgy = 2 P.dQ,— % (55, dar 50, dQ) — 3 re (Gq. dart 5G dQ,) 
at hence ne symbol d denoting a variation in which all the variables, 
including t, are foo 


ow k a0, 
ss & pedgr= 3 s = P dQ, + Ge dt— dW 3 ry dt 
n k 
tie) 1 2 .9:dg,— Hdi= & P,dQ,— (a- = ree oe) ae— dW. 
r=1 r=1 


The perfect differential dW on the right-hand side can be. neglected, 
since it does not affect the first Pfaff’s system of the differential form: and 
hence the contact-transformation transforms the system of equations 


dq, 0H dp,__ dH 


=] ee 
dt Op,’ dt ~ 09r Cae ") 
to the system . = ee 
dQ, _.9 ai = ioe 
Ago P ae dt wrencO, ie asia 
ow & on, 
where K=H— a ae eva 


K being supposed expressed in terms of (Qi, Qe,» On, Leta) 
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139. Transformations in which the independent variable ts changed. 


The result of § 137 also enables us to determine those transformations of 
the whole set of (2n + 1) variables (q,, Ge, +--+» Uns P1s «++» Pn; t) to new variables 
CO Gack ae a nehee cas Pe T) by which any Hamiltonian system 


dq 0H dp,__ 0H 


Ac aet = aaah (r= 15 2c.) 
is transformed into a system of the Hamiltonian form 
dQ, _ 0K = om (7 = 1, 2 cay dt): 


df "oP, dT ~~30, 
For this is the same thing as finding the transformations which change the 


differential form 
pidq, + podqs +... + PnAdGn + hdt, 


where the variables (9), qo, ---» Qn> Pis +++» Pn» t, h) are connected by the 
equation 


H(q, qe, sheren? Qn> Pr; see> Dns t) + h = 0, 
into the differential form 
PydQ, + PodQ.+ ... + PndQn + kdT +a perfect differential, 


where the variables (Q,, Qo, ---, Qn, Pi, Ps, ..., Pn, T, k) are connected by 
the relation 
FO (Qi Qin oss Was oie esel ay LL) ee 
But any contact-transformations of the (2n + 2) variables (q, qo, -.-, Qn, ¢, 
Pi, +++) Pn, h) to new variables (Q,, Q2, ---. Qn, T, Pi, Po, ..., Pn, &) will satisfy 
this condition; when the transformation has been assigned, the function K is 
obtained by substituting in the equation 


A (q, Qe, eee, Yn> Pi eee) Pn> t)h+h=0 
the values of (q, qs, ---,» Qns t, Pry -»-» Pn» h) as functions of (Q,,..., Qn, T, 
P,, ..., Pn, k),-and then solving this equation for k, so that it takes the form 
EQ Qe ce Oia ea ele ae Oe 


the required transformations are thereby completely determined. 


140. New formulation of the integration-problem. 


We have seen (§ 137) that if any change of variables is made in the 
dynamical system 
dq, 0H dp, _ 0H = 
d= ope dienaoge = ol eanganme 
the new differential equations will be the first Pfaff’s system of the form 
which is derived from 


Pidq, + podgs + ... + pndqn— Hdt 
by the transformation. 
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Supposing that a transformation is found, defined by a set of equations 
qr= dr (Qi, Ones Qn: Bes ic, Pn, t) 

Pr=Vr (Q, Qe, iA) Qn; Py, sreren9 Pas 5 Ome 2, Ost m), 
which is such that the above differential form, when expressed in terms of 
the new variables, becomes 

P,dQ, + P.dQ. +... + PndQn— aT, 


where dZ’ is the perfect differential of some function of the variables 


APE ASA aA Se? Shree P,,, t); the corresponding first Pfaff’s system of 
equations is 


dQ,=0, -dP,=90 (r= 1, 2,2... 0), 


and the integrals of these equations are 


Q,= Constant, P, = Constant (=a ly Dees) 5 
so the equations 
dr = dr (Q:, Qs; see On ei We Lease) 
(OMNES Oo P ahs n (P= by Zc) 
constitute the solution of the dynamical system, when the quantities (Q1, Qs, +++ 
Qn, Pr, ».», Pn) are regarded as 2n arbitrary constants of integration. 


The integration-problem is thus reduced to the determination of a. trans- 
formation for which the last term of the differential form becomes a perfect 
differential. 


MISCELLANEOUS EXAMPLES. 


1. Shew that-the transformation defined by the equations 
i= +p, Qo= qo’ +r°ps?, 


., Ca. ee ages ede: 
P,=arctan (2) arctan (), P,=)d arctan (2) : 


is a contact-trausformation, and that it reduces the dynamical system whose Hamiltonian 
function is $(pi?+ petr2g? tr *q2’) to the dynamical system whose Hamiltonian 
function is Qp. 


Q. If (#1, Cay +-+5 Xo,) denote any functions of (¢1, 2) «++» Yn» Pi ++ Pn), and if 
pidgt padlgy +--+ Pndqn= Kid + Koda t ... + Xanthions 
if moreover Gp, denotes OX m/0a%_, —OXy/0Hm, D denotes the determinant formed of the 
quantities mn; Ay denotes the minor of ay, in D, divided by D, and. u and v denote 
arbitrary functions of the variables, shew that 


n (du Ov Gu ov n n Cv Ou 
Soe oe ae Se ar ae Clebsch. 
te 0qr Or Opry i j=1k=1 * Oa; Oat Cee 
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3. Shew that for any Hamiltonian system the integral-invariants 


[ff femidan.d0n820--- 80s 


and Pf [--- [20802-2082 1-..2P 
extended over corresponding domains, are equal if (9;, G2) ..+) Qny Pi -++) Pn) and 
(Qi, G2, +++» Yay Py, ..., Pn) are connected by a contact-transformation: 


4, Prove that the contact-transformation defined by the equations 
g1=, ~ 2 (2Q,)2 cos P; +e ~ 3 (2Qs)4 cos Po, 
Ophea Ne a (29,)2 cos Py +273 (2Q.)2 cos Pe, 
\p1=4 2Q,)t sin P,+4 (2a)? sin Pp, - 


Pa= —}(2,Q,)4 sin P, +4 (229z)? sin Py, 
changes the system 
dq, OH dbp, 0H 


at” op,’ at. 0g, (r=1, 2), 


where 
=p? + po? +BAz? (G1 — G2)? +E? (G1 + G2)”, 
into the system 
dQ, 0K  aP, 0K 
at — oP? “dt ~~ a0, G=—1, 2), 
where 
K=1Qi+A2Q2. 


Integrate this system, and hence integrate the original system. 


CHAPTER XII 
PROPERTIES OF THE INTEGRALS OF DYNAMICAL SYSTEMS 


141. Reduction of the order of a Hamiltonian system by use of the integral 
of energy. 


We have shewn in § 42 how the Lagrangian equations of motion of a 
conservative holonomic system can be reduced in order by use of the integral 
of energy of the system. We shall require the corresponding theorem for 
the equations of motion in their Hamiltonian form; this may be obtained as 
follows. 


Consider a dynamical system with n degrees of freedom for which the 
Hamiltonian function H does not involve the time explicitly, so that 


H+h=0, 
where h is a constant, is the integral of energy of the system. 
Let this equation be solved for the variable p,, so that it can be written 
K (pas Pas +++) Pas Qs «+s In» h) + pr =O. 
The differential form associated with the system is 
pidq; + prdqat+.-. + pndgn + hdt, 
where the variables (9,, Go, «++» Uns Pir Pa» +++» Pns h, t) are connected by the 
last equation: the differential form can therefore be written 
p2dqet Psdgs + --- + pndgn +hdt —K (ps, Psy +++) Pas rs ory Ins h) dq, 
where we can regard (q;, 2) +++» Yn» Pa» +++» Pn» h, t) as the (2n + 1) variables. 


But the differential equations corresponding to this form are (§ 137) 
dgr_ 0K dp, __ 0K 

dy, Op,’ dg Gr 

dt.0Ky edie 

dq, oh’ dq - 

The last pair of equations can be separated from the rest of the system, 
since the first (2n — 2) equations do not involve ¢, and A is a constant. 


(r=2, 3, eee, n), 


0. 
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The original differential equations can therefore be replaced by the reduced 
system - 5 ae 
dq, _ 9 Pr 6 , 
c= =— n= 2,9, eas fs 
dq, Ope’ dq Gr 
which has only (n—1) degrees of freedom. 
This result is equivalent to that obtained in § 42, as can be shewn by 


direct transformation. 


Example. Consider the system 
19 0H dp,_ _ 0H 


=i) 
wi OBee Cbd OQ aera 


where 
A= pits Pt ie Joi 
292 G2 
u being a constant; these are easily seen to be the equations of motion of a particle 
which is attracted to a fixed point with a force varying as the inverse cube of the distance : 
gz and q; are respectively the radius vector and vectorial angle of the particle referred to 
the centre of force. 


Writing H=—h, and applying the theorem given above, the equations reduce to the 


system 


dq, Ope’ oe SiG. 


where 
K= ~(u—qePp;? — 2hqs2). 
Since A does not involve g,, the equation K=Constant is an integral of this last 
system, and we can therefore perform the same process again: writing A= —4, we have 


a 
qx" 


and the system reduces to the single equation 
ji? -3 
dg, OL k ( aad aay 
dg ok gt\ qe / 
the cantata! of which (supposing p<?) is 


go= (2 — pe (- 2h) ~ 3 sec (Cay ute} 


where ¢ is an arbitrary constant. This is the equation, in polar coordinates, of the orbit 
described by the particle. 


142. Hamilton's partial differential equation. 


If follows from § 138 that if a contact-transformation defined by the 
equations 


ow OW 

— 30," Dr= =A 

where W denotes a given function of (Gis.Gas Sees Gay Qin en een Oa: t), is 
performed on the variables of a dynamical system iganed by the eaaione 

dq, 0H dp, __ 0H 

dimeop,) adion Meg, 


(r= 1, 252. e). 


(i= Loess): 
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the resulting system is 


dQ, 0K dP, 0K 


Gia be arse ol), 
where K=H+0W/ot. 
If the function K is.zero, the system will be said to be transformed into 


the equilabrium-problem. Now the function K will be zero, provided W is a 
function such that 


ow 
at (> qa; OGO) An> a; SI) (Dis t+H (qn, qo, CAB ni Pi» see) Dn» t)=0, 


Le. provided W, considered as a function of the variables (qi, ga, «++» Yn» t), 
satisfies the partial differentia] equation 


oW oW aw ow 
aA H eee nr rN 7. eee he = . 
ot Bo (a qe, ) q ? 0g 5) 0qo ? ? OGn ’ t) 0 


This is called Hamilton’s partial differential equation associated with the 


given dynamical system. It was published by Hamilton in 1834*, being the 
extension to dynamics of the partial differential equation which he had 
_ discovered ten years previously in connexion with optics. 


Suppose that a “completé integral” of this equation, Le. a solution con- 
taining n arbitrary constants in addition to the additive constant, is known. 
Let (a,, %, ---, nn) be these arbitrary constants, so that the solution can be 
written W (qi, Qos «e+> nr %» Ger +++» An, t); and perform on the original 


dynamical system the contact-transformation from the variables (qi, Jer +++» Yn» 
Pry -++) Pn) to variables (4), @, --+)%n» Bi, Be, +++ B,,), defined by the equations 
OW OW 
Pr = Me Orme ca: (r =1, 2,...., 2). 


Since W satisfies Hamilton’s equation, the Hamiltonian function of the 
new system is zero, and consequently the equations of the system are 


da dB 

ee — = we bo D5 .5, 1) 
di 0, di 0) (r=1, 2, n) 
so that (a), a2, ---,4n, Bi, --> Bn) are constant throughout the motion., It 


follows that if W denotes a complete integral of Hamilton's partial differential 
equation, containing n arbitrary constants (0, %, --+) Zn), then the equations 
ow oW 
Be Fyn? Pr =F, (r =1, 2, ..., 2) 
constitute the solution of the dynamical problem, since they express the variables 
(Gr> Yar 209 Ynys Pras eees Pn) in terms of t and 2n arbitrary constants (Co heen iNg 


* Phil. Trans. 1834, p. 247; ibid. 1835, p. 95. 
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B,,..., Bn)*. In this way the solution of any dynamical system with n degrees 
of freedom is made to depend on the solution of a single partial differential 
equation of the first order in (n + 1) independent variables. 

It should however be obseryed that the converse of this theorem—namely the theorem 
that the solution of a partial differential equation such as Hamilton’s depends on the 
solution of a set of ordinary differential equations (the differential equations of the 
characteristics), which in this case are of the Hamiltonian form, had been discovered by 
Pfaff and Cauchy (completing the earlier work of Lagrange and Monge) before Hamilton 
and Jacobi approached the subject from the dynamical side. 

On the use that can be made of an incomplete integral of Hamilton’s partial differential 
equation (i.e. one containing less than n arbitrary constants besides the additive constant), 
cf. Lehmann-Filhes, Astr. Vach. cuxv. (1904), col. 209. 

It may be noted that Hamilton’s partial differential equation is not applicable as it 
stands to non-holonomic systems: for an extension to such systems, cf. Quanjel, Palermo 
Rendiconti, xxii. (1906), p. 263. 

The integration of Hamilton’s equation by separation of variables is discussed by 
F, A. Dall’ Acqua, Math. Ann. Lxvi. (1908), p. 398. 


Example. Consider the system 
Se ben Sh 6 Gal gees Las 
Ate Ore Ale ine 
where 


H=}p'—7, 


and » is a constant. The Hamilton’s equation corresponding to this system is 
ow OW\? wp 
der jal an 
a complete integral of this equation may be found in the following way. Assume 
W=f()+ (Q), 
where f and ¢ are functions of their respective arguments : then we have 
| O=f'()+4 {6 OP -H/¢. 
This equation can be satisfied by writing 
FP O=4/N)- 4 {9 DP =n/a, 
where a is a constant ; which gives 
f()=ptla, > (q)=(2pa)* aresin (g/a)8 + 2ug (a—9)/a}, 
W= pt/a+ (2ua)? aresin (q/a)* + {2ug (a—g)/a}4. 
The solution of the original problem is therefore given by the equations B= —0 W/da, 
p=0W/og, where a and 8B are the two constants of integration. 


. 
? 


143. Hamuilton’s integral us a solution of Hamilton's partial differential 
equation. 


There are an infinite number of complete integrals of Hamilton’s partial 
differential equation ; and each one of them furnishes a contact-transformation 


* This theorem is due to Jacobi, Crelle’s J. xxvii. (1837), p. 97 and Liouville’s J. 11. (1837), 
pp. 60, 161. 
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from the variables (q,, qo, ---, Qn» Pi» -+»» Pn) Of the dynamical system to 
variables (a,, %, ..., @n, 8:1, .--, Bn), (the transformation involving ft), such 
that the equations of motion of the system when expressed in terms of 
(a), Gs, ..., 2n, Bi, ---, Bn) become the equations of the equilibrium-problem, 
Le. the quantities (a,, a, ..., 2n, Bi, .-., Bn) are constants. 


Among this infinite number of transformations there is one of special 
interest; namely that in which the quantities (0, , ..., 4m, Bi, .--, Bn) are 
the initial values of (91; Ye, «++» Yn» Pr» +++» Pn) Tespectively, i.e. their values at 
a time ¢t,, which is taken as an epoch from which the motion is estimated. In 
this case we can find in an explicit form the corresponding complete integral 
of Hamilton’s partial differential equation. 


For consider Hamilton’s integral (§ 99) 


t 
Ldt, 
to . 
where L denotes the kinetic potential of the system. Suppose that 6 denotes 
a variation due to small changes (8%,, das, ...,.64n, 58;, ---, 5@n) in the initial 
conditions. . 


Then (§ 99) we have | 
8 Ldt = 53 ( pr8qr ae 8,8a,). 
to r=1 


t 
It follows that if the quantity | Ldt, when the integration is performed, 
: te 


be expressed in terms of (41, Qa, +++) Qn) +++) Ins t), (we suppose this possible, 
ie. we assume that it is not possible to eliminate (Bei Ba nsiet Bastisy-cctia) 
from the relations connecting (a, ..., %m, Ais -++5 Bry Qs +09 Yar Prs s+) Pn), 80 
as to obtain relations between (qi, ---, Yn» %» +++) a,)) and if the function thus 
obtained (which Hamilfon called the Principal Function) be denoted by 
W (Gay Qos e++2 Ys Gay 209 Ans t), then we shall have 


2 aay eye Ole eng =1, 2, ..., 2), 
0Qr Pry 04, es m e 


and therefore* the transformation from 
(; qa» 2 910:'3 Fn» Pr, oe ? Pn) to (a, Ag, very An, Bi, DISD) Bn) 


is a contuct-transformation, and the integral of the kinetic potential ts the 
determining function of the transformation. 


* Hamilton, Phil. Trans. 1834, p. 307; ibid. 1835, p. 95. In his earliest dynamical investiga- 
tions, Hamilton used a “characteristic function” strictly analogous to the characteristic fanetion 
which he had employed with such success in opties: this function being the Action integral, 
expressed in terms of the final avd-initial coordinates. He found however that this function, 


when employed in dynamics, involved the constant of energy, and so substituted for it the 
‘« principal function” described above. 
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Also we have 
aW_aW , 2 aWdg, 
Cb i Ohmi OO) AOL 


nd eae 
or L — “Ot Se 2 Pre 
ow 
or 0O=—- +H, 


and therefore the integral of the kinetic potential satisfies the equation 


ow aw ow ) 
ee a ee a Nica OP 
at + H(q, 9, ery, dn> 0q: ’ ” On t 


which is Hamilton’s partial differential equation. 


Example. Let (a,, ae, ..., Qn, Bi, --»» Bn) be the initial values (at time %&) of 
(G1) Ya. +++) Yny P1y +++) Pn) Yespectively, in the dynamical system represented by the 
equations 

dy _ 0H ioe oH @=15 25-5 22): 


Suppose that from the relations connecting (a,, ag, ..-) Qn, Pi, «--, Bn) with 
(G1 G25 +++» Yn» P1y +++» Pn) it is possible to eliminate (8,, Be, ..., Ba P19 ---) Pn) entirely, so 
that a number (say m) of distinct relations exist between (41, go, ...) Yny 41) +--+) Qn) 3 let 
these be solved for (a, ag, ..., am), 80 as to take the form 


= fr (Qi +++ Yny Am+iy +++) Any 2) —a,=0 (71,2; 0.55. Mj, 
and let V denote Hamilton’s integral 
t 
| Ldt 
to 
for the system, expressed in terms of (g1, 92, ++.) Yny Qm4iy +++5 a,). Establish the 
equations 
oV OF, 
+ ea = Xr ao 
P 0g, k=1 2 0g, g 
CV arenO Lh, 
ee grant 


where (Aj, Ag, «-.) Am) are arbitrary ; and shew that the function 
m™m 
W=V+ 3 uh 
k=1 


is an integral of the partial differential equation 


Ow ow 
et (a J25 ++-y Ins Bo, age Syke t)=0. 


144. The connexion of integrals with infinitesimal _ transformations 
admitted by the system. 


Let dq, ae oH dp, Teh « oH 


dt ap,’ dt aq, (r=1, 2, ...,m) 


143, 144] Dynamical Systems 319. 


be the equations of any dynamical system, and let 


$(q, qa, see In, Dry see) Pn» t) = Constant 


denote any integral of the system; we shall shew that the knowledge of this 
integral enables us to find a particular solution of the variational equations 


(§ 112). 
For the variational equation for 6q, 1s 


LN _@H s ae ae GH GH s =f als GH : 
dt ds OQ OPr Tae On OPr qn Ops Opy inane OPnOPr ie 


but we have 


PHO, , eH > OH 0 OH og 
ON0Pr OP: «Gn OPr OPn OpPiOp, OG, Pn Or On 
=~ (-3 dp, op % dq 0p\ 3 OH Od , 3 OH Mo 
Op, \ gar dt Ope nar At Oqe/ n=1 Ge OPKOPr e=1 OPK Gu OPr. 


~ Ope i Z ui s i 5 i rf ? ee 


ee) | 
di es : 
and hence the variational equations for (dq, 5q2, ---, 5Gn) are satisfied by the 
values 
dg = 65 Op; =— €a— (S12 an); 
where € is a small constant. Similarly the variational equations for 


(dp, Spe, eee) Spn) 
can be shewn to be satisfied by these values; and hence the equations 
bq,=€ =; Tey Ge (Cad yr a 

where ¢ is a small constant and > is an integral of the original equations, 
constitute a solution of the variational equations. 

This result can evidently be stated in the form: The infinitesimal contact- 
transformation of the variables (CpEIC Ra cee Pp he bone Pn), Which is defined’ by 
the equations 


8Gr =e5—> dp, = — €x— (r=1, 2, ..., 7), 


transforms any orbit into an adjacent orbit, and therefore transforms the 
whole family of orbits into itself. Adopting the language of the group- 
theory, we say that the dynamical system admits this infinitesimal contact- 
transformation. We have therefore the theorem that integrals of a dynamical 
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system, and contact-transformations which change the system into ttself, are 
substantially the same thing; any integral 


(Gis Ya» +28» Ins Pry vee, Pn» t) = Constant 


corresponds to an infinitesimal transformation whose symbol (§ 133) is the 
Poisson-bracket (9, f ). 

It will be observed that the ignoration of coordinates arises from the particular 
case of this theorem in which the integral is p,=Constant, where g, is the ignorable 
coordinate ; the corresponding transformation is that which changes g, without changing 
any of the other variables. 


145. Poisson’s theorem. 


The last result leads to a theorem discovered by Poisson* in 1809, by 
means of which it is possible to construct from two known integrals of a 
dynamical system a third expression which is constant along any trajectory of 
the system, and which therefore (when it proves to be independent of the 
integrals already known) furnishes a new integral of the system. 


Let o(h, ea, +++ Fn> Pry» eee, Pn> t)= Constant 
and We (Gis Yas eee Yn» Pry +++ Pn, t) = Constant 


denote the two integrals which are supposed known. Consider the in- 
finitesimal contact-transformation whose symbol is the Poisson-bracket 
(f,); since is an integral, this (§ 144) transforms every orbit into an 
adjacent orbit. 


The increment of the function @ under this transformation is ¢(¢, ~), 
where ¢ is a small constant; but since ¢ is an integral, ¢ has constant values 
along the original orbit and along the adjacent orbit: the value of (4, w) 
must therefore be constant throughout the motion. We thus have Poisson’s 
theorem, that if @ and w are two integrals of the system, the Poisson-bracket 
(d, Wr) 18 constant throughout the motion. 


If ($, ), which is a function of the variables (q,, go, ---, Qn» Prs «++» Pn» t)s 
does not reduce to merely zero or a constant, and if moreover ‘it is not 
expressible in terms of ¢, ~ and such other integrals as are already known, 
then the equation 

(¢, +) = Constant 


constitutes a new integral of the systemt. 


The following example will shew how Poisson’s theorem can be applied to obtain new 
integrals.of a dynamical system when two integrals are already known. 


* Journal de l’Ecole polyt. vit. (1809), p. 266. 

+ A discussion of this theorem is given by Bertrand in Note VII to the third edition of 
Lagrange’s Méc. Anal. (1853): cf. Oeuvres de Lagrange, t. x1. p. 484. 

On the extension of Poisson’s theorem to non-holonomic systems, cf. Dautheville, Bull. de la 
Soc. math. de France, xxxvit. (1909), p. 120. 
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Consider the motion of a particle of unit mass, whose rectangular coordinates are 
(n, Y2) Y3) and whose components of velocity are (7, #2, p3), Which is free to move 


in space under the influence of a centre of force at the origin. The integrals of angular 
momentum about two of the axes are 


£392 932= Constant, 
and 7193 - NUP3= Constant. 


Let these be taken as the two known integrals ¢ and y ; the Poisson-bracket (¢, W), 
which is 


r=1\0Gr Op, Oy Op,]’ 


becomes in this case 


P291— F2P1 5 
and in fact, the equation 


P2Q — 921 = Constant 


is another integral of the motion, being the integral of angular momentum about the 
third axis, 


146. The constancy of Lagrange’s bracket-expressions. 


The theorem of Poisson has, as might be expected, an analogue in the 
theory of Lagrange’s bracket-expressions. 


Let bp = Oy (Se by sates ree) 


denote 2n integrals of a dynamical system with n degrees of freedom, con- 
stituting the complete solution of the problem: the quantities u, being given 
functions of the variables (q, qo, --+» Qn» Pir «++» Pn» t), and the quantities a, 
being arbitrary constants. By means of these equations we can express 
(Gis Oey +08 Yay Diy «+5 Du) “8S functions of (d,, ds, ...; @en,t), and form the 
Lagrange’s bracket-ex pressions [a,, a], where a, and a, are any two of the 
quantities (a, Gs, ..., Gon) 


Since the transformation from the variables (qi, qo, ++» Qn» Pus «++» Pn) at 
time ¢ to their values at time t+ dt is a contact-transformation, we have (§128) 
d 


n 

= & (Agq,dp; — 6q,Ap,) = 9, 

dt r=1 

where the symbols A and 6 refer to independent displacements from one 
trajectory to an adjacent trajectory. If now we take the symbol A to refer 
to a variation in which aq; only is varied, the rest of the quantities 


(ah, Ae, SIE Gin) 
remaining unchanged, and take 8 to refer to a variation in which a; only is 
varied, the last equation becomes 


d % (2a Re Ste Pr) — 9 


dt r=1 Oa; 0a; x da; OA; 


21 
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d 
or | a [a;, aj] =9, 
which shews that the Lagrange-bracket [a;, a;] has a constant value during the 
motion along any trajectory; this theorem was given by Lagrange in 1808. 


Lagrange’s result, unlike Poisson’s, does not enable us to find any new 
integrals ; for we have to know all the integrals before we can form the 
Lagrange’s bracket-expressions. 


147. Involution-systems. 
Let (um, Ue, ..., Ur) denote r functions of 2n independent variables 
(915 QapesessiQns Pas sen, Pa)s 
if it is possible to express all the Poisson-brackets (u;, uz) as functions of 


(u,, Ue, .-., Uy), the functions (u,, Us, ...,U,) are said to form a function-group nee 
Any function of (t, us, ..., u,) belongs to this group. 


If the quantities (u;, u;,) are all zero, the functions (uy, Us, -.-, Uy) are said 
to be im involution, or to form an involution-system. 


Now suppose that (2%, ws, ...,u,) are functions in involution: and let 
v=0 and w=0 be any two equations which are consequences of the 


equations 
w=, u=0; a. 74, = 0; 


we shall shew that v and w satisfy the relation (v, w) = 0. 
For since (u,, Ue, ..., Ur) are in involution, each of the equations 
t=O) 4 SHON, =O 
admits each of ther infinitesimal transformations whose symbols are 


(wm, f), (12, of); siaer9 (ur, f)5 


and consequently the equation v=0, being a consequence of these equations, 
must also admit these transformations; that is to say, we have 


(%, v) = 0 (hie 12a), 
and therefore each of the equations 
w%=0, u=0,..., u-=0 


admits the infinitesimal. transformation whose symbol is (v,f). Since the 
equation w=0 is a consequence of these equations, it follows that the 
equation w=0 must also admit this transformation, and therefore we have 


(v, w) =0, 
which establishes the result. 


* Lie, Math, Ann. vit. (1875). p. 215. 
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Hence we see that if (uy, we, ..., U,) are in involution, and the equations 
v, =0, v, = 0, oy Uy =O 
are consequences of the equations 
tye tha se. O; 2225. Uy == O, 


then the functions (v,, V2, ..., Vr) are in involution. 


148. Solution of a dynamical problem when half the integrals are known. 


The result which was established for systems with two degrees of freedom 
in § 121 can now be extended to systems with any number of degrees of 
freedom. The theorem may be thus stated*: If n distinct integrals 

dy (qh, qe, SO | An» Pi, OI) Pn> t) = a, (r= 13 2, ee '09) n), 


where (a, G2, ..., Gn) are arbitrary constants, are known for the dynamical 
system 


dq, oH dp, 0H poate, 
aE cope ce Kee Cee Deen), 


where H is. any given function of (qi, G2 -++> Qns Pr +++ Pn» t), and if the 
. functions (d1, $2, ---, On) are in involution, then on solving these integrals for 
(Pi, Pa, ++» Pn) 80 as to obtain them in the form 
Pr =f (Qrs Gas +++ Yns Try Ua; ++, Gn, €) (r= 1, 2, ..., 2) 

and substituting (f,, fas ---, fn) respectively for (pr, Pe, --+» Pn) mm the expression 

mrdq, + Podqs + --- + PndGn — Hat, 
the latter expression becomes a perfect differential: denoting at by 

AV (Gry Qos +++> Ynr My May +++, Any b); 
the remaining integrals of the system are 


oV 
ant (ras) 2 acs 2), 


where (b,, bz, «.-) bn) are arbitrary constants. 


For since the functions $,—, d2— 2, ---» Pn — Gn are in involution, it 
follows by the last article that the functions p,—fi, Po—fo, ---» Pn- Jn are 
in involution, and therefore ; 


(pr—Sr pe —Js) =9 (7, s= 1, 24, on GS) 
: af, or _ ie. 
or iG aoa (7, ¢ == 1, 2,°-..; 2). 


* This theorem is essentially the application to Hamilton’s partial differential equation of the 
well-known method for finding a Complete Integral of a non-linear partial differential equation 
of the first order. As a dynamical theorem it is due to Liouville, Journal de Math. xx. (1855), 
p. 137. 

21—2 


324 Properties of the Integrals of [CH. XII 


oH dp, _ df, 
ofr . $ fede. 
* ~ Ot $=1 09s dt 


_% , $ Yeo 
‘at s=1 09, Ops : 
and consequently 
of, OH & dHOf, 


Ot: Ogr $21 0Ds 0¢r 


where H, stands for the function H when expressed in terms of the arguments 


(“; qe, WG) An> Ay, eee, Any t). 
The equations 


fe _ Yr . Ofr__ oH, 
gr Og.’ OF = 0gr’ 


shew that Fidqr + fodge +... +fn@dn — Hidt 
is the perfect differential of some function V (qi, qa) -++> Yn» Gis +++» Gn; t)5 


which establishes the first part of the theorem. 


If now the symbol d denote the total differential of the function V with 
respect to all its arguments, we have therefore 


V 
dV=fidq, + fodge + oe +frdqn oa ET, dt + > . da,. 


In this equation replace the quantities a, by their values ¢$,: we thus 
obtain an identity im (q, qo, ---; Qn» Pr» Pa» «++» Pn» t), namely 


OV ,. 
dV— aa, dd, = pidqi + podgot+ .-. + pndgn — Hdt, 
where on the left-hand side of the equation we suppose that in dV and 


aV as 
we the quantities (a,, d:,..., dn) are replaced by their values (q,, do, ..-, dn)» 


This equation shews that the differential form 
Pidqi + Yodo + ... + pndgn — Hat, 

when expressed in terms of the variables (q,, go, -.-, Qn» Pi, Pa, +++» hn, t), 
takes the form 

S005 

— % ~d¢,+dV, 

r=1 0a, ? a 
and hence the differential equations of the original dynamical problem are 
equivalent to the first Pfaff’s system of this differential form, namely 

d (0V/oa,) = 0, dd, = 0 (r=1, 2,...,). 
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The expressions dV/oa, are therefore constant throughout the motion, ie. 
the equations . 


dV /da, = b, (r= I, 2, <.., 2), 


where (b,, bs, ..., bn) are new arbitrary constants, are integrals of the system ; 
this completes the proof of the theorem. 


Example. In the motion of a body under no forces with one point fixed, let (8, , +) 
denote the three Eulerian angles which specify the position of the body relative to any 
fixed axes OX YZ at the fixed point, (A, B, () the principal moments of inertia of the 
body at the fixed point, a the constant of energy, a, the angular momentum about 
the fixed axis OZ, and a2 the angular momentum about the normal to the invariable 


plane : and let (6,, $1, Wy) denote 07/06, d7/a¢, dT/ay respectively. Obtain the 
equations 


| 8 =arctan {(a,?— a2 —- 6,2)8 /ay} —arctan {(a_?— 1? — 6;2)2/Wi}, 
i =—-H, 


wT ‘e A} a 2)4 
(; —p=arctan {4 (a2 — 1? - 4,”) 3} +arctan { a ji ‘ela OT “5 vt 
t— Ag") U a 1 
Hence shew that 
6db,+Wdyj,+adp 
is the perfect differential of a function J, and that the remaining integrals of the 
system are 


OV OV oV 
sab, ripaiel aa Oe 
where 6b, b,, bg are arbitrary constants. } (Siacci.) 


149. Lem-Civita’s theorem. 


Levi-Civita* has established a connexion between the integrals of a 
dynamical system and certain families of particular solutions of the equations 
of motion. 

Consider first a system in which some of the coordinates are ignorable. 
Let (1, Ye, «+> dm) bé the ignorable and (Gime «++ Gn) the non-ignorable 
coordinates; and let L denote the kinetic potential. 

The integrals corresponding to the ignorable coordinates are 

oL/dq, = Constant (r=1, 2, ..., ™), 
and corresponding to these integrals there exists a class of particular solutions 
of the system, namely those steady motions (§ 83) in which (q1, Gos -++» Gm) 
have constant values which can be chosen arbitrarily, while (¢m+i, Ym+2, +++ Qn) 
have constant values which are determined by the equations 
oL/0q,r = 9 (r=m+1, m+2, ..., 2); 


there are 0” of these particular solutions, since the m constant values of 


* Rend. dell’ Ace. dei Lincet, x. (1901), p. 3. Cf. Burgatti, ibid. x1. (1902), p. 309. 
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(Gis Gor «++» Gm) and the m initial values of (q1, qe, ---, Ym) can be arbitrarily 
eel The theorem of Levi-Civita, to the usa settan of which we 
shall now proceed, may be regarded as an extension of this result. 
dq, 0H dp, __ 0H Bere 
Let = —, “a a (r= 1 2;0 een) 
be the equations of motion of a dynamical system, the function H being 
supposed not to involve the time explicitly. 


Let EG; Gas >= #3 Yas Pin) Dn) =O (= 2, oe Myre) 
be a system of m relations, which when solved for (1, p2,..-, Pm) take 
the form 
De =a Gis Oa, os GnsiPesag +3 DA) (r =1, 2, ..., m)...(Aj), 
and which are invariant relations with respect to the Hamiltonian system, 
ie. which are such that if we differentiate the relations (A,) with respect 
to ¢, we obtain relations which are satisfied identically in virtue of the 
Hamiltonian equations and of the equations (A,) themselves. These 
invariant relations include, as a particular case, integrals of the system : 
in this case, they will involve arbitrary constants. 


Since the relations (A,) are invariant relations, we have 


oH _ df, & MH + ¥,0H 


= =A 2a): 
Oo dt FE 09; j=1 OG; OD; (r ie 


and writing 


Ld oVoW avaow 
Wawa s (5-5 a 
j=m+1\0p; 0G 04; ap) 
this, becomes 


H 
ry eal Sati lines Cle eb! (3): (1); 
this equation becomes an identity when for each of the quantities 
(Pi; Po, +++» Pm) we substitute the corresponding function f,. 


Moreover, we shall suppose that the relations (A) or (A,) are in involution 
among themselves. This condition is expressed by the equations 


tee tie + {fre f= (CGEM, ye Rian 0) 


Let K denote the function tee from H on replacing (p,, po, ...; Dm) 
by their values (f,, fi, -... fm), 80 that 


oH _oK ™ dH af, 


Opr Or 2 bp, ap | 
oH 0K Set an (r=m +1, m+ 2, ..., n)...(8) 


Or ~ Ogr s=1 OPs OG 
ad OH _ CK : oH of, 


0G, OGr =1 Oe O9r (r=1, 2, ..., m) ...(4). 
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From (8) we have 


ea. (r=1, 2, ent), 


and combining this with (4) we have 


Pea (ff). 


Substituting in (1) this value of 07 amt ae ; ~ and using (2), we obtain 
the equations 


s— + {K, f,}=0 (Ga leon yn) a.(0): 


We shall now shew that the system of equations 


|e seey Dns Ny OPCs) qn) (r=1, 2, ashi) 
oK ok 
et ae (r=m+1,m+2,...,”)...(B) 
is invariant with respect to the Hamiltonian equations, i.e. that 

d /(oK\ _, d (oK 

sles) and Aa (r=m+1,m+2,..., 7) 
-are zero in virtue of equations (A), (B), (1), (2), (3), (4), (5). 


We have from the Hamiltonian equations 


d (oK\ (7,0 m OK OH 
(— \= ae am | 
dt \Op, Opr) _s=1 OP 0s OPs (r=m+l1,..., n)...(6), 
d (=) $e \H anf tl ote OH: 
dt 0g, ; 0Gr s=1 9709s Ops 
and (5) gives on differentiation, using (B), 


CK 0K 
EE sa 


OPr04s 

=1,2,...,m;r= Lom 2, a Ret) 
eK ie flea (s=1, 2, m;r=m+1,m 2) sel 
0gr0Qs . 0g,’ i 


now taking account of (B), we have from ( 3) 
aH _ _ 3 oH af, | 
Opr 3=10Ds OPy (r=m+1, m+2, ..., 2) 
OH _ _§ CH ofs 
0gr ¢=1 0Ps Or 

and hence equations (6) become 

m aig ok 
d (=)- 5 las +, sh) 


at Opry s=10Ds Opr0s OPr (r=m+1,m+ Oi): 


4G) -2 LES al 
Tila) > oa aqrogs Oqr’ Iss 


328 Properties of the Integrals of (CH. XII 


or by (7), 

a (ee a a, oa 
dt\dp,} dt \dq, 

which proves that the system of equations (A) and (B) is invariant with 

respect to the Hamiltonian equations. 


)=0 (r=m +1, m+2,...,n), 


Now from the equations (A) and (B), let the variables 


(pi; Poy ++) Pns Um+ir +++ Gn) 

be determined in terms of (q, q2, ---,Qm): from the invariant character of 
(A) and (B) it follows that on substituting these values in the Hamiltonian 
equations, we shall obtain m independent equations, namely those which 
express (dq,/dt, dq,/dt, ..., d@m/dt) in terms of (q1, qe, ---» Ym), the others being 
identically satisfied: and the general solution of this system, which will 
contain m arbitrary constants, will give «™ particular solutions of the 
Hamiltonian equations. The solution of this system can, by making use 
of the integral of energy, be reduced to that of a system of order (m—1): 
and thus we obtain Levi-Civita’s theorem, which can be thus stated: To any 
set of m invariant relations of a Hamiltonian system, which are in involution, 
there corresponds a family of 0™ particular solutions of the Hamiltonian 
system, whose determination depends on the integration of a system of order 
(m— 1). 


If the invariant relations (A) are integrals of the system, they will contain 
another set of m arbitrary constants: and hence to a set of m integrals of a 
Hamnultonian system, which are in involution, there corresponds in general 
a family of © particular solutions of the system, which are obtained by 
untegrating a system of order (m—1), 

Example. For the dynamical system defined by the Hamiltonian function 

H= Pi — q2P2— 491 + bg2?, 
shew that the Levi-Civita particular solutions corresponding to the integral 
(pe — b92)/% = Constant 
are given by the equations 
m1=0, g=e” 


where ¢ is an arbitrary constant. 


tt. pi=ae tts, pax bette 


150. Systems which possess integrals linear in the momenta. 


We shall now proceed to the consideration of systems which possess 
integrals of certain special kinds. 


Suppose that a dynamical system, expressed by the equations 
dq, 0H dp, oH 


at ~ Op,’ at. one (r=), 2, evap ah), 
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has an integral which is linear and homogeneous in (py, Po, -.-, Pn), SAY 


Sipr + fopa + -.. + fnPa= Constant, 
where (f,, fa, ---, fn) are given functions of (41, 2, +++, Qn) 


Consider the system of equations 


dq; _ M2 _4n 
. TAT Oe 
which is of order (n —1); suppose that the (n — 1) integrals which constitute 
its solution are 
Qr (Q1y Gas «++» Qn) = Constant (r=1, 2, 5th — 1); 


and let Q,, be a function defined by the equation 


ae 
Qn= [F, 
where in the integrand the variables (q2, qs, ---, Yn) are supposed replaced 


by their values in terms of (q, G1, Qs --- Qn-1) before the integration 
is carried out. 


Then if the variables change in such a way that (Q,, Qs, ---> Qn) remain 
constant and Q,, varies, it follows from the above equation that 


dq dqz dgn 
Se =... = 2 =a), 
Sf 1 je ie Q 
so that if (Q:, Qs, «++, Qn) are regarded as a seb of new variables in terms of 
which (41, qo, «++» Yn) can be expressed, we shall have 
dqu/0Qn = Se (k= 1; 2, ..., 2). 


Suppose then that we consider the contact-transformation which is the 
extension of the point-transformation from the variables (q;, gz, +++» In) to the 
variables (Q;, Qe; +++» Qn), so that the new variables (P,, Pe, ---, Pn) are 
defined (§ 132) by the equations 


PS ne Crpiepp en): 
c= 


By this transformation the differential equations of the dynamical system 
are changed into a new set of Hamiltonian equations 


aQ,_ 2K aPy__ 0K 
di | OF p. dt 0, 
and the known integral becomes 
P,, = Constant. 


Since dP,,/dt = 0, we have 0K /0Q,, = 9, so the function K does not involve 
Qn explicitly: and thus we obtain the result that when a dynamical system 
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possesses an integral which is linear and homogeneous in (p,; Pes «++» Pn), there 
exists a point-transformation from the variables (qi, Ja, +++» Qn) to new varvables 
(Q:, Qe, «+> Qn), which is such that the transformed Hamiltoman function 
does not involve Qn. The system as transformed possesses therefore an 
ignorable coordinate, and we have the theorem that the only dynamical 
systems which possess integrals linear in the momenta are those which possess 
ignorable coordinates, or which can be transformed by an extended point- 
transformation into systems which possess ignorable coordinates. 


The converse of this theorem is evidently true. 


This result might have been foreseen from the theorem (§ 144) that if 
PD (Gis Yay -++> Uno P1y +++) Pny t)= Constant 


is an integral of the system, then the differential equations:of motion admit the 
infinitesimal transformation whose symbol is (¢, /). For when ¢ is linear and homogeneous 
in (p1, Pa, ---5 Pn), this transformation is ($ 132) an extended point-transformation : if 
this point-transformation is transformed by change of variables so as to have the symbol 
Of/OQn, it is clear that the Hamiltonian function of the equations after transformation 
cannot involve Q, explicitly. 


Considering now in particular systems whose kinetic potential consists 
of a kinetic energy 7'(q,, qo, --, Qn» Gis +++» Qn) Which is quadratic in the 
velocities (q:, Gz, ---, Ga) and a potential energy V (qm, qo, ---, Qn) Which is 
independent of the velocities, we see that in order that an integral linear in 
the velocities may exist the system must possess an ignorable coordinate, 
or must be transformable by a point-transformation into a system which 
possesses an ignorable coordinate. But in either case the functions 7’ and V 
evidently admit the same infinitesimal transformation, namely the trans- 
formation which, when the coordinates are so chosen that one of them is the 
ignorable coordinate, consists in increasing the ignorable coordinate by a 
small quantity and leaving the other coordinates and the velocities unaltered ; 
and conversely, if 7’ and V admit the same infinitesimal transformation, then 
there exists an integral linear in the velocities. This result is known as 
Lévy's theorem, having been published by Lévy* in 1878. 


Example 1. Shew that if the differential equations of motion of a particle admit an 


integral linear in the components of momentum, the line of action of the force must 
belong to a linear complex. 


(Cerruti, Collect. math. in mem. D. Chelini : ef. P. Grossi, Palermo Rend. xxtv. (1907), 
p. 25.) 


Example 2. If the equations 
dad (oT oT 
di (35, ~ ye (P=1, % ou) m) 


* Comptes Rendus, Lxxxvi. 
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n n 
where T’=$ ae 2 eve and where (@Q1, 2) «--) Qn» G11) 412, «++» Ann) are given functions 
Of (915 J2) +++) Yn); Possess an integral of the form 
Out Coget..-+ Cnrgnt+ C= Constant, 


where (Cy, C2, wey Ca, ©) ave functions of (91, Y2, «+5 Yn), Shew that it is possible to 
displace an invariable system in one direction from any one of its positions in the space S, 
defined by the form 


Shew that for this a necessary and sufficient condition is that the ds? can be trans- 
formed in such a way that one of the variables becomes absent from the coefficients. 
(Cerruti and Lévy.) 


151. Determination of the forces acting on a system for which an 
integral is known. 


Before. proceeding to discuss systems which possess integrals quadratic 
in the velocities, we shall obtain a result due to Bertrand*, namely that 
in the motion of a dynamical system of given constitution, for which however 
the acting forces are unknown (it being supposed that the forces depend 
solely on the coordinates of their points of application, and not on the 
velocities of these points), we can discover the unknown forces provided one 
integral is known. Moreover, this integral cannot be chosen at random, but 
must satisfy certain conditions. 


Let (91; G2, »++> In) be the n independent coordinates of the system, 7’ the 
kinetic energy, and (Q,, Q2, --»» Qn) the unknown forces, which are supposed 


to depend only on (q, q2) «++» Qn); so the equations of motion are 
ra eo 
alle : GCP: 
Let (Gas Jas see» Gao Mr +209 Ins t) = Constant 


be an integral of the system; on differentiating it, we have 

nap. , Bob. , a 

r=l 0Gr i r=1 0gr qr ot 
Substituting in this equation for (qi, %, ---» Gn) their values as given by 
the equations of motion, we have a relation involving (Qi, Q2, +++, Q,) linearly. 
This relation, as it contains only the quantities (1, qa, «++» Gain > qn t), to 
all of which we can assign arbitrary independent values, must be an identity: 
we can therefore differentiate it with respect to (qi, qe, +++ gn), and so form 
n new equations which, likewise containing (On Qs, ees Ya) linearly, will 
suffice in general to determine these unknown quantities. The integral will 


* Journal de Math. (i) xvi. (1852), p. 121. 
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relate to an actual system only when these values of (Q,, Qs, ---; Qn) satisfy 
the equation : Ae hae 

3 tat Set tide 
the cases in which the equations for the determination of (Q,, 0... ga Gavan 
not independent, so that (Q,, Q2, ---, Qn) are indeterminate, are those in 
which the integral is common to anal distinct dynamical problems. 


Example. If an integral of the equations of motion of a point in a plane is common 
to two different problems, shew that it is of the form 
F(q’, x, y, t)=Constant, 
where (x, y) are rectangular coordinates and ¢’ is the derivate with respect to ¢ of 
a function (x, y) which, equated to a constant, represents the equations of a set 
of straight lines. (Bertrand.) 


152. Application to the case of a particle whose equations of motion 
possess an integral quadratic in the velocities. 


As an application of Bertrand’s method, let it be required to find the 
nature of the potential energy function V in order that the equations of 
motion of a particle which is free to move in a plane under the action of 
conservative forces, 


ge we ogo 
On’ oy” 
may possess an integral (other than the integral of energy) of the form 
Pi? + Qiy + Ry + Sy+ Ta + K = Constant, 
where P, Q, R, S, T, K are functions of x and y. 


Differentiating the last equation, and substituting for # and # from the 
equations of motion, we have 

oe .,oR Fe oP oo sap 0Q OR OV 

ea ee 0 (5, + ae (e+ 5s) 2Ee a 

eV. ro cane os OF (OO ee. 

Q(#5, +955 —)— ay at oy Yr #+ ay (5 a} 


OK . La oV oV 
ao ay 7 ao ae an = () She, o.wie nieve ainls elplelars lals/¢ie)sitie a inie/bin aiatauvivie tale (A). 


Equating to zero the terms of the third degree in # and 4, we have 


oP OR _ 0Q 0@ OR _ 
from which it is readily ad that the terms of the second degree in the 
integral must have the form 
(ay? + by +c) &? + (ax* + b'a+c') ¥ + (— aay — b’'y — ba +c) ay, 
where (a, b, c, b’, c’, c:) are constants. 
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Equating to zero the terms of the second degree in & and y in equation 
(A), we have 


OS _ 
oy 


from these equations we deduce 


or oS of 
0, On ? Nias Gaoe 
S=mz+p, T=—my+4q, 


where (m, p, q) are constants. 


Equating to zero the terms independent of « and y in (A), we have 


yoV oV 
: Soy sai teri 
aV av 
or aes ag (my — 9) =O. 


This equation shews that if (m, p, q) are different from zero, the force is 
directed to a fixed centre of force, whose coordinates are — p/m and g/m; we 
shall exclude this simple particular case, and hence it follows that the con- 
stants (m, p, q) must each be zero, so that the integral contains no terms of 
the first degree in &, y. 


Equating to zero the terms linear in # and y in (A), we have 


oV oV ok 
aoe pea ae 

aView OV eroK se 
ENaC ewig Te 


Differentiating the former of these equations with respect to y, and the 


: OK ene Be 
latter with respect to w, and equating the two values of =. thus obtained, 


oxoy 
we have 
eV aVeP. a , 2QaV_,p8V , aR Vv, QaV, oeV 
2P xray tae ay * Yay * dy ea On Oa Oy Ox ae + © Oat’ 


and replacing P, Q, R by their values as found above, we have 


eV #V yavoneel LIers 
ee he any Oe TY ba+e—c’) 
ov ov 
— —(- — 3b’) =0. 
Be COV aoe) star an 30’) 


Darboux* has shewn that this partial differential equation for the function 
V can be integrated in the following way. 


* Archives Néerlandaises, (ii) VI. D. 371 (1901). 
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Excluding the particular case in which the constant a is zero, we can 
always by change of axes reduce the given integral to the simpler form 


4 (ay — yay + ci? + c'9 + K = Constant, 
which amounts to supposing that 
a=4, b=0, WU=0, ¢4=0; 
if moreover we replace c—c’ by 4c’, the partial differential equation for V 


becomes 


av av COV, 2 ove coves 
(Gat 7 aye tO aaa + By — 805 = 0. 


To integrate this equation, we form the differential equation of the 
characteristics 


xy (dy? — da’) + (a2? — y? — c) dady = 0. 


If in this equation we take 2* and y* as new variables, it becomes a 
Clairaut’s equation: we thus find that its integral is 


(m+ 1) (ma? — y”) — mc? = 0, 


where m denotes the arbitrary constant. By a simple change of notation, we 
can write this integral in the form 
a yf 
an pee 
where the arbitrary constant is now a. This form puts in evidence the 
interésting fact that the characteristic curves of the partial differential 
equation are two families of confocal conics. 


Taking then as new variables a and @ the parameters of the confocal . 
ellipses and hyperbolas, so that 
=F y= i (oo) (BH, 


c 


‘it is known from the general theory that the partial differential equation will 
take the form ; 
ove OVS a Ove. 
aaa“ ba +” ap ~ 
where A and B are functions of a and 8; in fact, on performing the change of 
variables we find 


0, 


ee 


(g'— a) 5 4.282" 9097 <0, 


dadB 0B 

which can be immediately integrated, giving 
(a? — 8) V = f(a)— (8), 
where f and ¢ are arbitrary functions of their arguments. It follows that the 
only cases of the motion of a particle in a, plane, under the action of conservative 
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forces, which possess an integral quadratic in the velocities other than the 
integral of energy, are those for which the potential energy has the form 
f(2)—$¢(8) 
oe oe — (ee ? 
where a and 8 are the parameters of confocal ellipses and hyperbolas. 


Since by differentiation we have 


- d+ 9 = (a2 — 6?) (“= at =.) 


Ce 


the kinetic energy is , 
= 2__ Q2 eae eerie 
ED CEN orca) 
and an inspection of the forms of 7’ and V shews that these problems are of 
Inouville’s class (§ 43), and are therefore integrable by quadratures. 


153. General dynamical systems possessing integrals quadratic in the velocities. 


The complete determination of the explicit form of the most general dynamical system 
whose equations of motion possess an integral quadratic in the velocities (in addition 
to the integral of energy) has not yet been effected. It is obvious from § 43 that all 
dynamical systems which are of Liouville’s type, or which are reducible to this type by a 


point-transformation, possess such integrals; and several more extended types have been 
determined *. 


Example. Let dua (A) (CE U=1, 25, 2) 
be »? functions depending solely on the arguments indicated, and let 


n 
b= Ee pia Px (7=1, 2,..., n) 


denote the determinant formed by these functions. Shew that if the kinetic energy of a 
dynamical system is reducible to the form 
LID 
Se 
ee Px 


id Ge; 
and the potential energy is zero, there exists not only the integral of energy, 


LED: 
Sg 4—a 
acne 
but also (n—1) other integrals, homogeneous and of the second degree in the velocities, 
namely 


nb. Dy. ‘ f 

oe ue Ge = a (=2, 3, eee, = 
where (a;, ag, ---) Gm) are arbitrary constants: and that the problem is soluble by 
quadratures. (Stiickel.) 

Example 2. Let the equations of motion of a dynamical system with two degrees of 

freedom be ; 

a (=) OES (r=1, 2), 

dt \0q,/ qr 
where P=} (agi? + 2hgi Go + 692"), 


* Cf. G. di Pirro, Annali di Mat. xxiv. (1896), p. 315. 
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and (a,., b) are any functions of the coordinates (9,, g2): and let this system possess an 
integral 

a' gy? + 2h'G,go+ b'Go? = Constant, 
quadratic in the velocities and distinct from the equation of energy, where (a’, h’, 6’) are 
functions of the coordinates: If A and A’ denote (ab—?) and (a’‘b'—/’) respectively, 
and if 


A\* eas, Pye i eat 
Ve (a) (a'qy? + 2h'qn'qa' + 692), 
where g,’ stands for dq,/dd’, shew that the equations 
ETE toe 
dt’ ay On ee 
define the same relations between the coordinates (q1, ge) a8 the original equations 


of motion, and that one set of equations can be transformed to the other by the trans- 
formation 


(r=1, 2) 


Adi=A'dt’. 


MISCELLANEOUS EXAMPLES. 


1. A dynamical system is defined by its kinetic energy 


Ae 
40 (& +2. ist5 +) 
#1 By)” 
(where ® denotes the determinant 
du Pig oe Pin 
ha Pap vee Pon 
Pri ne seimsee Pin 


in which the elements of the /th line are functions of g; only, and @,, denotes the minor of 
dx), and by its potential energy 
v 
= 
where V=Oy Pit Go pot... +Oni tn, 


and the quantity ;, denotes a function of g, only.. Shew that a complete integral of the 
Hamilton-Jacobi equation 


Gir it OoWw\?2 OW\2 aW\2) 
et 36 (0 (3p, ta (Gr) ten (ag,) fan 


n 
is W=-at+ fe fiadatabat... + an Pin + 2Wi}2 aq, 
where (a), a2, ..., @,) are arbitrary constants. (Goursat.) 
2B Ib P (G15 Yas +++) Yny Piy +++) Pn, t) = Constant 
is an integral of a dynamical system which possesses an integral of energy, shew that 
op 


22 
Bp = Constant, = Constant, etc., are also integrals. 
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3. A system of equations 


dq, : 
Ge Ar (M1 J2> ++) Ing Pi» s+9 Pn» t) 


dp, _ 


(Pals C4 b009 D2), 
“dé. 7 (Yrs J2y +++) Iny Ply s+) Pns t) 


is such that if @ and w are any two integrals whatever, the Poisson-bracket (@, y) is also 
an integral. Shew that the equations must have the Hamiltonian form 


dq, -0H dp, 0H 


dnamaor Pe oe (F=V 25 te): 
(Korkine.) 
4. If a; =Constant, a,=Constant, ..., a, =Constant, 
8,=Constant, §,=Constant, ..., §,—Constant, 


are any 2k integrals of a Hamiltonian system of differential equations, the variables being 
(915 925 +++» Yny Pty +++) Pn), Shew that 


da, Oa 0a, 08 ag 
2 1 OE) peed § eee AG 5 
Davee Ak OGAz OGAg ”” OGrx Oa, “”” Oprx Constant 
eins 1: (Laurent.) 


5. Let the expression | 
(Ay, H,, eeey E;,) = s 0(Hi, He, ..-» Hn) 


é=1 0 (re, Log, +0) Unt)” 


where H,, H,, ..., Hn are functions of the nv variables xj (j7=1, 2, ..., 5 z=1, 2, ..., ») 
be called a Poisson-bracket of the nth order. If Gy, Go, ..., Gry are hy functions of 
Bry Yr29 «0+ You > Lrry Lr2y ++ Lev Uy Ay +++ Mays where (h+4=n), and if 


P,(G*) (i=1, PES, ey 


denotes all the Poisson-brackets formed from every 7 functions G, shew that 


P, (G)=0 (i=1, Dek, a) 


represents the necessary and sufficient conditions that the functions 
Ya= Fue (4115 HyQ5 2005 Ley Az, Uy o**5 Any) (s=1, 2, pricey h; te 2, seey v) 


arising from the equations iv) 
G,=0 ({=1, 2, ..., Av 


shall satisfy the simultaneous partial differential equations of the first order 


rah Fo (1,2, -»(9)) 


where P;(y*, #’) denotes the expression which is obtained when we replace A of the 
functions F in P,;(F'™") by as many 4/s. (Albeggiani.) 


6. A particle of unit mass whose coordinates referred to fixed rectangular axes are 
(x, y) is free to move in a plane under forces derivable from a potential-energy function 
f(a, y), the total energy being 4. Shew that if the orthogonal trajectories of the curves 


1 e C 
(os + wt) log {A—f (a, y)} = Constant 


h—-f (2, y) 
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are orbits, the differential equations of motion of the particle possess an integral linear and 
homogeneous in the velocities (#, 7). 


7. The equations of motion of a free system of m particles are 
‘ CaS 6 (s=1, 2, ..., 3m). 
If an integral exists of the form 


3m 
> f,t,— Ct=Constant, 
s=1 


where f{, fo, ...» fam are functions of 21, 22, ..., 3m, and C' is a constant, shew that this 

integral can be written 
ain ; 3m ‘ ; 

keke t+ 3 Ang (Hb, —0,L,) — Ct= Constant, 
s=1  8=1 


where the quantities /, and a,, are constants. (Pennacchietti.) 


8. Two particles move on a surface under the action of different forces depending 
only on their respective positions: if their differential equations of motion have in. 
common an integral independent of the time, shew that the surface is applicable on 
a surface of revolution. (Bertrand.) 


CHAPTER XIII 


THE REDUCTION OF THE PROBLEM OF THREE BODIES 


154. Introduction. 


The most celebrated of all dynamical problems is known as the Problem 
of Three Bodies, and may be enunciated as follows: 


Three particles attract each other according to the Newtonian law, so that 
between each pair of particles there is an attractive force which is proportional 
to the product of the masses of the particles and the inverse square of their 
distance apart : they are free to move in space, and are initially supposed to be 
moving in any given manner ; to determine their. subsequent motion. 


The practical importance of this problem arises from its applications to 
Celestial Mechanics: the bodies which constitute the solar system attract 
each other according to the. Newtonian law, and (as they have approximately 
the form of spheres, whose dimensions are very small compared with the 
distances which separate them) it is usual to consider the problem of deter- 
mining their motion in an ideal form, in which the bodies are replaced by 
particles of masses equal to the masses of the respective bodies and occupying 
the positions of their centres of gravity *. 


The problem of three bodies cannot be solved in finite terms by means 
of any of the functions at present known to analysis. This difficulty has 
stimulated research to such an extent, that since the year 1750 over 800 
memoirs, many of them bearing the names of the greatest mathematicians, 
have been published on the subjectt. In the present chapter, we shall discuss 
the known integrals of the system and their application to the reduction of 
the problem to a dynamical problem with a lesser number of degrees of 
freedom. | 


* The motions of the bodies relative to their centres of gravity (in the consideration of which 
their sizes and shapes of course cannot be neglected) are discussed separately, e.g. in the Theory 
of Precession and Nutation. In some cases however (e.g. in the Theory of the Satellites of the 
Major Planets) the oblateness of one of the bodies exercises so great an effect, that the problem 
cannot be divided in this way. 

+ For the history of the Problem of Three Bodies, cf. A. Gautier, Essai historique sur le 
probleme des trois corps (Paris, 1817): R. Grant, History of Physical Astronomy from the earliest 
ages to the middle of the nineteenth century (London, 1852): E. T. Whittaker, Report on the 
progress of the solution of the Problem of Three Bodies (Brit. Ass. Rep. 1899, p. 121): and 
E. O. Lovett, Quart. Journ. Math. xutt. (1911), p. 252, who discusses the memoirs of the period 
1898-1908. 
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155. The differential equations of the problem. 


Let P, Q, R denote the three particles, (m,, ms, ms) their masses, and 
(rx, Tn, 2) their mutual distances. Take any fixed rectangular axes Oxyz, 
and let (41, J2, 9s), (Gas Ys) Qs)» (Gr> Ya» Qo), be the coordinates of P, Q, f, respec- 
tively. The kinetic energy of the system is 

T = 4m, (Gx? + Go? + Gs?) + Stra (Ga? + Gs? + Ge?) + ds (G7? + Ge? + Go") ; 
the force of attraction between m, and m, is k°m,msr,;~*?, where k? is the 
constant of attraction: we shall suppose the units so chosen that k? is unity, 
so that this attraction becomes mm.r,, and the corresponding term in 
the potential energy is — m,m,r,.~. The potential energy of the system 
is therefore 


=-— mms {(Gu — Gr) + (Ys — Ys)? + (Ge— %)"} a 
— msm, (Gr — 91)? + (Ge — 92)? + (G0 — 90)"} “2 
— MMs {(qi — Gs)? + (Ga— Ys)? + (Ys — 90)"} 3, 
The equations of motion of the system are . 
MeGr = —0V /0q, (= eee ee 


where & denotes the integer part of 4(r+2). This system consists of 
9 differential equations, each of the 2nd order, and the system is therefore 
of order 18. 


Writing Me Gr = Pr (r =I, 2, ave 9), 


; 9 D2 
and H= > +YV, 


r=1 2m, 
the equations take the Hamiltonian form 


de 2 Op, Padte ae og 


and these are a set of 18 differential equations, each of the 1st order, for the 
determination of the variables (91, qo, --., Yo, Pi» Pos «++» Po)- 


(r =1, 2, ...; 9), 


It was shewn by Lagrange* that this system can be reduced to a system 
which is only of the 6th order. . That a reduction of this kind must be possible 
may be seen from the following considerations. 


In the first place, since no forces act except the mutual attractions of the 
* Recueil des piéces qui ont remporté les prix de l’ Acad. de Paris, 1x, (1772). Lagrange of 


course did not reduce the system to the Hamiltonian form. Cf. Bohlin, Kongl. Sv. Vet.-Handl. 
xu. (1907), No.'9, for an improved Lagrangian reduction. 
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particles, the centre of gravity of the system moves in a straight line with 
uniform velocity. This fact is expressed by the 6 integrals 


Pit pat Pr =, 
po + Ps + Ps = As, 
Pst Pot Po = 4s, 


My Gy + MGs + M3Qz — (Pi + Pa + Pr) € = Ae, 
Mo + MsGs + 39s — (Pot Ps + Ps) t= As, 
My Q3 + MoJo + M34 — (Ps + Pst Po) t = Ae). 


where ay, dy, ..., ds are constants. It may be expected that the use of these 
integrals will enable us to depress the equations of motion from the 18th to 
the 12th order. 


In the second place, the angular momentum of the three bodies round 
each of the coordinate. axes is constant throughout the motion. This fact 
is analytically expressed by the equations. 

Qi Pe — G2Pi + YsPs a QsPs + FrPs — IsP7 = A%> 

QoPs — YsP2 + YoPs — WoPs + YaPo — YoPs = Ag, 

Qs Pi — GPs + YoPs — GPs + YoPr — Ir Po = %, 
where @,, ds, @ are constants. By use of these three integrals we may 
expect to be able to depress further the equations of motion from the 
12th to the 9th order. But when one of the coordinates which define the 
position of the system is taken to be the azimuth ¢ of one of the bodies 
with respect to some fixed axis (say the axis of z), and the other coordinates 
define the position of the system relative to the plane having this azimuth, 
the coordinate ¢ is an ignorable coordinate, and consequently the corre- 
sponding integral (which is one of the integrals of angular momentum 
above-mentioned) can be used to depress the order of the system by two 
units; the equations of motion can therefore, as a matter of fact, be reduced 
in this way to the 8th order. This fact (though contained imphcity in 
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi* in 
1843, and is generally referred to as the elimination of the nodes. 


Lastly, it is possible again to depress the order. of the equations by 
two units as in § 42, by using the integral of energy and eliminating the 
time. So finally the equations of motion may be reduced to a system of the 
6th order. | 


* Journ. fiir Math. xxvi. p. 115. From the point of view of the theory of Partial Differential 
Equations, we may express the matter by saying that the integrals of angular momentum give 
rise to an involution-system, consisting of two functions which are in involution with each other 
and with H: and hence the Hamilton-Jacobi. partial differential equation with 6 independent 
variables can be reduced to 4 partial differential equation with 6-2 or4 independent variables: 
this will be the Hamilton-J. acobi partial differential equation for the reduced system. 
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156. Jacobi’s equation.. 


Jacobi*, in considering the motion of any number of free oleae in space, which 
attract each other according to the Newtonian law, has introduced the function 


m,M; 

12-7 

where m; and m,; are the masses of two typical particles of the system, 7;; is the distance 
between them at time ¢, J/ is the total mass of the particles, and the summation is extended 
-over all pairs of particles in the system. This function, which has been used in researches 
concerning the stability of the system, will be called Jacobi’s function and denoted by the 


symbol ®. 


riz’, 


We shall suppose the eae of gravity of the system to be at rest; let (;, y;, z;) be the 
coordinates of the’ particle m; referred to fixed rectangular axes with the centre of gravity 
as origin. The kinetic energy of the system is 


T=t3m,(t2 +92 +é?), 
a 


and consequently we have 
IMT =(2m;)x rm; (42 +97 +2). 
f a x7 


But (Sm,) X Bina? — (Sm; 4)? = F mm; (4; — 4;)?, 
a a 4 4,5 


where the summation on the right-hand side is extended over every pair of particles in the 
system : and we have 3m,#;=0, in virtue of the properties of the centre of gravity. 
v 


1 Laer Se 
Thus we have T= - 2 rasta (4-4) + Hi- HP + &—H)} 


‘ 


= Fath - 


= oH? 


where v,; denotes the velocity of the particle m, relative to m 
In the same way we can’ shew that 


£2, (afi t+yP+27)=9. 
v 


If now V denotes the potential energy of the system, the arbitrary constant in V being 
determined by the condition that V is to be zero when the particles are at infinitely great 
distances from each other, we have 

V=—-3S Pune, 
‘ 4,5 Tig 
The equations of motion of the particle m; ee 
as OV 
oe N;2;,= "hy A 

Multiply these equations by 2;, y;, 2, respectively, add them, and sum for all the 
particles of the system: since V is homogeneous of degree — 1 in the variables, we thus 
obtain 


‘3 0 ae 
Mey= ee) MYi= 
t 


2M; (UF AY Hit 22;) = 
4 
a? 
oF de 2 oaeH (02+ y2 +22) - IT = VY, 
: aay 


This is called Jacobi’s equation. 


* Vorlesungen iiver Dyn., p. 22. 
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157. Reduction to the 12th order, by use of the integrals of motion of the 
centre of gravity. 

We shall now proceed to carry out the reductions which have been 
described*. It will appear that it is possible to retain the Hamiltonian form 
of the equations throughout all the transformations. 


Taking the equations of motion of the Problem of Three Bodies in the 
form obtained in § 155, 


dq, 0H dp, -— oH 


dt op,’ ‘at. oq. (r=1,2,...,9), 
we have first to reduce this system from the 18th to the 12th order, by use 
of the integrals of motion of the centre of gravity. For this purpose we 
perform on the variables the contact-transformation defined by the equations 
_oW ,_ OW 
I op. Pe og 
where W= pig + Pogo + PGs + Pade + PsGs + DeGe + (Pr + Pat Pr) 
+ (Do + Ps+ Ps) Ys + (Pa+ Po + Ps) Qe 
Interpreting these equations, it is easily seen that (qy, q@, q:) are the 
coordinates of m, relative to ms, (qi, qs» Ys) are the coordinates of mz, relative 
to ms, (Gr Ye» Jo) are the coordinates of m3, (p1’, pz, Ps) are the components 
of momentum of m, (pi, Ps, Pe) are the components of momentum of m,, and 
(p7, Ps, Ps) are the components of momentum of the system. 


CEMA) 


The differential equations now become (§ 138) 
dg 0H dp’ __H 
dima Opes dtu #0g; 
where, on substitution of the new variables for the old, we have 


1 1 


1 ss fi 4 i ahs '2 2 !2 
H=(5—~+ 5m) (pi? + pa? + ps?) + (5+ 5m) (pi? + ps? + po”) 


ar =. {pr pa + Pe Ps + Ps Pe +47? + 4 ps" + 3 Po? — Pr (pr + ps) 

| | — ps (pe + ps.) — Ps (ps + Ps} 
— mms {qu? + 9s? + 96°} —# — mgm, {q? +g? + 97} 3 
— my Ms {(qi — We)? + (qe — %)°+ (qs — 96 )}~ 3. 


* The contact-transformation used in § 157 is due to Poincaré, C.R. CxxiIl. (1896) ; that used 
in § 158 is due to the author, and was originally published in the first edition of this work (1904). 
It appears worthy of note from the fact that it is an extended point-transformation, which shews 
that the reduction could be performed on the equations in their Lagrangian (as opposed to their 
Hamiltonian) form, by pure point-transformations. The second transformation in the alternative 
reduction (§ 160) is not an extended point-transformation. Another reduction of the Problem of 
Three Bodies can be constructed from the standpoint of Lie’s Theory of Involution-systems and 
Distinguished Functions: ef. Lie, Math. Ann, vut. p. 282. Cf. also Woronetz,. Bull. Univ. Kief, 
1907, and Levi-Civita, Atti del R. Ist. Veneto, LXxIv. (1915), p. 907. 


& 
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Since q7, Qs, q are altogether absent from H, they are ignorable 
coordinates: the corresponding nae are ' 

p,=Constant, p,=Constant, py, = Constant. 

We can renee loss of mates suppose these constants of integration 
to be zero, as this only means that the centre of gravity of the system is 
taken to be at rest: the reduced kinetic potential obtained by ignoration of 
coordinates will therefore be derived from the unreduced kinetic potential 
by replacing p,’, ps, ps’ by zero, and the new Hamiltonian function will be 
derived from H in the same way. The system. of the 12th order, to which the 
equations of motion of the problem of three bodies have now been reduced, ee) 
therefore be written (suppressing the accents to the letters) 

dq, oH dp, __ 0H 


‘dt Op,’ dt ~ 0Gr (7 = 1, 2, .i215.0); 


where 


1 2 1 1 2 2 
H= (a+ an) (pe + pi? +pe)+ (55 + on) (pe + Ps + pe’) 


1 
+ mn, (Pips + Pops + Pops) 
— mms {qe + qs" + Ge} _ mm, {q:? + qo? + qs°} ~3 
— MMM, (G1 — 94)? + (Gz — 95)? + (Qs =—Ga)*} m 3 
This system possesses an integral of energy, 
H = Constant, 
and three integrals of angular momentum, namely 
q2Ps — YsP2 + IsPs— YePs = Ar 
QsPi — GPs + YoPs— YaPo = Ae 
Qi Pa — J2Pi + sPs — QsPs = As 
where A,, Ay, A; are constants. 


158. Reduction to the 8th order, by use of the integrals of angular 
momentum and elimination of the nodes. 

The system of the 12th order obtained in the last article must now be 
reduced to the 8th order, by using the three integrals of angular momentum 
and by eliminating the nodes. This may be done in the following way. 

Apply to the variables the contact-transformation defined by the 
equations 


ow 
an elil (r=1,2,..., 6), 


where 
W = p, (qr Cos gs’ — ge’ COS Ge’ Sin gs’) + Po (qr’ SiN gs’ + Ge COS Ge COS Gs’) + paqu’ Sin Ys 
+ Ps (Gs COS Ys’ — G4’ COS Ge SiN Gs) + Ds (Gs'SiN Gs + G4’ COS Ge COS Gy) + P5qu' SiN G/. 


It is readily seen that the new variables can be interpreted physically as 
follows : 
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un addition to the fixed axes Oxyz, take a new set of moving axes O2'y'z’ ; 
Oz’ is to be the intersection or node of the plane. Oxy with the plane of ihe 
three bodies, Oy’ is to be a line perpendicular to this in the plane of the 
three bodies, and Oz’ is to be normal to the plane of the three bodies. Then 
(91, 92) are the coordinates of m, relative to axes drawn through m, parallel 
to Ox’, Oy’ ; (qs, q.) are the coordinates of m, relative to the same axes; qs 
is the angle between Ox’ and Ox; q is the angle between Oz’ and Oz; p, 
and p, are the components of momentum of m, relative to the axes Oa’, Oy’; 
Ps and p,' are the components of momentum of m, relative to the same axes ; 
Ps and p, are the angular momenta of the system relative to the axes Oz 
and Oz’ respectively. 


The equations of motion in terms of the new variables are (§ 138) 


y 0H dp, __ 0H (r=1,2, ...,6), 
where, on substitution in H of the new variables for the old, we have. 
pala ele Wee ot 1 ade Bt ee are ay COREL 
= (Sr, * Bg) [PHP grag giqgpl BH + Pia Pies ent 
+ Qu COsec ge + pe a 
+ Senn, Ps°+ pa + orga agile — po’qi + Ps Us — Pa Js ) G2 Ot Yo 


+ Ps 2 cosec ge + pia | 
pepe TSU is 
(2G — U9) 
{(pr'qe, — pa'gr + ps qi — PdGs) Us COb Ge + Psqu cosee Ge'+ Pe gs } 


1 4 , f 7 
a fe Ee + P2 Ps — 


{(pr'qe — pag + Psa — Pegs’) Ga’ COt Ge + Ps'gs’ Cosec Gé+ Po | 


— mam, (u'? + 942) 4 — mgm, (qu? + q2) 7 ¥ — mys {(gr’ — gs’ + (Q! — %. 
Now gq; does not occur in H, and is therefore an ignorable coordinate ; the 
corresponding integral is 
ps =k, where k is a constant. 
The equation dq,/dt=0dH/dk can be integrated by a simple quadrature 
when the rest of the equations of motion have been integrated ; the equations 
for qy and p;' will therefore fall out of the system, which thus reduces to the 
system of the 10th order 


Ors. oH eae (r =1, 2, 8,4, 6), 


where p, is to be replaced by the constant k wherever it occurs in H. 


We have now made use of one of the three integrals of angular momentum 
(namely p, =) and the elimination of the nodes: when the other two 
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integrals of angular momentum are expressed in terms of the new variables, 
they become 
| (peg — py qa + pi Gs — Ps Gu) SiN Js COSEC Ye’ — K Sin Gs Cot Ye + Pe cos Qs = Ai, 
— (pe Qi — Pi Ge + Pi gs — Ps Gs) COS Gs COSEC Ye + k Cos Qs Cob gs + pe sing, = As. 
The values of the constants A, and A, depend on the position of the fixed 
axes Oaxyz; we shall choose the axis Oz to be the line of resultant angular 
momentum of the system, so that (cf. § 69) the constants A, and A, are zero: 
the special wy-plane thus introduced is called the invariable plane of the 
system. The two last equations then give 
k cos qe = ps qi — Pi Ge + Ps qs — Ps 
De = 0. : : 
These equations determine q, and p,’ in terms of the other variables, and 
so can be regarded as replacing the equations 
dq’ 0H dp 0H 
dt Op,’ dis 5 0G, 
in the system. The system thus becomes 


dq, oH dp, ot 
dt Op,” dt ama ogis (r= 1, 2, 3, 4), 


where 


1 1 fa 

H=(2-+5) |: so pe ee eee 
= 2m, Pr Be (929s — Gi ay ; 
{py ge! — psig’ + ps'qd — pigs’) cot q + ke cosec wT? 


+( ~ +5) [pit pi Gs? - 
2m, 2m; ; (Ge 9s = nu) 


{(pr'q' — pa’ + Ps qu — px'qs') cot ge + k cosec a} | 
Go Qs ; 

(92's — HQ? 
{(P1'Q2’ — Po Qi + Ps qs — 71 Gs) Cot ge + & cosec «| 


1 lA / / 7 
dee E Ps + pz ps — 


— magims (qs? + qi) ~*~ mgm, (qu? + ga) * = mys {(qi = ge + Qe — G74, 
and where, after the derivates of H. have been formed, gq, is to be replaced by 
its value found from the equation 

k cos Ue = pig nan py qe a ps qs wth ps Ge 
Now let H’ be the function obtained when this value of gq,’ is substituted 
in H; then if s denotes any one of the variables q,', 2 > Ys» Yas Pry Do Ps Pe 
we have | 
OH’ oH 0H oq, 


“Os 08 | dg? Oe * 


\ 
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But since p,’ = 0, we have 0H /0qs = ps =0, and therefore 
aH! _ oH 
06 sce. 
in other words, we can make the substitution for q, in H before forming the 
derivates of H; and thus (suppressing the accents) the equations of motion of 
the Problem of Three Bodies are reduced to the system of the 8th order 
dq, 0H dp,__ 0H 


dt = Op,’ — dt Og, (r=1, 2, 3, 4), 


‘where 


+a 1 1 
BN Fang) PEERY 


2m» 


talaga inal 
+ 2 (5 wos 2 ( — 92% 
(ago — 19) * 1 Si +3 ? G+\on +3 ) Neer 


{k? — (poQi — Pida + Psds — ps4qs)} 


1 Boe 1 
“Ip oa (p? <2 pe) ot Ms (Pips + pos) 


— my; (qs? + Qu’) 2 — mma (qe? + qe)? — mms {((q- 4) + (G- ay} “3, 
Many of the quantities occurring in H have simple physical interpretations: 
thus (929, — Hs) is twice the area of the triangle formed by the bodies: and 


_ Bia Mins _ ( a +e) en ee so tear pt 
M, + Mm,+ ms; |\2m, 2s 4 (2m, * Im,  ~ in, qed 

is the moment of inertia of the three bodies about the line in which the 

plane of the bodies meets the invariable plane through their centre of 

gravity. 


It is also to be noted that this value of H differs from the value of H when & is zero by 
terms which do not involve the variables 7, P2) P3, Ps: these terms in & can therefore be 
regarded as part of the potential energy, and we can say that the system differs from the 
éorresponding system for which & is zero only by certain modifications in the potential 
energy. It may easily be shewn that when & is zero the motion takes place in a plane. 


159. - Reduction to the 6th order. 


The equations of motion can now be reduced further from the 8th to the 
6th order, by making use of the integral of energy 


H = Constant, 


and eliminating the time. The theorem of § 141 shews that in performing 
this reduction the Hamiltonian form of the differential equations can be 


conserved. As the actual reduction is not required subsequently, it will not 
be given here in detail. 

The Hamiltonian system of the 6th order thus obtained is, in the present 
state of our knowledge, the ultimate reduced form of the equations of motion of 
the general Problem of Three Bodies. 
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160. Alternative reduction of the problem from the 18th to the 6th order. 


We shall now give another reduction* of the general problem of three 
bodies to a Hamiltonian system of the 6th order. 


Let the original Hamiltonian system of equations of motion (§ 155) 
be transformed by the contact-transformation 
owes 
Ur =F Opry’ Pr F) dr 
where 


W= py (G1 — %) + Po (Ys — 92) + Ps’ (Ge — 9) 


mq, + wait + ps (a 2 Qo + matt) 


he (a- mM, + Ms m, + Mm, 


M13 + Me Qe 
Mm, + M, 
+ ps’ (1112 + MeGs + 34a) + Po (17193 + M2Ge + Ms Qo) 


ts Pe (a 7 ) ar Dr (mh + M24 + Msz) 


The integrals of motion of the centre of gravity, when expressed in terms 
of the new variables, can be written 


qr = 9s =o = Pr = Ps = po = 0, 
and consequently the transformed system is only of the 12th order: sup- 
pressing the accents in the new variables, it is 


dq, 0H dp, 0H y 
dt Op,’ dt = Oar (r= 12, 2.2; 6), 


where 


1 1 : 
# “2p OED 2p (pe + ps’ + pe?) — mM, (q," + G2? + 9s") 3 


— MM, \ae+ Qs + Qe + (G19s + 929s + 939) 


my, re. Mes 


Ms Pe 
+(—ee) (qi? + Qe +00) 


— MM; {02 + 9s + 46 — (919s + 9295 + %s4o) 


sce 
ke 
Bee ny Ch + Qe? + 9s”) , 
and PMs pM (m+ mM) 
m, +m,’ M, + Mz + Mz 


The new variables may be interpreted physically in the following way: 
Let G@ be the centre of gravity of m, and m,. Then (qi; q2, q3) are the 


* Due to Radau, Annales de l’Ec. Norm. Sup. v. (1868), p. 311. 
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projections of m,m, on the fixed axes, and (qi, qs, qs) are the projections 
of Gm, on the axes. Further 
dq 


. dq, 
pap, (r=1,2,3), and wap, (r=4, 5,6). 


The new Hamiltonian system clearly represents the equations of motion 
of two particles, one of mass w at a point whose coordinates are (q, q2, qs), 
and the other of mass p’ at a point whose coordinates are (qi, Ys, Ys); these 
particles being supposed to move freely in space under the action of forces 
derivable from a potential energy represented by the terms in H which 
are independent of the p’s. We have therefore replaced the Problem of 
Three Bodies by the problem of two bodies moving under this system of 
‘forces. This reduction, though substantially contained in Jacobi’s* paper of 
1843, was first explicitly stated by Bertrandt+ in 1852. 


We shall suppose the axes so chosen that the plane of zy is the invariable 
plane for the motion of the particles. ~ and p’, ie. so that the angular 
momentum of these particles about any line im the plane Ozy is zero. 


Let the Hamiltonian system of the 12th order be transformed by the 
contact-transformation which is defined by the equations 


ow , OW me Q 
Drop. | Pr ~ Agr" (res 2o 5 0); 
where 

W =(p,sin qs +p: Cos Ys) qx COS gs + q' Sin Gs {(P2 COS Js — 1 Sin qs )® + ps}? 
+ (ps8in ge + Pi C08 Je) 2 COS qu’ + Go Sin ga’ {(Ps C08 qe — Ps8in Ye)? + pe}? 
The new variables are easily seen to have the following physical inter- 
pretations: q,’ is the length of the radius vector from the origin to the 
particle p, q,' is the radius from the origin to p’, q, is the angle between 4,’ 
and the intersection (or node) of the invariable plane with the plane through 
two consecutive positions of 9g,’ (which we shall call the plane of instantaneous 
motion of 2), qi is the angle between q,’ and the node of the invariable plane 
on the plane of instantaneous motion of Bw , Qs is the angle between Ox 
and the former of these nodes, q¢ is the angle between Ow and the latter of 
these nodes, p,’ is wqi, Po i8 Gr» Ps is the angular momentum of round 
the origin, ps is the angular momentum of pw’ round the origin, ps 1s the 
angular momentum of w round the normal at the origin to the invariable 
plane, and p,’ is the angular momentum of p round the same line. 


The equations of motion in their new form are (§ 138) 


* Journal fiir Math. xxvi. p. 115. + Journal de math. xvi. p. 393. 
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where H is supposed expressed in terms of the new variables. Let this 
system be transformed by the contact-transformation 


ow , ow ' 
— = it Sir er) 
; Pr = a7 Ge (r=1, 2, ) 


where 
W = qs" (ps — po) +90" (ps + po) + Qi pr’ + Ga" Po'+ 9s" Ps + Qs Ps 
The equations of motion now become, 


dq,” ms oH dp,’ oH 
die uepe u  Obt 4 Og 

But H does not involve g,”, as may be seen either by expressing H 
in terms of the new variables, or by observing that g,” depends on the 
arbitrarily chosen position of the axis Ox, while none of the other coordinates 


depend on this quantity. We have therefore 
pe’ hea oe 0H /0q." = 0, - sO De’ — k, 

where & is a constant; this is really one of the three integrals of angular 
momentum. Substituting & for p,” in H, the equation 


Go’ = OH /ak 


can be integrated by a quadrature when the rest of the equations have been 
solved: so the equations for p,” and gq,” can be separated from the system, 
which reduces to the 10th order system 


dq,” 0H dp," __ aH 


dt ape? ae og. 

We have still to use the two remaining integrals of angular momentum ; 
these, when expressed in terms of the new variables, are readily found to be 
_ represented by 


(r =1) 2,256) 


(r=1,2,..., 5). 


Ge. = 90 = kp,” on Dens av) Due : 
no arbitrary constants of integration enter, owing to the fact that the plane of 
xy is the invariable plane. 


The system may therefore be replaced by these two equations and the 
equations 
dq,” 0H = dp,” oH 
ate Ope. dt hog 
where, in this last set, g,” can be replaced by 90° before the derivates of H 
have been formed, and p,” is to be replaced by (p;—p,”)/k after the 
derivates of H have been formed. Let H’ denote the function derived from 
H by making this substitution for p,’, and let s denote any one of the 
variables q1”, 2", 93's Qs’ Pi’, Po, Ps» Pa’; then we have 
OH’ 0H | 0H 2p,” ‘0H , .,,dp,’ 0H 


= 5 = —_—_ 


ds 08 «Op, Os os os ds’ 


(r = 1, 2, 3, 4), 
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and it is therefore allowable to substitute for p;’ in H before the derivates of 
H have been formed. The equations of motion are thus reduced to a system 
of the 8th order, which (suppressing the accents) may be written in the form 

dq, 0H dp, oH 
Gianope. Soa: 7 hogs 
where, effecting in H the transformations which have been indicated, we have 


Fash) 2 Ps al pe 7 
br (p: “+ a) Si (pe + es — MM 


(r=1, 2, 3, 4), 


— M, Ms \@ _ 224192 (cos qseosqs oe 


HY k?— p2—pe 
M, + My 


2psPa 
2 agate » 3 
— M_Mz {a? + cob (cosq,cosq, _ oon sin q.sing.) ta att : 
The equations of motion may further be reduced to a system of the 
6th order by the method of § 141, using the integral of energy 
: H = Constant 


and eliminating the time. As the reduction is not required subsequently, it 
will not be given in detail here. 


: : 5S His: , -% 
sing,sing,) + (m+ me" 


161. The problem of three. bodies in a plane. 


The motion of the three particles may be supposed to take place in a 
plane, instead of in three-dimensional space ; this will obviously happen if the 
- directions of the initial velocities of the bodies are in the plane of the bodies. 


‘This case is known as the problem of three bodies in a plane: we shall 
now proceed to reduce the equations of motion to a Hamiltonian system of 
the lowest possible order. | | 

Let (q1, q2) be the coordinates of m,, (qa, qs) the coordinates of m,, and 
(qs, qs) the coordinates of ms, referred to any fixed axes Oz, Oy in the plane 
of the motion; and let p,= mgr, where k denotes the greatest integer in 
4(r+1). The equations of motion are (as in § 155) 


(Ree Ry aS 


where 


1 1 ; A 1 < eC St 
A= oes (pi ap po) ae Bn, P + ps y+ om, (p2+ pe) MyM; {(qs qs)? +( 44 qs)*} 
— msm, {(9s— %1)° + (Ge — 9)"} 3 myms (i —%) + (— Gy} *: 

These equations will now be reduced from the 12th to the 8th order, by 
using the four integrals of motion of the centre of gravity. Perform on the 


variables the contact-transformation defined by the equations 
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where 
W = prqi + pega +Ps9s + Paqa + (Pit Po + Ps) Qs + (Po + Pst Po) Yo 

It is easily seen that (q’, q:’) are the coordinates of m, relative to axes 
through m; parallel tothe fixed axes, (q;', gi) are the coordinates of ms 
relative to the same axes, (qs, ge.) are the coordinates of m, relative to the 
original axes, (p,’, p2) are the components of momentum of m,, (ps, p,) are 
the components of momentum of m,, and (ps, ps) are the components of 
momentum of the system. 

As in § 157, the equations for q;, q¢, Ps, Ps disappear from the system ; 
and (suppressing the accents in the new variables) the equations of motion 
reduce to the system of the 8th order, 

dq, oH dp, oH 


ay ~ Op,’ dt ~ 0G (r= 1, 2; 3, 4), 


where 
Ligissl 1 Ly 1 
H= (am +5.) (pr + pi) + Ge + — (ps + pe) + 7 (Pips + pops) 


— MM, (qs? + 9°) -3_ Ms™, (qr? + Go”) 3 + Ms {(qi — Ys)? + (q2— 44)"} rT cA 

Next, we shall shew that this system possesses an ignorable coordinate, 
which will make possible a further reduction through two units. 

Perform on the system the contact-transformation defined by the equa- 


tions 


_ow ,_oW 
nepy. T Ogr 


qr (r= 1, 2, 3, 4), 


where 
W = piqi Cos + pag’ Sing,’ + Ps (gz COS Ga — Js'SiN Ga’) + Ps (Go SIN Qs’ + Gs COS Gy). 


The physical interpretation of this transformation is as follows: gq,’ is the 
distance m,m;; q2 and q; are the projections of m,m, on, and perpendicular to, 
Mm; g, 18 the angle between m,m, and the axis of x; p,' is the component 
of momentum of m, along m,m,; p.' and p,; are the components of momentum 
of m, parallel and perpendicular to m,m,; and p,' is the angular momentum 
of the system. 

The differential equations, when expressed in terms of the new variables, 
become 

dq, 0H dp, oH 
dt ‘Op,’ = dt" 0g 


(r = 1, 2, 3, 4), 
where 


1 1 /9 1 ie / s , 1 1 s 
= (Si, a) Ot ga OV — B08 — DOP] + (ges + ap,) Os) 


1 pel Sete fier ae , ; ea 
+o. {piP Te (Ps ds — Peds — pi) } = mars (qe? + 95) $ 


— M,™,q,~* — mm, {(q:° — qa)? + 9s"} ms 
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Since q, is not contained in H, it is an ignorable coordinate; the corre- 
sponding integral is p,’ =k, where k is a constant; this ‘can be interpreted as 
the integral of angular momentum of the system. The equation q,=0H/dp,’ 
can be integrated by a quadrature when the rest of the equations have been 
integrated ; and thus the equations for p, and q,’ disappear from the system. 


Suppressing the accents on the new variables, the equations can therefore 
be written 
dq, _ 0H dp, 0H 


Cie opr uy lb we Ogi, Ueeite s 


where 
ja pal 1 i 1 1 1 
a ee us Sa) {pe ote 92 (PsQe = Pda — by + te + oa (pe + ps ») 
i 2 
= {pop _Ps (DsQo —PaQs = Dh — MoMz (qe a q3°) $ 
3 Nh 


— M3, Gy _* — M, Mz {(q— Qo)? + qs" ive 
This is a system of the 6th order; it can be reduced to the 4th order by 


the process of § 141, making use of the integral of energy and eliminating | 
the time. 


162. The restricted problem of three bodies. 


Another special case of the problem of three bodies, which has occupied a 
prominent place in recent researches, is the restricted problem of three bodes ; 
this may be enunciated as follows: 

Two bodies S and J revolve round their centre of gravity, O, in circular 
orbits, under the influence of their mutual attraction. A third body P, 
without mass (ie. such that it is attracted by S and J, but does not influence 
their motion), moves in the same plane as S and J; the restricted problem 
of three bodies is to determine the motion of the body P, which is generally 
called the planetord. 

Let m, and m, be the masses of S and J, and write 

| _ my, My 
SP Sr 

Take any fixed rectangular axes OX, OY, through O, in the plane of the 
motion; let (X, Y) be the coordinates, and (U, V) the components of velocity, 
of P. The equations of motion are 

aX of mY oF 
- de® ox’ dt? oY’ 
or in the Hamiltonian form, 
dX oH ay “0 dU oH ala ee 107: 
ama sindl Ole! iad eho. eo ato 
where Hay (OV) =F. 


Ww. D. 23 


F 
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Since Fis a function not only of X and Y but also of ¢, the equation 
H = Constant is not an integral of the system. 
Perform on the variables the contact-transformation which is defined by 


the equations r 
noob AWA oa Ge bY pene 
mou. pro. Vos eeon ey? 
where W = U («cos nt — ysin nt) + V (a sin nt + y cos nt), 


and n is the angular velocity of SJ. The equations become 
dx 0K dy oK du_ 0K dv ok 
dike Ol, ee hGial 00st di) oe OOM. Ct mamoy se 
ow 


where (§ 138) K=H- “ae 


=h(w4+v)+n(uy—v0e)—F; 
it is at once seen that # and y are the coordinates of the planetoid referred 
to the moving line OJ as axis of a, and a line perpendicular to this through 
O as axis of y. F is now a function of x and y only, so K does not involve ¢ 
explicitly, and 


K = Constant 
is an integral of the system ; it is called the Jacobian integral* of the restricted 
problem of three bodies. 
Another form of the equations of motion is obtained by applying to the 
last system the contact-transformation 


Ww ew i naw 
Tou ‘on Ov” Pe Og,” Pa oq,” 
where W =q, (ucos q, + ¥ Sin qo). 


The new variables may be defined directly by the equations 
a 
o=OP, q=PO, m=S(0P), p=0P (POX), 
and the equations of motion become 


a= (r =1, 2), 


= 2 pe 
where H=4(pPt+ a —np,— FP. 
1 


Another form+ is obtained by applying to these equations the contact- 
transformation 


ow re Wee 
Pr == Ogr 5) Ur a Op, (7 = iL. 2), 
On UG 4 
where W = poqot [' \- Be ZF hs st du, 
pi'tp'—(n2—pyh § PA 


* Jacobi, Comptes Rendus, 111. (1836), p. 59. 
+ Adopted by Poincaré in his Nouvelles méthodes de la Méc. Céleste, 
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where u denotes a current variable of integration. These equations may be 
written 


= Sapa oy aie we ‘ 
pr=( ea) ) Dx = Do , 
1— h Pa” 1 
fn Dy 73, ( ps? D) Ge ge , Gh 
gh = arc cos Se ee ee de) og ai — 1 
(1 ae ey Pipe Dism Bs ara anes a pa? 3 
pi py? 


and it is easily seen that gq,’ is the mean anomaly of the planetoid in the 
ellipse which it would describe about a fixed body of unit mass at 0, if 
projected from its instantaneous position with its instantaneous velocity ; q.’ 


is the longitude of the apse of this ellipse, measured from OJ; p,’ is a, and 
po is fa(1— e)}3, where a is the semi-major axis and ¢ is the eccentricity of 


this ellipse. H does not involve ¢ explicitly, so H = Constant is an integral 
of the equations of motion, which are now 


dg, ots Nidp,& > oH 
dt — Op,’ divs (&0Gg;. 

If we take the sum of the masses of S and J to be the unit of mass, and 
denote these masses by 1 — w and yp respectively, we have 


(riz 2): 


eunliees pi) amin 
H z (», ay qe Nps SP JP 
This is an analytic function of p,’, py’, q:’, 2, 4, Which is periodic in q,'and q’, 
with the period 27. Moreover, to find the term independent of w in H, we 
suppose p to be zerof; since SP now becomes q,, we have 


2 jak 1 , 
H= Gaon ag ene 
Thus finally, discarding the accents, the equations of motion of the restricted 
problem of three bodies may be taken in the form 


dq, 0H dp, _ 0H eee 
dé ope di | aq: USNs 
where H can be expanded as a power-series in win the form 


H=H,+ »H,+wH,+..., 
1 
and ae as peas 
while H,, H,, ... are pertodic in q, and qo, with the period 2r. 
The equations of this 4th order system may be reduced to a Hamiltonian 
system of the second order by use of the integral H = Constant and elimina- 


tion of the time, as in § 141. 
23—2 
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163. Extension to the problem of n bodies. 


Many of the transformations which have been used in the present chapter 
in the reduction of the problem of three bodies can be extended so as to 
apply to the general problem of n bodies which attract each other according 
to the Newtonian law. In their original form, the equations of motion of 
the n bodies constitute a system of the 6nth order; this can be reduced to 
the (6 — 12)th order, by using the six integrals of motion of the centre of 
gravity, the three integrals of angular momentum, the integral of energy, the 
elimination of the time, and the elimination of the nodes. 


The reduction has been performed by T. L. Bennett, Mess. of Math. (2) xxxIv. (1904), 
p. 113. ; 


MISCELLANEOUS EXAMPLES. 


1. Ifin the problem of three bodies the units are so chosen that the energy integral is 


1 it ie al 
Ene ca avert Nor cok A ede anh ae he 
3 (v1? +09? + v3 By eos Fpan 
where 72 is the distance between the bodies whose velocities are v7, and 7, and if risa 
positive constant, shew that the greatest. possible value of the angular momentum of the 
system about its centre of gravity is 3V/2r. | 
(Camb. Math. Tripos, Part I, 1893.) 


2. In the problem of three bodies, let & be Jacobi’s function, let-@ be the angle 
between any fixed line in the invariable plane and the node of the plane of the three bodies 
on the invariable plane, let ¢ be the inclination of the plane of the three bodies to the in- 
variable plane, and let 7 be the area of the triangle formed by the three bodies. Shew that 


da_k 
dt ®’ 
a ae ae 
sint dt — |mymgm gn? { ” 
where & is the angular momentum of the system round the normal to the invariable 
plane. (De Gasparis.) 


3. Let the problem of three bodies be replaced by the problem of two bodies p and p’ 
as in $160: let 9; and g, be the distances of » and p’ from the origin: let g3 and gs be 
the angles made by g, and q2 respectively with the intersection of the plane through the 
bodies and the invariable plane : let p and p2 denote pg, and p'ge respectively ; and let ps 
and py be the components of angular momentum of p» and p’ respectively, in the plane 
through the bodies and the origin. Shew that the equations of motion may be written 

dq, 0H . 
ap em —5E (r=1, 2, 3, 4), 


where H=Constant is the integral of energy. ‘(Bour.) 
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4, Apply the contact-transformation defined by the equations 


qh ={(q4— 92)? + (Ys— 98)" + (Yo 90)*}?, 
q2 = = {(97— 91)? + (Ya — 92)? + (Go—- qs)*}?, 
qs ={(q1— 94)? + (92 - 95)"-+ (Ys — 90), 
qa = by (Qa + 2) +2 (G4 +295) +s (G7 +298), 
Js =193+C296+ C399, 
Yo = 1 + M294 + M3 97, 
Q7 = My Yo+ My 95+ M392, 
Js = 93+ Meqg+ m3 Qo, 
_% (Gi tiga) +2 (Gat 1q5) + 3 (Gr + igs) 
by (G1 +%q2) + be (Ga +295) +b (97+ 78)’ 
ig ae = > pi sit (r=0, 1, 2, ..., 8), 
(where z stands for ala 1 a G1, Aq, 43, 01, be, bs, a , C2; 3 are any nine constants which 
' satisfy the equations 


Jo = 


a +a2+a3=0, 6, + 6,+63=0, Cy +¢2+¢3=0, agb3 — dg be=1), 
to the Hamiltonian system of the 18th order which (§ 155) determines the motion of the 
three bodies. 

Shew that the integrals of motion of the centre of gravity are 

96 =Q7 =Ys' = Po =p = ps! =0, 

Shew further that when the invariable plane is taken as plane of ay, the variable p,’ is 
zero, and that the integral of angular momentum round the normal to the invariable plane 
is 

pags =k, where & is a constant. 


Hence shew that the equations reduce to the 8th order system 


Oe. dp,, 0H 
Fee pe ecm (7=0, 1, 2, 3), 


where 
mats. s Paps ge qs? weal’ hs 
att 9293 2m, 


= p{79, "7. 


Mg™Mz3 


+2 FE 7, (Po (a — by Qo) + 4by} {2 (a3 — bs qo’) aa (a2 — baa’) —2 die ® 


Reduce this to a system of the 6th order, by the theorem of § 141. (Bruns.) 


CHAPTER XIV 
THE THEOREMS OF BRUNS AND POINCARE 


164. Bruns’ theorem. 


(i) Statement of the theorem. 

We have seen (§ 155) that the problem of three bodies possesses 10 known 
integrals: namely the six integrals of motion of the centre of gravity, the 
three integrals of angular momentum, and the integral of energy; these are 
generally called the classical integrals of the problem. Each of them is an 
algebraic integral, i.e. is of the form 


vACTE Gar «++ Yo, Pi, Pas eve, Po t= Constant, 
where f is an algebraic function of the coordinates (q,, q2, .--, Gs, Pir +++» Po) 
and of ¢. 


Efforts have frequently been made to obtain other algebraic integrals of 
the problem of three bodies independent of these (i.e. not formed by combina-. 
tions of them), but without success; and in 1887 Bruns* shewed that no 
such new algebraic integrals exist ; in other words, the classical integrals are 
the only independent algebraic integrals of the problem of three bodies. 

It may be remarked t that the non-existence of algebraic integrals does not necessarily 
imply great complexity in a system. One of the simplest of differential equations, namely 
the linear differential equation with constant coefficients 

@ — (w+ py) &+ pr pee=O, : 
has no algebraic integral except when p/p. is a rational number, in which case the first 
integral 
(@- Hast) ‘ 
(@— py x) 
can be transformed into an algebraic integral. 


= Constant 


(ii) Expression of an integral in terms of the essential coordinates of the 
problem. 


We shall now proceed to a proof of Bruns’ result, considering first those 
integrals which do not involve t¢ explicitly. 


* Berichte der Kgl. Sdchs. Ges. der Wiss. 1887, pp. 1, 55; Acta Math. x1. p. 25. Cf. also 
Forsyth, Theory of Differential Equations, Vol. 111. (1900), Ch. xvit. 
+ Cf. K. Bohlin, Astron. Iakttagelser och Unders. a Stockholms Observ. 1x. (1908), N* 1. 
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, -The equatidns of motion of the problem may (§ 160) be written in the 
orm 


dq _0H dp, __ 0H 


dt Tae ‘dt qr (na 120) <5); 
where 


H=T =, 
T= 1 2 2 2 1 2 2 
= 9, Pr + ps + pi) + oo (me + ps’ + pe’); 


U=mm, (qv a qe)? 


Bin Gen oes? a ms _V(t+ge #. 
3 \9a+Qs 146 + relat aot ng)+ (2) (qi + qe +4;") 
Im m, \3 73 
: 2 = Z ] 
+ mans \4 gett ge (hGst Get 0:90)+( arn.) (Qi tar+a)t 
pn, EE ea ee) 
mone me M, + My + Ms" 
‘We shall write f= Pe = fs = pf, is = n= Be = fs 
so that T= 3 Pe : 
r= 2Mr 


Let the coordinates of the three bodies be (qy’, qo’, Qs), (Qs, 95» Ye)» (Gr Ya» Gos 
and let mq,’ = p;, where k denotes the greatest integer contained in $(r + 2): 
the integrals whose existence we propose to discuss are of the form 

D (Gas Gos ves Gos Pry vey P= 
where a is an arbitrary constant and ¢ is an algebraic function of its 
arguments. The formulae of § 160 enable us to express the variables 
(qx. os +++ Yo> Pr ++) Po) aS linear functions of (G1, qe, ---» Yes Pas +++ ps): we 
shall therefore, on making these substitutions in the integral, obtain an 
equation 

F Gis Gas ++) Yor Pry +222 Ps) HG veeversvoevereeseees Qy 
If the integral ¢ is compounded of the integrals of motion of the centre of 
gravity, f will evidently reduce to a constant ; if not, f will be an algebraic 
function of the variables (q,, .... Gs, Pi» «++» Ps)» We have to enquire into the 
existence of integrals, such as (2), of the equations (1). 


(iii) An integral must involve the momenta. 
We shall first shew that an integral such as (2) must involve some of the 
quantities p, Le..it cannot be a function of (q, qo, ---» Gs) only. 
For suppose, if possible, that the integral, say 
S (Ds Gar ++ We) = 
does not involve (1, Po, +++) Ps)» Differentiating with respect to ¢, we have 


de lore poets 


wnt Gr vat OGe fay 
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and therefore the equations 

of 

— =0 r=) 2 tos BY 
0°r ( 

must be satisfied identigally; that is, os not involve (q, ga, «++» es), and 

so 1s a mere constant. 


(iv) Only one irrationality can occur in the integral. 

As the mutual distances of the bodies are irrational functions of 
(G1, 92, «++: Go), the function U will be an irrational function of these 
variables. Denoting by s the sum. of the three mutual distances, it is easily 
seen that the mutual distances can be expressed as rational functions of the 
seven quantities (q1, G2, --», Ys, 8); in other words, the irrationalities involved 
in the mutual distances are all capable of being expressed by means of the 
irrationality of s; we may therefore suppose that U is expressed as a rational 
function of (q1, qx, --+> Ye 8) 

Now the function f is algebraic, but not necessarily rational, in the 
variables (q;, ...,.Gs, Pi» -»-» Ps); let the equation (2) be rationalised, and let 
the resulting equation be arranged in powers of a, so that it becomes 


a + a by (Gis Yas -+09 Ges Dar «+01 Da) + OB "ha (Qh; .-+3 Yer Dis «+2 Da) Hoo: 

+ dm (Gis -++5 Yor Pir «++» Po) =O ...(8), 
where gy, do, --», Pm are rational functions of (q, ..., Ys, Pr, ---» Ps). If this 
equation is reducible in the variables (q,, ..., de, Pr, +++» Ps, 8), Le. if it can be 
decomposed into other equations, each of the form 


GaP ary (Gry «++ Qe, Drs +++) Dor 8) + aoe + YU(Grs -++s Jos Pry +++, Ps 8) =0...(4), 
where Wry, Wo,-.-, W are rational functions of (q;, ---, G6) P15 +--+» Ps, $), then one 
of these last equations will give the value of a which corresponds to equation 
(2), and we shall consider this equation instead of (3). As the type of 
equation represented by (4) includes the type represented by (3) as a 
particular case, we shall suppose a to be given by an equation of the form (4), 
irreducible in (q;, ..-, Ys, Pry +++» Pe» 8)- 

Differentiating with respect to t, and using equations (1), we have 


a (ar,, H) + ah? (re, HA) +...4+ (Wi, HA) =0 oo. (5), 
where (W,, H) denotes as usual the Poisson-bracket of yy, and H. 


We shall first suppose that the expressions (y,, H), which are rational 
functions of (q, .-., 6, Pr, -»+» Ps, $), are not all zero. Then’ equations (4) 
and (5) have one or more common roots a, and consequently equation (4) is 
reducible in (91, qe, ---, Ys» Pis «++» Ps, 8); but this equation is irreducible, and 
therefore this hypothesis is inadmissible, and the quantities (y,, H) are all 
zero. This implies that all the coefficients (Wy, yu, ..., wi) in equation (4) 
are integrals of the equations (1): and hence the integral f cun be com- 
pounded algebraically from other integrals, which are rational functions of 
(hi: -- +99 Ye, Pir +++» Pos s). 
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(v) Hzapression of the integral as a quotient of two real polynomials. 
We need therefore henceforth only consider integrals of the type 
LGR nie Oey Dis eee Mast 2) tare dais. cs dueteeos dacs (6), 


where f is a rational function of the arguments indicated. The form of f can 
be further restricted by the following observation. If in the equations of 
motion we replace q,, p,, t by q,k’, p,k—, and th*, respectively, where & is any 
constant, the equations are unaltered. If therefore these substitutions are 


made in equation (6), this equation must still be an integral of the system, 
whatever k may be. 


Now / is a rational function of its arguments: it can therefore be ex- 
pressed as the quotient of two functions, each of which is a polynomial in 
(G1, Gos «+++ Ye» Pi ---» Ps, 8). When in these polynomials we replace q,, pr, $ 
by qrk*, p-k74, sk*, respectively, the function f will (on multiplying its 
numerator and denominator by an appropriate power of k) take the form 

Ak? + A,kP7+...4+ Ap 
he Byki + Bike +... +B,’ 


where (Ay, A, ..., B,) are polynomials in (q:, ..., 6, Drs +++» Ps» $)- Since 
df/dt is zero, we have 


0 Ay\ 
(Bykt + Biko +. +B (F kee. + Se) 


— (Ak? + Ake +.. +4) (S —— hi +... +o = 0. 


Now & is arbitrary, so the coefficients of successive powers of k in this 
' equation must be zero; and theredvre 


° dA, dB, 
Oe ide at aay: 
dA, dA, dB, dB, 
Dee age hares «dein ar” 
dA, AB, 
edie ae 
These (q +p.+1) equations are equivalent to the system 
1dA,_ 1 da, mee dAy_ 14B_  _ 1 dB, 
i Ag die, wee Ay Otc Dal ot Ba at 


from which it is evident that each of the quantities 


raat AA As ety 
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is an integral: and thus we have the result that any integral such as J can be 
compounded from other integrals, which are of the form 


Gs (Gis v1 Jor Pry +++» Por 8) _ Constant, 

GUGM «<<, Ges Pis o+=3 De, 8) 
where each of the functions G,, G, 1s a polynomial in its arguments, and is 
merely nultiplied by a power of k when the variables q,, pr, 8 are replaced 
respectively by q,k?, p,k74, sk?. “We need therefore only consider integrals of 
this form. 


It may further be observed that the functions G, and G, may, without loss 
of generality, be taken to be free from imaginaries. For if P and 7Q denote 
the real and imaginary parts of an integral 


P + 7Q = Constant, 


(eee LUN ae 
we have ee a pe 0, identically. 


Since the differential equations are free from imaginaries, it follows that 
dP/dt and dQ/dt are free from imaginaries: and so dP/dt and dQ/dt must be 
zero separately. Hence P and Q are themselves integrals, and every complex 
integral can be compounded from real integrals. We shall therefore hence- 
forth assume that G,/G, is free from imaginaries. 


(vi) Derivation of integrals from the numerator and denominator of the 
quotient. 


It may be the case that the function G, is resoluble into a product of 
irresoluble polynomials in (p,, po, ..-, Ps), the coefficients in these polynomials 
being rational functions of (9), qe, -- +» Qos s). Let y be such a polynomial, and 
suppose that it is repeated X times in G4: and let y denote the remaining 
factors of G,, so that 


ox. 
When G; is irreducible, we shall of course have G, =, and y =1. 
; d (G,\ _ 
The equation ai (z) =0 


rdp ldy_ 1d@, 


he aes edie Gciaenes 
a 1 dG 1 dy 
bs " (<a. dt rx i): 


Now dy/dt is rt in (p;,---, Ps), and is also polynomial in 
(Piz +++) Ps), Of order less by unity than the order of dy/dt. Also, y has no 
factor in common with G, or y. Hence we see that 
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must be a polynomial in (p,,..., ps), of order unity: denote this polynomial 
by : then we have 


It may be shewn in the same way that each of the other irreducible factors 
of G, satisfies an equation of this kind. Denote the various factors of G, by 
vb’, Wr", ..., 80 that 

G=pey’...... ; 
and let the equations they satisfy be 


led eer eae 8, 


dee te de 


l 
& 


then we have 
4 dG, pwd’ v dy” , 4 
ea GR dse ee 


where » is a polynomial in (p,,..., ps), of order unity, and rational in 
(91, ---> Qs, 8). Thus G, satisfies the equation 


and therefore (since G,/G, is an integral), G, also satisfies the equation 
gil = aGs. 


As G, and G, satisfy the same differential equation, we shall in future use 
¢ to denote either of them: so ¢ is a real polynomial in (py, ---, Pe) Gis +++9 Vor 8), 
which satisfies the equation ¢ = w¢. 

Now ¢ is merely multiplied by a power of & when q,, pr, $ are replaced 
respectively by q,k*, pk, sk®: since 
ml dos, 1 (20 Be 4 £6 F°) 

dt a1 P\OGr HOP OGr/ 

we see that w is multiplied by &~* when this substitution is made. It follows 
that @ cannot contain a term independent of (pr, ..+) Dg), Since such a term 
would be multiplied by an even power of &; @ is therefore of the form 


() 


@ = @,P; + Wop. + --- + Ops, 
- where each of the quantities w, is homogeneous of degree —1 in the quantities 
(Gin -2+s Ys, s). 
Further, let one of the terms in ¢ be of order m in (p, ---, ps) and of order 
m in (Qiy +++» Y> 8) while another term is of order m’ in (pr, ---, Ps) and of 
order n’ in (qi, --+> Qs» 8): since these terms are multiplied by the same 
power of & when the above substitution is made, we have 
—m+2n=—m +2n, 
so m—m’ is an even number. Hence ¢ can be arranged in the form 


p = do + gd. + gs + .--5 
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where ¢, denotes the terms of highest order in (p,, +++, Ps), Po denotes terms 
of order less by two units in (p,,..., ps) than these, and so on: and each of 
the quantities ¢, is a polynomial in (Pr, -++> Ps, Gs +++) Ys, &), homogeneous in 
(p,, .-+, Pe) and also in (q;, ---» Qe, 8)» ; 
We shall now shew that when d, does not involve s, p canbe made into an 
integral by multiplying it by an appropriate rational function of (qr, «++ Ya). 


For suppose that ¢, does not involve s: the equation 


d 
aoe 
d d ; de + 
al e aa eet = («1 py + @2p. +... + @ePs) (ho + fo + --+) 


gives, on equating the terms of highest degree in (py, ..., Ds), 


pe alta 


r=1 br 0qr Me (ops eahiees “sPs) Po. 


Now ¢) may contain p, as a factor: in order to take account of this case, 
write $= ped), where ¢, does not contain p, as a factor, and where as a 
special case we may have k=0, ¢ =. Substituting p,*¢, for ¢) in the 
differential equation, it becomes 


S, Pr Oe 


Me Ve. Ogr => (ap; + ie + We De) Dyin 


Let ¢)” denote those terms in ¢, which do not involve Ps; equating the 
terms which do not involve p, on the two sides of this equation, we have 
> Pr Od” 


raibr Or = (@ipr +++. + @sPs) bo". 


It may be that ¢,” is a mere function of q,, gz, --., Js, say equal to R; in 
this case we have 


POE IE tigre (re 2 a) 

10R 
or a8 (r= 1, 2; Bee aa 
and therefore eee ete @s) (ri e=1,2 5) 
09s at Ie qr Etat} ? 3) be ee | ~ 


Supposing next that ¢,” does involve some of the quantities (p,, ..., ps), 
it may involve p, as a factor: to take account of’ this case, we ‘write 


iA 4“ ° . 
0 =Ppsd, Where ¢,” does not involve ps as a factor. The equation now 
becomes 


a =(@ pit ... + @sp;) ho”. 
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— Let po" denote the terms in ¢,” which do not involve ps: equating the 
terms which do not involve p, on the two sides of this equation, we have 

> Pr Ody” 

r=1 br 0qr 


Proceeding in this way, we ultimately arrive at the alternatives, that 
either 


= (@)p + ... + ws ps) hi”. 


0 0 
oq: (Ha) = Oqn (4 @), 


or else a function y exists, which is polynomial in q, ..., Ys) Pi, P2» homo- 
geneous in q, ..., gs and also in p,, p., and is free from any factors which are 
mere powers of p, and p,, and which satisfies the differential equation 
PL Ob, Pa Oye _ 
Hy 0G, fe O92 a a te 
Now let = ap, + bp! + cp, pe + ... 5 


equating coefficients of p,’+! and p, on the two sides of the last equation, 
we have 
Pp ligscdy - vi ab 
* fa 0 : aie fob Oqs” 

The quantities a,b, c,... are polynomials in (q, . Ja, «++, Qo): they may have 
a common polynomial factor Q, so that 


a=aQ, b=09, ete. 


@) 


Let py =a'p!t Upi+cpip.t ..., 
so that = Qy’. 
Then 
15 (2 Oy! , Pa vr) 1 ( Oy | Ps a (2 OQ , Ps oe) 
We! \pen 0% a OG2/ Hh Nin 091 Pa Oe Q \wr OG. ba 042 


‘a 1 0Q i =) 
= (Gag) (Gi Ba) 
— @) Dy a5 @2 Po, say, 


hk to 1 aa’ oo. = abe ab" 
oe es fy a’ 0g) : rit fob" qa” 
Pi OW’ | prow’ 7, J : 
nis an = ——— = 1 +@ . 
80 mee it vag: (yp, + @2'P2) 


The left-hand side of this equation is a polynomial in (%, q2, +++» Q%> 
Pi, 2); but if a’ contains-g,, then’ ,' contains a’, or some factor of it, as 
a denominator. Hence yy’ must contain a’, or some factor of it, as a factor. 
But this is inconsistent with the supposition that a’, b’, ... have no common 
factor. Hence a’ cannot involve q,; and therefore w, is zero. Similarly 


@, 1s zero. 
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1 aQ _ 1 
Thus O= Qn, aq: ’ @®, = Qu Og ’ 
0 0 
and therefore : ag: (1401) = agi ([42@2), 


which is the same as the alternative previously noted: so this equation is 
true in any case 


Similarly wé can shew in general that 


0 0 
agp (Mss) = age (Mr @r), 


and hence we may write 


_i ok 
Uy, O; = R 0Qr ’ 
where R is some rational function of (,, qa, --+, Ye) 
Thus we have 
Sy oat ap iin, Spt aS were 
@)Pi @2 Pe see ®¢ Pc = Se R 0g 
ne wh oR dq, 
See wiacen ch 
ldg_1dk 
- o dt RK dt’ 
and therefore $= Constant. 


Thus $ can be transformed into a constant, by multiplying it by an 
appropriate rational function of q, q2, --», Ye, namely 1/R; which is the 
required result. 


If therefore the terms q¢, in G, and G, do not involve s, we can transform 
G, and G, into integrals, by multiplying them by appropriate rational functions 
of (qi, Ga, +++» Ys); and hence, if it can be shewn that the terms ¢, in G, and G, 
do not involve s, we shall have the result that any algebraic integral of 
the problem of three bodies can be compounded from integrals which are 
polynomial in (p;, pz, ..., Ps) and rational in q,, qs, .--, Ye, & 


(vil) Proof that 4) does not involve the irrationality s. 


The case in which ¢, involves s is not included in the above investigation. 
We shall however now proceed to shew that no real function ¢,, which satisfies 
an equatron 

6 
Pace | 
2 bby aq, = (ap otis teucte W¢ Ds) do, 
can involve s; and hence that the functions ¢, occurring in our problem do 
not involve s, so that the above result is quite general. 
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For suppose that a function ¢, exists, which involves s and satisfies the 
above differential equation. When the 8 values of s are substituted suc- 
cessively in ), ¢ will take a number of distinct values; let these values be 
denoted by gy, do’, ...; they satisfy equations of the form 

6 0d 4 6 rs) 4 

> Pr hy od'D met AL Pr Odo £8 UD 

n=1 Pr O°r Ast ea br qr : % at 
where o’, w”, ... are the values of » when the values of s corresponding to 
go, fo, --- respectively are substituted in it. 


Then we have 


1 6 6 a ” 
DAVE SRS Pr(s doy , 1 Ode" 


ey 


+ 


®@ pan Pr OGr. rat Pr \Po Or do Or 
=o +o" + 
=O: 


where Q is a linear function of (p,, po, ---, Pe), the coefficients being rational 
functions of (q;, qe, ---> Je)» 


Now ®, from the manner of its formation, is a rational function of 
(Qi Yo» +++> Qe), NOt involving s: and it is clearly a polynomial in (p;, Pe, ---, Ps)- 
‘So we can apply to ® the results already obtained, which shew that (on 
multiplying ® by some rational function of 91, Q2, ---, Qs) © is zero, and 
therefore that ® satisfies the equation . 


6 
See =o, 
r=1 Pr 0qr 
This is a partial differential equation for ®: there are 6 independent 
variables, and 5 independent solutions can at once be found, namely the 
quantities (22 = hPs) pee ae (Ps Pe) _ It follows that ® is a function 
fa He fa Me ; 
only of the quantities 


(ae Pl), (Ps _ 2B 
fb Be pues Mf Bs 

Now the factors of ® differ from each other only in that different roots s 
are used in their formation: so when such a relation exists between 
(Gis ay >~- > Fe) that two of these roots s become equal to each other, then - 
two factors of ® will become equal to each other; hence if b=0 be regarded 
as an equation in p,, at least two roots will become equal to each other. 


When this relation 


) » Pas Po vee, Dee 


WAC ES sesy qs) = 0 
exists between (q), Ya, -++> gs), we shall therefore have @®/dp, =0; and similarly 
BD/Opz, .-., OP/ Op, will each be zero. 
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Since ® is homogeneous in (p,, Po, +++» Ps), the equation 
Cot pee tise pie 
Pt op Pap, Pop, 
is equivalent to @ =0: 80 ® =0 does not constitute an equation independent 
of the equations d®/dp, = 0, ..., AD/dOp, = 0. 


If small variations are given to the variables which satisfy the equation 
® = 0, their increments are connected by the equation 


- Gs bate ob bp.) m0; 


but if (q1, Ga, +++ Ye, Pry -++, Po) Satisfy i equations 0®/¢p, = 
becomes 


0, this equation 
& 0® 
= ee ) (pd 0, 
r=1 0Gr 4 


and this relation between the increments 6q, must therefore be equivalent to 
the relation 


6 
3 a 


éq,= 0. 
r=1 04r q 


Hence the equations 


Of /0n _ Of /0qe 


he _  __, 4/04 
db/dq, dd/dq. ““' d/Oq. 
are consequences of the equations d@/dp, = 0; and so, since Sed re oe is Zero, 
r=1 r 
we have (for sets of values of q%, qo, ---, Qe) Pir --+» Ps Which satisfy these 
equations) 
SH Pte ho, 
p= fe Og 


The equations f=0 and > as . i = 0 are therefore algebraically derivable 
r=1 Pr 


from the equations 0®/dp, =0. Now the actual values of (q, ..., q) are 
of no importance in this algebraical elimination; so we can replace q, by 
(qr + prt/mr) in all the equations: 


and thus we see that the equations 
f(a+B, .. >I Hi Pt) =0, 


r 0 1 
EEE sosts asBaa 
are algebraical consequences of the equations 


ee (nh; sey de> Pi; ees Ps) — = 


0 
ld Oqr D (qi, +++) Yor Pas +++s Ps) = 0 


(r=1, 2, ...,6). 
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Hence the result of eliminating t between the equations 
Pr Ps ) 

ese a eet | = 

f(a ho Gt t)=0, 
0 ( yr ) 

— +214, ..., “*t)= 

eats er to. 
must be an algebraic combination of the equations 


a Eds 
cake pees Ys» Pi, Da a am eee) Ys Pr» DOr) ps) =0 
(Cad Ber ieee 4b 


Now one such algebraic combination of these equations is 


OD (qh, OU} %> Pi, sis Da) a U; 
for it can be derived by multiplying the equations by (,, ..., ps) in turn, and 
adding them. We shall shew that it is the eliminant which has just been 
mentioned. 
For let the eliminant in question be denoted by VY; then the equation 
6 ov. av 
a ee ca = 
r=1 a: ous 3 Op, spr : 


must be a combination of the equations 


UE (84. += 3p) =0 


r=1 Ogr 
d ee Pr (3 Mes aed LBS ny 
aa my br Ogr P reba ey Br OGr04s 2 ti Ms a Z Bs st) u 


Since the latter equation involves St, we see that it cannot enter into the 
combination : and so we have 
OW /oq, = eV idg.e ae OV /0qs Ou Pants O8. CBhe 6) 
Oflog, Offege "= Of/0qu” = Pr Mr OG Pigg 9 
The identity of these equations with those which have already been found 
for ® shews that the equations ® = 0 and V=0 are equivalent. Hence P=0 
is the eliminant of the equations 


Pi Ps )= 
4+. ...,Q+- t}) =0 
f(a tn % bs 


mee Pr Pe s\ 0 
and aE (qt Bt oes go Tit) y 


Now the equations f(q1, qa) «++» 4s) = 0, which are the conditions that the 
equation for s may have equal roots, can easily be written down: and this 
result enables us then to find all possible polynomials &, and hence, by 
factorisation of ®, to find all possible polynomials ¢o. 


Ww. D. 


24 
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The eight roots s are the eight values of the expression +7, +7217, 
where 1, 72, 73 denote the mutual distances: so we may have two roots s 
equal as a result of any one of the equations 


™4=0, r=0, 74=9, r=tr, B=tNn, N=th, Trt. +7,=0. 


The equation r, = 0 gives 


. qi’ + gx! + Gs! = 0; 
and the elimimant of 
Ne PONG ENG 
(a+ 2) + (ate) + (a+?) =0, 


by Bs 
d pity? pat\? ast? 
d (a+P*) +( +B) + ( est) 0, 
an dt | un fa ie ibs Ast pe 
oo Nill mee Gol Pe) (22 qePo LB’, 
: 24g. + ge os +O) = (Se 
% (gi + ast 9) TT ehtros ft begs 


so the value of ® arising in this connexion is 
gp — (Pe Gobi (abs _ Pads’ (Ps ue 
be ha Bs Pe fa Bs , 


this expression is not resoluble into real factors, and therefore no real poly- 
nomials @, can arise from this source. 


A similar result can be deduced in connexion with the equations = 0 
and 7; = 0. 


Consider next the equation 


T2=17%s;3 
it can be written in the form 
qs + Qs +96 + Hib mi aCe + 9245+ 9s4e) + (ee rae i (q? + G2? + 95°) 
= G8 +8 + Gd — Se (Get 29s + 9890) + es rer (qi’ + qa? + gs") 
or 2 (9194 + 929s + 9596) — mq? + q+ 93°) =0. 


oe 


Replacing g, by (q+ prt/m,), and forming the discriminant with respect 
to t of the equation thus obtained, we find 


m, — 
= 2 (19st G9s+9s9e) + = 7 mat + ai +a} 
x {2 (Babe + Bebe, BeBe) =e (BE, Be, Be) 
Myf, Pefls fs Me M+ Me \ pi? pes? bes? j 
ax {DPs a UsPi +. pede s5Po ie GsPs & UsPs fe Mm, — Mz (BPs JoPo + Ps) 
7 nn Tk ie 
This expansion cannot be factorised into polynomials ¢,, linear in 
(1, Pz) +++, Ps); 80 no functions ¢) can arise from this source. 
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Similarly it may be shewn that fio polynomials ¢, can arise in connexion 
with the equations r,= + 7,7, =+ 7. 


Lastly, the rationalised form of the equations 
ntntr,=0 
is (72 — 12 + 12)? — 4rger2 = 0. 
When 7, is zero, this case reduces to that which was last discussed: and 


since the polynomial ® is not resoluble in this special case, it cannot be 
resoluble in the general case. 


Thus finally, no real polynomials ¢), involving s, can exist. 


Summarising the results obtained hitherto, we have shewn that any 
algebraic integral of the differential equations, which does not involve ¢, is 
an algebraic function of integrals ¢, each of which can be written in the 
form 

got fot dyt..., 

where ¢, is a homogeneous polynomial in the variables p, say of degree k, 
and a homogeneous algebraic function of the variables q, say of degree J: 
¢. is a homogeneous polynomial in the variables p, of degree (k—2), and 
a homogeneous algebraic function of the variables q, of degree (J— 1); ¢y is 
a homogeneous polynomial in the variables p, of degree (k—4), and a 
homogeneous algebraic function of the variables g, of degree (J—2); and 
so on. 


(viii) Proof that $, 1s a function only of the momenta and the integrals 
of angular momentum. 


We shall now proceed to shew that an integral ¢, characterised by these 
properties, is an algebraic function of the classical integrals. 


The equation 
Gene” tai Ogre 0a: Op, 
gives on replacing $ by $.+ ¢2+Gst---, and equating terms of equal degree, 


_ § Ody pr , Ob 3U 
r=1 0qr Br Opr 0qr’ 


eee e see rseseeseeereseseseree 


24—2 
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The first of these equations is a linear partial differential equation for $, 
which can at once be solved, and gives 


o=fo(Pe, Py, tween Dy, Po, esa) > 


where P,= dP _ Deh (r= 2,3, 2.25.0): 
Py br 
Let the expression of ¢, in terms of the variables q,, P., ..., Ps, pr, «++ Ps 
be d= fo (Gi; Py, Ps Goo Pe Py face Ds); 
é Ofe _ _ 92 : s Ob: 0g, here = fire er: i Bi PrGi 
ree On: 00; P= 2 ag: oq,” qr Pr Uy Dy 
Of: , S Ob: Hn Pr 
0G r=2 0Gr PrP ' 
oy Pi fe _ =; Pr Ops _ - $ Oo oU 


i Coan r=1 Pr Ogre r= =1 0p, 0g, 
Integrating we have 


ag, aU 
tr=x (Po, Pee ceey Pers +: 4 -» Ps) — eee 0qr 


so there can be no logarithmic terms in [ X dq, where 


g - 
pm = 2 aa , expressed in terms of q, Po, ..., Ps, pr, --- Ds, 
(i$ RWW, § (tM oyew 

ap. s=20Ps ph] 0G, ra2\Opr OP, fy/ 09, 


r=1 Opy 0qr 2 OP fy On by Or. 
If V denotes the expression of U in terms of the variables 


Ns ae seist9) Pe, Dr, see Do, 


5 Hw see ne). 


we have 
oU _p, oV oU | ALS er Oats 
SACS (r>1) and oa sae 3h ae 


The terms in X which may give rise to logarithmic terms in | Xdq, are 


now seen to be 


$ Of {per 4 Prh ¥ & OV pe hPr oa 
pan OF »)| Lap ape ip ee SOPs Myf, OP,) ’ 


so the terms which may be logarithmic in [ X dq, are 


6 6 
s PDs [vdg.+ & 3 Sh BPs = [ava 
2) Br Pi OF; 1 Ais ei oP, PrbsPi ar; fh gf 


S Of pm 0 
ee Oly Pr fi oP, Jo Mae 
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Now V is a sum of three terms, each of the form (A + Bq, + Cg) 2. 
Taking each of these terms separately, we have for the transcendental part 


of the last expression 

al Te Dore zoueee 

r=20P, pp, ¥—C (Be—4AC)8 

SS oe Pee d es arcsin - gO Te a 
(B?- 4AC)8 


-> — 
r=28=20P, py fp, 2C V—CoP, 
rete 
ey Ofo Pr La Be, Belge Be : 
r=20Py pr, 20 V — OOP, (B—4Acyt 
Thus for each of the fractions (A + Bq, + Cq2)?, we must have 
ofo Pi oB Xp 


CE 
rao OP, ppp, Ope 


Se Pe Ole PePe’ | OB 

BEN PrPi  r=2 s=2 OP, br bs Pr oP, 
Now for the first of these fractions, namely (9¢,7+ 9? + qs), we have 
fy” Ps" 


2 2P 2P p paps? 
ge aN fre RU Ese VT Yeah piiiend ely fs 
pe 2 “5 2) $ apr Psp? He Di fs? py? 


so the first of the three equations will be 
S Of Pr (ee +bPe) 


Ha’ Po me) fo Pr _ 
eae Ob PrPi r=2 oP, rr \fe Py? fs" Pr? 
_ (2h mb. Of Has) 


1 
( = be py Ms’ Dy 
OP, He Pi oP, bs" Pi 
of be _ (@ HPs, Ofo baPs\ _ 
m = OP, iy) \Obs tie us Ves pyre ) cai 
or (since py = f= Hs) ; af 
5 lem (aR aoe trent geet Teens aaah A), 
2 Pr OP: (A) 


and on solving this equation we see that f, is a function of 
Pry Pas +3) Por Pa, Ps, (Paqs— Pods)» and (Pegs — Pods)- 


Since: the three expressions (A + Bg, + Cq,?) are linear functions of the 
three quantities (q.? + q+"), (Qia+ 9295 + 939s), (Qe +92 +4967), we can for 
our present purpose replace them by these three quantities: so the second 
expression (A + Bq, + Cq:*) may be taken to be (9194+ 929s + 939s), OF 
(+ Hea) + (H+ Pb a) (tos 4 bed 
Pi PP. Pr Pr Pr LP 

so for this expression we have 
pokes wPom , wt 

Pr PY Pi 

LPsPe 


C — es ar MPoPs 7 ? 
Hp PPP PY 


MD, 


eae 
Pi Pi Pi 
PsP. i pE’sPs ie ee 


1 
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and the corresponding equation is 


Ln (P2Ps— —PiP)+ ap. (PsPs— Pips) + ap a fe (HE — pe) 


Wh BPsPs _ ) fo (Meeps Be B 
+ 5p. ae Papi +a aP, my Teeus Pips) = 0 ...(B). 
The third expression (A + Bg, + Cq,?) may be taken to be g2+ qs; +4. ; 
the corresponding equation proves to be the same as equation (A), and may 
consequently be neglected. We have therefore only to consider equations 
(A) and on simplifying (B) by means of (A), they may be written 


Ofo fo fo 
Disp + Psap + Peap =O, 


of, af ofr Ofe a) = 
(Pops — Pips) 5B, + (Peps — PAPe) 5x8 — Ps ( 15P, + Pap + Ps ap 0; 


these equations are obviously algebraically independent; and the Jacobian 
conditions of existence are satisfied identically for them, since the coefficients 


ae 


therefore form a al system, with 5 independent variables P., P;, Ps, 
P;, Py: so there must be 5—2=8 independent solutions, and-any other 
solution will be a function of these three solutions and of p,, po, ..., Des- 


of the derivates do not involve the quantities P. These two equations 


It is easily verified that three independent solutions are 


Pps — Psp2+ Psp — Peps, 


Psp, + Pepi— Pipe, 
Pi + Pps - P.M, 
= Pil/p, piM/p, pN/p, 
L = 4p — YsP2 + YsPs — Yes, 
where M = qs: — GPs + ePs— GPs; 


N = Gps — QP + UPs — IsPas 
and the three equations 
£ = Constant, M=Constant, N = Constant 
are the three integrals of angular momentum of the system. We have 
therefore the result that ts a function of L, M, N, Pry Poy +++, Pe only. 
(ix) Proof that $, 1s a function of T, L, M, N. 


Since ¢, when expressed in terms of Gis Yor +++) Yor Pr» +++» Po, 18 a Poly- 


nomial in p;, D2, ..., ps, it is clear that ¢, is a polynomial in its arguments 
L, M, N, p,, ..., ps. We.shall write 


d = G (L, M, NS Py; seen Dads 


Or 
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dgy_ $ OG dpr_ $ 0G 0U. 
dt r=l1 Op, dt pee Opr Og,’ 
and the equation for f, is 


so we have 


fe 
So=x (Po, OIE) Be: Pis 5 PO en sp | Peta 


where Y, stands for 0U/dg,, supposed expressed in terms of q, Ps, ..., Ps, 
Pr +++, Ps We have therefore 
th & 0G Yd ee oy eV p,\  -»,-0V. 0G oV 0G) 
eee dg =| Pe Pre ee ae 
rea) mais pr: Op a oP, a aD on ey BP Gil 
pm, 0G [oV S f0V (0G - nypr 0G 
=O eda > [op (5 - oe 
Pi Op, 0”) Vs r=2 ee Op, by Pi OD; 
ph, OG 6 (0G “pp, OG\ 0d 
EN ee V+ > ( ae A wed 
Pr OP, r=2 \OPr PrP = OL, 
Les OG MMe 
Pi Opy A (A + Bat Ca)? 
oB eB pad 0A \ 
: ey pee GP tet PERO Og ne 
5 (lea mama eo npee te abccwe oF) on OP) 
p=2 \OPy Mr Di OPr/ 4 (B? — 4AC)(A+Bq,+ C92)? 
where the symbol = indicates summation over the three values of the 


| Vag, 


A 
expression (A + Bq, + Cq,’). 

Now the term y (Po, ..., Ps, pi, +++, Ps) cannot give rise to terms involving 
(A + Ba, + Cq?) in the denominator: su the quantities multiplying each of 
the expressions (A + Bg, + C42)? must themselves have the same character 


as ¢o, i.e. they must be polynomial in (1, ---; ps) When expressed in terms of 
(Gis Ga» «++» Gor Drs oes ps). We see therefore that the expression 
oB oB oA 0A 

pa 269 & (00 _ mum aa ae ee 

Pi OP, r=2\OPr Mr Pr OPs B:—4AC 
must be a polynomial in (p, ---, Ps), When expressed in terms Of MC Pisstay Pes 
Gi, «+> Go). Taking first A + Ba + Cq2=92+ Gi +4, this expression 
becomes 


1 0G eS = _ aPr oo) 


Pr Op, : r=2 opr MrPs Op, 


, 


or (omitting a factor p) 
L2G _ 3 (2G _ mp, 0G) 
Pr Op, n=? Ge PrP Op,/ 
ei nPilgs a: gs?) — Po 42— PGs} + (Gr Pr — Pre) (Pih + Peds + Ps9s) 
2p, (dar — P2Qa)? + (GsPs — Ps) + (P2s — P42)’ 
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oG eG 
(— pos? — pogr’ +. 191. J2+P3929s) + ees as Dede — Ps’ + Fs Prt 4392 
’ Ops Map: OP: 


2 {Gai — Gia)? + (GP: — VPs)” + (GsP2— YoPs)*} 


The last fraction must therefore represent a polynomial in gy, p2, ---, P 
so the denominator must be a factor of the numerator. 


0G _ ips ie) (2 Hi Ps be 
and | — — 
Op, Mop Opry Ops PsP Op, 

are polynomials in L, M, N and involve q,, q, qs only by means of. L, M, NV; 
so either they contain no terms in q;, 2, Ys—in which case the denominator 
cannot be a factor of the numerator—or else they contain some terms free 
from 4;, 92, Ys—in which case also the denominator cannot be a factor of the 
numerator. The condition can therefore only be satisfied by supposing that 


0G _ ope Ce 0 0G _ Ps OG _ 


eG fy P2 0G 


OP, MoD, OPr 


Now @ is a polynomial in LZ, M, N, so is 


OP: taP OP.” Os oP. OP, 
As might be expected from considerations of symmetry, the conditions 
arising from the other sets of values of A, B, C' give 


0G =p, OG 
cone LIE ay 
a ers (r= 4, 5, 6). 
The function G therefore satisfies these five equations, which are evidently 
a complete system of five independent equations with six independent 
variables, and consequently possess only one independent solution; this 
solution is easily found to be 


Ps 
2 fe ie ap 9M 


The function G therefore involves (p,, ..., pe) only by means of the expression T ': 

and since @ is polynomial in (p,, ..., pg), it must also be polynomial in 7. 
Since o is homogeneous in (q), ds, -.., Ye), and also in (p,, ‘Das Chat tig) HAAG. 

the expressions (LZ, M, N) are each linear in (q, ..., qs), While 7 does not 


involve (nH, --, Qs) and is of degree 2 in (py, ..., pg), it is clear that if J is 
involved in q¢, at all, it must be as a factor: so we can write 


po =h(L, M, N) ne 


where h is a homogeneous polynomial in its arguments. 


(x) Deduction of Bruns’ theorem, for integrals which do not involve t. 
The equation which determines the function f, is 
fy, 0G 


— det ae tal ba ly eve, ee a Boe 
f= x (Pz 6» P Ps) Ae 
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~ But we have 


fe eS ea h (La M, N)T™, 
and therefore 
a OO a Le De cee) Ds) — KL, MN) Te? U. 
Thus 
b= dot get Gut... 
=h(L, M, N)(T™ —mT™7U) + y (Pa, «0+, Pos rs «++» Ps) thst het... 


The integral ¢ can therefore be compounded from two other integrals, 
namely : 


1° the integral h(L, M, N)(T'—U)”", which is itself compounded from 
the classical integrals, 


and 2° the integral ¢’, where 
b= do + bs + hs +... 
and do =X (Ps; sO 5 Pas is sider Da)» 
og, — EY A(L, M, N) T= U2, 


; —1)(m—2 
iyope aus aie ) a (L, M, N) TUS, 


But ¢’ is an integral of the same character as $, except that its highest 
term, dy’, is of order two degrees less in (pi, -»-, Ps) than the highest term, 
dy, of d. Now we have shewn that ¢ can be compounded from the classical 
integrals together with the integral ¢. Similarly ¢’ can be compounded 
from the classical integrals together with an integral $” which has the same 
character as ¢, but is of order less by four units than ¢ in the variables p. 
Proceeding in this way, we see that } can be compounded of the classical 
integrals together with an integral 6”, whose order in (p;, ---, Ps) 18 either 
unity or zero. If 6™ is of order unity in (pi, ---» Ps); then in the equation 


$i = gm =h(L, M, N) Tt 


we must evidently have k =0; in this case, therefore, 6) is compounded of 
the classical integrals. If ¢” is of order zero in (pi, ---, Ps) it 18 a function 
of (q:, ---» 9s) only : but we have already shewn that such integrals do not exist: 
and so in any case ¢ can be compounded algebraically from the classical 
integrals. Hence we have Bruns’ theorem, that every algebraic integral. of 
the differential equations of the problem of three bodies, which does not anvolve 
the time, can be compounded by purely algebrare processes from the classical 
integrals. 
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(xi) Extension of Bruns’ result to integrals which involve the time. 

We now proceed to consider those algebraic integrals of the problem of . 
three bodies which involve the time explicitly. 

For this purpose we shall take the equations of motion as a system (§ 155) 
of the 18th order: we have therefore to investigate integrals of the form 

FM Ouida dus ss Gor tlsatsp Pe t) =a, 
where f is an algebraic function of its arguments, and a is a constant. 

The function f is not necessarily rational in its arguments. Let the last 
equation be rationalised, so far as the variable t is concerned, so that it may be 
arranged in the form 

OE DiGi 5. ociny Gare Pis as: so7.0) Os Ds ig sg Gop Pipes 2 se osely ieee 

++ Din (Qa) «05 Jos Pas aoa5 Dor EY=O, 
where the functions ¢ are rational functions of ¢ and algebraic functions of 
their other arguments (;,-.., 49 Pi» +++» Ps). This equation may be supposed 
irreducible in t, i.e. such that it cannot be factorised into other equations which 
are of lower degree in a and are rational in ¢: for if it is reducible, we can 
suppose it replaced by that one of its irreducible factors which corresponds to 
the original equation f= a 
Differentiating with respect to ¢, we have 


am Of a ms bs +o..+ Adm _ 

“dt 
Now the quantities dd,/dt, when expressed in terms of (91, qs, -.-5 qo; 
Pi, «++, Ps, t), are rational functions of ¢: so that the previous equation would 


be reducible in ¢ if this equation did not vanish identically. It follows that 
this equation does vanish identically: that is, 
Or (Pao) Newey 

The expressions ¢, are therefore themselves integrals: and hence the 
integral f can be compounded from other integrals $, which are rational 
functions of t and algebraic functions of (Gy, -++, Yor Pr «++5 Do): 

Let such an integral ¢ be resolved into factors linear in ¢: so that it may 
be written 


P(t— pay (t= bo)™--. E= bu) 
(t am i) (i Wo)” .. : -(t — yy)" ‘ 
where (P. di, $2;.-., br, Wi,--., Wr) are algebraic functions Of (iy +3405 Par coon Dare 


Since this expression is an integral, we have 


dP m, / 1 ke 1 
Pat tig tae) ttre, 0B) (1 - FB) - 
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dP dd dd, d d 
When Te? coe eee - oes Pec ov are replaced by their values (P, #), 
(¢:, 4), ..., (Wn, H), this equation must become an identity: but this can 
happen only if 


a =0, pace oe ae ey ey en 


i.e. if each of the expressions 


cae t— dy, t— do, cers t= dx, t—h, sees t—W 
is an integral. Hence any algebraic integral of the problem of three bodies 
which involves t can be compounded (1) of algebraic integrals which do not involve 
t and (2) of integrals of the form 
t — d= Constant, 
where is an algebraic function of (qi, Gas +++» Yar Pir +++» Po) 


Now it is known that 

w MQi + MGs + 2397 
Pit Pst Pr 

is an integral: hence any algebraic integral of the problem, which involves ¢, 

can be compounded of 


af; = Constant 


(1) algebraic integrals which do not involve ¢; 


(2) integrals of the form 
_ mh + M274 + M397 


? ee Pi + Ps t+ P7 
where ¢ is an algebraic function of (q,, --+, Yo» Pi» ++» Ps); and 


= Constant, 


(3) the classical integral 
mq + M2G4 + 2397 
Cire Erp 
But the integrals in classes (1) and (2) are algebraic integrals which do 
not involve the time; and hence, by the result already obtained, they are 
combinations of the classical integrals. 


t 


Thus finally every algebraic integral of the differential equations of the 
problem of three bodues, whether tt involves the time or not, can be compounded 
from the classical integrals. 


Bruns’ theorem has been extended by Painlevé*, who has shewn that every integral of 


the problem of » bodies which involves the velocities algebraically (whether the coordinates 
are involved algebraically or not) is a combination of the classical integrals. 


* Bull. Astr. xv. (1898), p. 81. 
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165. Poincaré’s theorem. 


We shall next establish another-theorem on the non-existence of a certain 
type of integrals in the problem of three bodies, which is in.many respects 
analogous to that of Bruins, and was discovered in 1889 by Poincaré *. 

(i) The equations of motion of the restricted problem of three bodies. 

In the restricted problem of three bodies, the equations of motion of the 
planetoid can (§ 162) be written in the form 


dq, _ 0H dp, __ 0H eae 
dt ap,’ dt oq, ae eee 


where H=H,+ pH, + wH,+..., 
1 
H,=—- 2pe Fah 


and H,, H2, ... are periodic in q,, g2, with period 27. 
The Hessian 


OH, PH, | 
Op? Op, dpe 
CH, HH, 


Op.op, ope 
is evidently zero: as this circumstance would prove inconvenient in the proof 
of Poincaré’s theorem, we shall modify the form of the equations so as to obtain 
a system for which the corresponding Hessian is not zero. 
Write H?= K, and let H =h be the integral of energy; then we have 
Ogre Cko = Spee ele Ke “<q 
RS 6b OO ae Gal 2) 
and therefore, taking a new function H equal to K/2h, we can write the 
differential equations of the restricted problem of three bodies in the form 
dq, 0H dp, oH 
dt 0p. tdi» udp, oid) 
where for sufficiently small values of «, H can be expanded as a power-series 
in the parameter yu, 
H= H,+ pH, + wWH,+..., 
Ine np. 
d ss Pe I 2 - 
an 2hA, ipa aes + np? ; 


the Hessian of H, is not now zero, and (H,, H,,...) are periodic in q, gz, with 
period 2zr. 


* Acta Math. x11. (1890), p. 259; Nouv. Méth. de la Méc. Cél, 1. (1892), p. 233. 
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(ii) Statement of Poincaré’s theorem. 


Let: ® denote a function of (q, q2, ~1, Ps, #) Which is one-valued and 
regular for all real values of g, and q., for values of ~ which do not exceed 
a certain limit, and for values of p, and p, which form a domain D, which 
may be as small as we please; and suppose that ® is periodic with respect to 
- gq and q,, having the period 27. Under these conditions the function ® can 
be expanded as a power-series in p, say 


D=Q, + wD, + WO, +..., 


where ®,, ®,, ®,, ... are one-valued analytic functions of (q,, 2, 71, Ps), periodic 
in q, and q,. Poincaré’s theorem is that. no integral of the restricted problem 
of three bodies exists (except the Jacobian integral of energy and integrals 
equivalent to it), which is of the form 


® = Constant, 


where ® is a function of this character. The proof which follows is applicable 
to any dynamical system whose equations of motion are of the same type as 
those of the restricted problem of three bodies. 


The necessary and sutticient condition that ® = Constant may be an 
integral is expressed by the vanishing of the Poisson-bracket (H, ®); so that 


(A,, ®,) +p {\(H,, ®,) at (H,, ®,)} ote pe {(H,, @,) + (7, ®,) 3 (HX), ®,)} +..0= 0, 
and therefore (Hy, Po) = 9, 
(H,, By) + (Ho, ®1) = 9. 

(iii) Proof that ®, is not a function of Hy. 

We shall first shew that ®, cannot be a function of H,. For suppose a 
relation of the form ®, =  (H,) to exist. From the equation H,= H,(p,, pz) 
we have on solving for p, an equation of the form p,= 6 (Ho, p), and @ will 
be a one-valued function of its arguments unless 0H,/0p, is zero in the 


domain D. Replacing p, by its value @ in the function ®, (q:, G2, Pi, P2), We 
have an equation of the form 


D, (i, Q2» Pr» Ps) = (> Qe» vs hy, Po) } 


and as ®, is a one-valued function of its arguments wy will be a one-valued 
function of (q, q2, Ho, pe); but by hypothesis, the function depends only 
on H,. It follows that is a one-valued function of Hy, so long as the 
variables p,, P2 remain in the domain D, and provided 0H,/op, is not zero in D; 
or more generally provided one of the derivates 0H,/op, and 0H,/dp. 1s not 
zero in D, a condition which is evidently satisfied in general. Since y 1s 
a one-valued function, the equation p(H)= Constant will be a one-valued 
integral of the differential equations, and therefore ®-y(H ) = Constant 
will also be a one-valued integral, and will be expansible as a power-serles 


382 The Theorems of Bruns and Poincaré (CH. XIV 


in w: it will moreover be divisible by y, since ®, —(H,) is zero. If then 
we write . 2 
D—y (H) =p, 

the equation ©’ = Constant will be a one-valued analytic integral: writing 

D’ =D,’ + wD’ + wD,’ + .. 
the function ®,’ will not in general be a function of H,: if however it is a 
function of H,, we perform the same operation again, thus arriving at a third 
one-valued analytic integral, whose part independent of yw will not in general 
be a function of H,; and so on. It is evident that in this way we shall 
ultimately obtain an integral which does not reduce to a function of H, when 
# is zero, unless ® is a function of H, in which case the two integrals H and ® 
are not distinct. 

If, therefore, there exists an integral ® which is one-valued and analytic 
and distinct from H, but which is such that ®, is a function of H,, we can 
always derive from it another integral, of the same character but such that 
it does not reduce to a function of H, when pw vanishes. We can therefore 
always suppose that ®, is nota function of H). 


(iv) Proof that ®, cannot involve the variables q,, qo. 
If the function ®, involves the variables q,, g,, then since it is periodic in 


these variables we can write 
D, = _ Annes (Mm q+Mo92) = + A 
1) 2 


PPT g, 

where m, and m, are positive or negative integers, 7 denotes /—1, the 
quantities A,, ,,, are functions of p,, p,, and ¢ represents the exponential 
co-factor of A Since H, does not involve q,, g2, we have 

0H, oP, | 0H, 0®, 

Op: 0g, © Op, qe” 

But we have 0®@,/dq,= > ais m,,m, 80 the equation (Hy, ®,)=0 


™m 


My, Mg* 


—(H,, D,) = 


becomes 
oH, oH, 
2 Amim, (Gp t mee) BO 


and therefore (as this equation is an identity) 


oH, igo 
Hence we must have either 


An,,m,=9 or m,0H,/dp, + m,0H,/dp, = 0 ; 
but the latter alternative is possible only when m, and m, are both zero, or 
when the Hessian of H, is zero, which is not the case. It follows that all 
the coefficients A,, ,, are zero, except A,,.; and consequently ®, does not 
involve the variables q, and q,. 
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(v) Proof that the emistence of a one-valued integral is inconsistent with 
the result of (iii) in the general case. 

Consider now the equation 
‘ | (H,, ®,) + (A, ®,) = 0, 
0) S 0@, 0H, _ S 0H, dP, _ 

r= Opr 0g r=1 Opr 0g, 

As the functions H, and ®, are periodic with respect to q, q, they can 

be expanded in series of the form 


Heat SB et(m a +mM92) = J Brn €, say, 


™,Mpo 
12M, My, Mg 


Dra > Df me et (mq +M) = & C G 
M,, Mz zie 


mMm,, mM 
a%) 
My, Mg ? 


0. 


where m, and Ms are positive or negative integers, and the coefficients B,, 
and Cn m, depend only on p,, p,. We have therefore is 


o®, 


=a C0. m, €, 


0qr My, , M. Die Cah 
2 00H, 2 dH» d%, 
y=1 OP OG, — r=1 OPr Or 


2 
becomes = Br. im, c( SHG oe ee aee (3 i es) =() 


so the equation = (0 


A M, , Nie r=1 Opry M, , Mz Op, 
or (since this equation is an identity) 


o® o® OH, oH 
atae (m, 2p, + Mz = = Cram (m, con + Me, on 5 
This equation is valid for all values of py, po: and therefore for values of 
p, and p, which satisfy the equation 


OL eoli 
: m Opi ar Mz Op. = 0, 
we must have either rae 
Bei, = 0, or mM, a®,/Op; a Mo O®,/Op. = 0. 


We shall say that a coefficient By m, becomes secular when p,, p2 have 
values such that m,0H,/dp, + m.0H,/dp, = 0. 

As H isa given function, the coefficients Brym, are given. In the general 
case of dynamical systems expressed by differential equations of the kind we 
are considering, no one of these coefficients will vanish when it becomes 

secular, and we shall take this case first: so that the eyuation 
Mm, a®,/Op, or Mz O®,/ops 4 0 
is a consequence of the equation ™ 0H,/dp, + m2 0H,/dp. = 9. 
Now let k,, & be two integers: suppose that we give to p, and p, values 


such that the equation 
GH OL, 


k, Op, a k0pe 
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is satisfied. We can find an infinite number of pairs of integers m,, m, such 
that m,k,+m,k, is zero: and for each of these systems of integers the 
expression m,0H,/dp, + m,0H,/dp, is zero, and consequently 
« m,0®,/dp, + mz OP,/dp. 

_ is.zero. Comparing these two equations, we have 

0H,/Op, _ 0H /Ops 

O®,/op, d®P,/dp.’ 
so the Jacobian 0(H), ®,)/6 (p,, pe) is zero for all values of p,, p, for which 
0H,/dp, and 0H,/dp, are commensurable with each other. Thus in any domain, 
however small, there are an infinite number of systems of values of p,, p, for 
which this Jacobian is zero: as the Jacobian is a continuous function, it must 
therefore vanish identically, and consequently ®, must be a function of Hy. 
But this is contrary to what was proved in (ili), and therefore the funda- 
mental assumption as to the existence of the integral ® must be erroneous ; 
that is, the Hamiltonian equations possess no one-valued analytic integral 
other than H =h, provided no one of the coefficients B,, ,, vanishes when it 
becomes secular. 


(vi) Removal of the restrictions on the coefficients Br m,- 

We have now to consider the case in which at least one of the coefficients 
By,m, Vanishes when it becomes secular. We shall say that two pairs of 
indices (m,, m,) and (m,’, m,’) belong to the same class when they satisfy the 
relation m,/m, = m,/m,, and that in this case the coefficients B and 


; M1, Moy 
Br, ae belong to the same class. 


We shall first shew that the result obtained in (v) as to the non-existence 
of one-valued integrals is true provided that in each of the classes there is at 
least one coefficient B,, , Which does not vanish on becoming secular. For 


suppose that the coefficient B,, ,, 18 zero, but the coefficient B,,» 1 is not 


2M 1', Ma 
zero. If p,, p, have values such that m,0H,/op, + m,.0H,/ép, is zero, we have 
my 0H,/dp, + ms’ 0H,/dp, = 0, and consequently 
od oD o® o® 
Bitnn (m, on +m, a) =(), ae ao (m, on + Mz | =0, 
and although the relation m, 0®,/dp, + m,d0®,/dp, = 0 cannot be inferred from 
the former of these equations, it can be inferred from the latter: the proof is 


in other respects the same as in (v). 


Now a class is completely defined by the ratio of the indices m,, m,; let 
» be any commensurable number, and let C be the class of indices for which 
m,/m,=%. We shall say for brevity that this class C belongs to a given 
domain, or is in this domain, if a set of values of Pr, Po can be found in this 
domain such that 
0H, “ OH, | 


Xr 
OP: ODe 


0. 
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We shall shew that the theorem is still true if in every domain 8, however 
small, which is contained in D, there are an infinite number of classes for 
which not all the coefficients of the class vanish when they become secular. 


For take any set of values of p,, p:, such that for these values we have 


. Suppose that % is commensurable, and that for the class which corresponds 
to this value of X, all the coefficients of the class do not vanish when they 
become secular: the preceding reasoning then applies to this set of values, 
and so for these values of p, and p, the Jacobian 0(H,, ®)/0 (p:, ps) is zero. 
But, by hypothesis, there exists in every domain 6, however small, which is 
contained in D, an infinite number of such sets of values of p,, p,. The 
Jacobian consequently vanishes at all points of D, and therefore ®, is a func- 
tion of H,; so, as before, there exists no one-valued integral distinct from H. 


(vii) Deduction of Poincaré’s theorem. 
In the four preceding sections, we have considered equations of the type 
dq, 0H di, oO 
dt Op,’ dt gr 
in which H can be expanded in the form 
H=H,+y4H,+wH.+...; 
where the Hessian of H, with respect to p, and p, is not zero, H, does not 
involve q, and g.,an1 H,, H,, ... are periodic functions of q, q2: and we have 
shewn that no integral of these equations exists which is distinct from the 
equation of energy and is one-valued and regular for all real values of g, and 
gz, for values of « which do not exceed a certain limit, and for values of p, and 
‘p, which form a domain D; provided that in every domain, however small; 
contained in D, there are dn infinite number of ratios m,/m, for which not all 
the corresponding coefficients B,,,m, vanish when they become secular. 


(r= 1, 2), 


This result can be applied at once to the restricted problem of three 
bodies: for we have seen in (i) that the equations of motion in this problem 
are of the character specified, and on determining the function H, by actual 
expansion we find that the last condition is satisfied. Poincaré’s theorem is 
thus established. | 

Poincaré’s theorem establishes the non-existence of integrals uniform with respect to 
the Keplerian variables, which implies uniformity in the neighbourhood of all the tra- 
jectories which have the same osculating ellipse. This however does not exclude the 
existence of integrals which are uniform in domains of a different character. Cf., Levi- 
Civita, Acta Math. xxx. (1905), p. 305. 

The theorem has been extended by Poincaré to the general problem of three bodies : 
of, Nouv. Méth. de la Méc. Cél. 1. p. 253; it has also been extended by Painlevé, C.R. oxxx. 


(1900), p. 1699. 


Ww. D. 23 


CHAPTER XV 
THE GENERAL THEORY OF ORBITS 


166. Introduction. 

We shall now pass to the study of the general form and disposition of the 
orbits of dynamical systems. For simplicity we shall in the present chapter 
chiefly consider the motion of a particle which is free to move in a plane under 
the action of conservative forces, but many of the results obtained can be readily 
extended to more general dynamical systems. 

It has already been observed (§ 104) that the determination of the motion 
of a particle with two degrees of freedom under the action of conservative 
forces is reducible to the problem of finding the geodesics on a surface with a 
given line-element; an account of the properties of geodesics might therefore 
be regarded as falling within the scope of the discussion. Many of these 
properties are however of no importance for our present purpose: and as the 
theory of geodesics is fully treated in many works on Differential Geometry, 
we shall only consider those theorems which are of general dynamical interest. 


167. Periodic solutions. ; 

Great interest has attached in recent years to the investigation of those 
particular modes of motion of dynamical systems in which the same configura- 
tion of the system is repeated at regular intervals of time, so that the motion 
is purely periodic. Such modes of motion are called pertodic solutions. The 
term periodic solution is also used in cases where a relative rather than an 
absolute configuration is periodically repeated: thus in the problem. of three 
bodies, a solution is said to be periodic if the mutual distances of the bodies 
are periodic functions of the time, although the bodies may not necessarily 
have the same orientation at the end of a period as at its beginning. 


The periodic orbits described by a spherical pendulum have been studied by A. Emch, 
Proc. Nat. Ac. Sez. tv. (1918), p. 218 and Téhoku Math. J, xv. (1919), p. 146. 


168. A criterion for the discovery of periodic orbits. 
We shall now shew that the existence and position of periodic orbits can 
be determined by a theorem* analogous to those theorems which furnish the 


* Whittaker, Monthly Notices R.A.S. uxt. (1902), p. 186. Cf. A. Signorini, Rend. d. Lincei, 
xxI, (1912), p. 36; Rend. d. Palermo, xxxtt. (1912), p. 187; L. Tonelli, Rend. d. Lincei, xx1. 
(1912), pp. 251, 332. 
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position of the roots of an algebraic equation by considerations depending on 
the sign of expressions connected with the equation. We shall for simplicity 
suppose the dynamical problem considered to be that of the motion of a 
particle of unit mass in a. plane under the action of conservative forces: the 
result can be extended to more general systems without difficulty*. 


Let (x, y) be the coordinates of the particle at time ¢, referred to any fixed 
rectangular axes in the plane, and let V (a, y) be its potential energy function, 
so that the equation of energy is 


a(# +9) + V(a,y)=h, 
where fh is the constant energy. 


The differential equations of motion of the particle form a system of the 
fourth order, and their general solution consequently involves four arbitrary 
constants. One of these constants is, however, merely the constant additive 
to t, which determines the epoch in the orbit, so there are only 0 ® really 
distinct orbits. This triple infinity of orbits can be arranged in sets, each 
containing a double infinity of orbits, by associating together those orbits for 
which the constant of energy has the same value h: such a set of 0? orbits 
may be defined analytically by the, principle of least action (§ 100), namely 
that the orbit between two given points (a, y) and (#,, ¥;) is such as to make 
the value of the expression 


[ - Ve yt doy + yy 


stationary as compared with other curves joining the given terminal points 
(%, Yo) and (%, :)T- 


Consider any simple closed curve C in the plane of zy; and let another 
simple closed curve C’ be drawn, enclosing C and differing only slightly from 
it. We may regard 0’ as defined by an equation of the form 


Sp=$(%), 
where Sp is the normal distance between the curves C and C’ (measured out- 


wards from C, and consequently always positive) and y is the inclination of 
this normal distance to the axis of «. Then if I be the value of the integral 


[Views (aay + Cay, 


when the integration is taken round the curve C, and if J+ J denote the 
value of the same integral when the integration is taken round the curve C’ 


* For the extension to the restricted problem of three bodies, cf. Monthly Notices R.A.S. ux1. 


(1902), p. 346. 7 
+ Following Painlevé, Liouville’s Journal, x. (1894), it is customary to cail a family of orbits 
which have the same constant of energy a natural family. 
| 25—2 
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(so that the symbol § denotes an increment obtained in passing from C' to C’), 
we have 


BL =| [(da)+ (ayy 85 h— Vey + | (h— Vw) (aay + (ayy 


But we have 
_1/0 
3 {h—-V(ap =F (h- Vey} # (3 de +5 dy) 


=—3{h-V(a, yy? 4 cos y + a 1) Sp, 
and 3 {(de) + (dy)"}3 = 8p. dy = °P(day + (dy), 


p 
where p is the radius of curvature of the curve C at the point (2, y). 


Thus we have 
a1 = | (da) + (dy? th Vey) 4 
This equation shews that if the quantity 


h—V(a,y) _ 
p 


is negative at all points of C, then SJ is negative, and so the integral J has 
its value diminished when any curve surrounding C and adjacent to C' is taken 
instead of C as the path of integration. 


Now suppose that another simple closed curve D can be drawn enclosing 
C, and such that at all points of D the quantity 
h—-V ( oV *) 


ao bast CO yoo, 


is positive. Then, in the same way, it can be shewn that the integral J is 
diminished when any simple cloged curve D’, enclosed by D and adjacent to 
D, is taken instead of D as the path of integration. 


When, therefore, we consider the aggregate of all simple closed curves 
situated in the ring-shaped space bounded by C and D—which is assumed to 
contain no singularity of the function V (#, y)—it is clear that the curve 
which furnishes the least value of J cannot be C or D, and cannot coincide 
with C or D for any part of its length. There exist, therefore, among. the 
simple closed curves of this aggregate, one or more curves K for which the 
valué of J is less than for all other curves of the aggregate. Since K does 
not coincide with C or D along any part of its length, it follows that the 
curves adjacent to K are all members of the aggregate in question, and hence 
that the curve K furnishes a stationary value of J as compared with all the 
curves adjacent to it, The curve K is therefore an orbit in the dynamical 
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system. We have thus arrived at the theorem: Jf one closed curve be 
enclosed by another closed curve, and if the quantity 

h-V(a 

ee sin y 
be negative at all points of the inner curve and positive at all points of the outer 
curve, then in the ring-shaped space between the two curves there exists a periodic 
orbit of the dynamical system, for which the constant of energy is h. As the 
quantity 


OV OV 


h-V 
Jey) ner, 


) 

ae 2 COS ¥ a 
can be calculated immediately for every point on the curves C and D, de- 
pending as it does only on the potential-energy function and the curves 
themselves, this result furnishes a means of detecting the presence of periodic 


orbits. 


169. Asymptotic solutions. 

It sometimes happens in dynamical systems that motion in one orbit 1s 
asymptotic to motion in another, i.e., continually approaches more and more 
closely to coincidence with it as the time increases, just as a particle describing 
the curve whose equation in polar coordinates is 


ar 


continually approximates to motion in the circle r =a, as @ increases indefinitely. 
In particular, we may have orbits which are asymptotic to periodic orbits, so 
that the motion, which originally bears no resemblance to periodic motion, 
approximates more and more nearly to periodic motion as the time tends to 
infinity. Such a motion is called an asymptotic solution*™. 


We can of course have also a second kind of asymptotic solution which 
differs widely from a periodic solution when ¢-> + ©, but approximates to it 
fort» — : in fact, if a periodic orbit is unstable, the path of a particle which 
is slightly disturbed from the periodic orbit will evidently be an asymptotic 
solution of this kind. 

As we shall see in the next article, solutions also exist which belong at 
the same time to both of the classes of asymptotic solutions, i.e., they are very 
nearly periodic when t-> + 2 and {->— 0, but differ widely from periodic 
orbits in the meantime. These are called doubly-asymptotic solutionst. 


170. The orbits of planets in the relativity-theory. 
Excellent illustrations of periodic and asymptotic orbits are provided by 
the paths which small particles (“planets”) describe in the gravitational field 


* Of. Poincaré, Méth. Nouv. 1. Ch. viz: Picard, Traité @ Analyse, 11. Ch. vit. 
+ Poincaré, Acta Math. xi. p. 225: Méth. Nouv. m1. Ch. xxxu. 
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due to a single attracting mass (the “sun”), when the Newtonian law of gravi- 
tation is replaced by the more accurate and philosophical laws belonging to 
the general relativity-theory. 


Take the origin of codrdinates at the sun, and let the position of the planet 
in the plane of motion be specified by two coordinates (r, @) which may be 
plotted as ordinary polar coordinates (though strictly speaking the distance 
of a point from the origin is represented not by r but by a certain function 
of r). Denote the time by ¢, and let ds* be defined as equal to the quadratic 
differential form 


oo (1 = 2) 1p Oe agge 
r. a 


ive 
r 


where c denotes the velocity of light in free space and q@ is a constant de- 
pending on the mass of the sun. Let 


T=40(1-2)\t>—4 
i 


where accents denote derivatives with respect to s: then it is shewn in 
treatises on Relativity that the equations which determine the orbit of the 
planet are the Lagrangian equations 


a On) _ at _ 
ds\or'} or’ 
+(5 oF _ 
| ds 98) 307 a 
| dat, af 
aaa) ~ 37° 
; or or 
The last two of these equations give at once agi Constant and ay = Constant, 
or a 
ds VB’ 
(1 ss | ae 
r)/ds cB 


where k and £ are constants. 


Substituting from these equations in the equation 


ds* = ¢? (1-2) Gy are 
r 1% 


we have a = Brt + ies ey ‘| de?, 
a 
Ce 
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so writing w for 1/r, the differential equation of the orbit of the planet is 


Gal a 2 —(1—au) (8 +w’). 


Since the expression on the right-hand side is a cubic polynomial in w, this 
differential equation may be integrated in terms of elliptic functions: putting 


es U+ a ; 
a 3a 
the equation becomes 
dU 
(Gq) = 40" 9.09. 


where 
ral ap aud eepeic re) a? k? 
= 19 vas" 216" 24 160% 
The integral is therefore 
U=9(0+C) 
where C denotes a constant of integration; so the equation of the orbit in terms 
of the coordinates r and 0 1s 
Sih pga 
4r 12 


Among these orbits we shall consider specially the following: 


+0(04+C). 


(i) Quasi-elliptic orbits. 

When g, and g, are real and the discriminant A =g,'—279;° is positive, 
' the three roots @&, @, @, are all real: let them be arranged in the order 
€,>@;>@. Then 


° dz 
o,= | is purely real, 


1 


a: (42° — go — gs)* 


41 


-¢, (423 — Jo2— gs)” 
Under these circumstances, for the orbit whose equation is 


rae dz : te 
and y= i| is purely imaginary. 


SP 


4r 


1 d (1 d/l 
Baigte gols)-% awl)<° 


a Il d /l a? ) 

= — = =—{-)J= — | - > 0, 

Se Ber aig (2 aa(;) ° e 

so there is a pericentre at @=0 and an apocentre at 0 = ,, provided +5 + és 
is positive, a condition which is readily found to be equivalent to CB >k’. 
For such orbits, the radius vector r oscillates between the two fixed finite 


1 
12 + ? (0 — @3 ), 
we have 

when 0=0, 


so that the planet’s orbit is comprised between 


] ® _ and E 
values ———— é 
4 a 4e. 4 + 4e, . 
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two concentric circles whose centres are at the sun: the motion of the planet 
in fact has a general resemblance to elliptic motion under the Newtonian law, 


except that there is a progressive motion of the apsides: between the con- 
secutive pericentres or apocentres, the increment in the angle @ is not 27 as 
it is under the Newtonian law, but 2w,, which differs from 27. In our actual 
planetary system, however, the difference 2, — 27 is too small to be observed 
except in the case of the planet Mercury. 

Evidently these “quasi-elliptic orbits” as we may call them, are periodic 
whenever , is commensurable with 7. Thus we obtain a family of oo? periodic 
orbits which have a pericentre on the line 6 =0, or taking account of the fact 
that rotations round the origin transfer orbits into orbits, we have « * periodic 
orbits of this class. 

(ii) Orbits doubly-asymptotic to circles. 

Suppose now that the constants k and @ (which depend on the initial 
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conditions) are such that the discriminant A is zero, so that two of the roots 
€, &, €; are equal. Let e be the repeated root, so the other root is — 2e; when 


é is positive, putting 3¢=n’, we find readily that the differential equation is 
satisfied by 


Cee ia n? 
ar 12+ 3” cosh'nd’ 
There is an apocentre at 0=0 if this gives a positive value for r, that is, if 
8n?< 1, a condition which is readily found to be equivalent to a8 >t. 
When 0 increases or decreases indefinitely, the orbit approaches spirally to 

the asymptotic circle 

Co ated Nag 

ar 12°83 
which is interior to the orbit. As n? lies between 0 and 4, the radius of the 
asymptotic circle lies between 3a and 2a. 


(iii) Circular periodic orbits. 
If in the quasi-elliptic orbits we suppose the aphelion distance to be equal 


to the perihelion distance, we obtain a circular orbit. In this case @= és, 
where e, and e; are the smaller roots of the cubic: the discriminant A is zero, 


and the repeated root of the cubic is negative, so ic < i and therefore, the 


radius of the circular orbit, if it is a limiting case of a quasi-elliptic orbit, must 
be > 3a. 

We can however have a different class of circular orbits, for which the 
radius is <3a, namely the circles to which the asymptotic orbits discussed 
under (ii) are asymptotic: for these the repeated root of the cubic is positive. 
These circular orbits for which r< 8a wre unstable, since orbits exist which are 
spirally asymptotic to them. 


171. The motion of a particle on an ellipsoid under no external forces. 


As a second example illustrating the general theory of orbits, we shall 
consider the motion of a particle on the surface of an ellipsoid under no ex- 
ternal forces. As we have seen in §54, the particle describes a geodesic on 
the surface, so the theory of the orbits is simply the theory of the geodesics 
on an ellipsoid, and the periodic solutions are simply those geodesics which 
are closed curves. Now for a geodesic on an ellipsoid we have Joachitnstal’s 
equation 

pd = Constant, 
where p denotes the perpendicular from the centre of the ellipsoid on the 
tangent-plane at the point, and d is the diameter parallel to the tangent to 
the geodesic at the point. The same equation holds for the lines of curvature 
on the ellipsoid; so that every geodesic may be associated with a line of 
curvature, namely, that line of curvature for which pd has the same value as 
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it has for the geodesic. We shall speak of the geodesic as “belonging to” 
the line of curvature. There is only one line of curvature having a prescribed 
value for pd, but there is an infinite number of geodesics having this value 
for pd, so that an infinite number of geodesics “belong to” each: line of cur- 
vature. Now the line of curvature consists of two closed curves on the ellipsoid 
(being in fact the intersection of the ellipsoid with a confocal quadric): the 
region between these two portions of the line of curvature is a belt extending 
round the ellipsoid: and all the geodesics which belong to this line of curvature 
are comprised within this belt*, and touch the two portions of the line of 
curvature alternately. The matter is represented schematically in the diagram, 
where ABCDEF and PQRSTU are the two portions of the line of curvature, 


and AJRKELPMCT is an arc of one of the geodesics belonging to it, touching 
one of the portions of the line of curvature at A, C, E, and touching the other 
portion at R, P, T. 

In order that the geodesic may be closed, it is necessary (as in all poristic 
problems) that a certain parameter (depending in this case on the value of 
the constant pd of the line of curvature) should be a rational number: the 
geodesic is unclosed if this parameter is an irrational number. If it is closed, 
then there are «1 other geodesics which belong to the same line of curvature 
and which are also closed; but if it is not closed, then no other geodesic 
belonging to this particular line of curvature can be a closed geodesic . 


Now consider the connection between the oo! members of the family of 
geodesics which belong to the same line of curvature. It is known (§ 144) 
that if 

$ (Qi, 92, Pr P2) = Constant 
* Ignoring the exceptional case of those geodesics which pass through an umbilicus. 

+ This is obvious in the case when the ellipsoid is of revolution: for then the two portions of 

the line of curvature are parallel circles on the surface, and the «1 geodesics which belong to 


this line of curvature are obtained from each other by mere rotation about the axis of 
symmetry. 
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is an integral of a dynamical system, then the infinitesimal contact-trans- 
formation which is defined by the equations 


op Ob 0 0 
) a PN GAS) § => —— =— op = op 
YANG Op, J2=€ dp, > 5p. € aga ; bps =—€E 33 


(where e is a small constant) transforms any trajectory into an adjacent curve 
which is also a trajectory. If we apply this theorem to the motion on the 
ellipsoid, we find without much difficulty that the infinitesimal transformation 
which corresponds to the integral 


pd = Constant 


transforms any geodesic into another geodesic which belongs to the same line 
of curvature. 


Summing up, we see that the 0? orbits of a particle moving on an ellipsoid 
under no external forces may be classified into 01 families, each family con- 
sisting of 01 orbits: the members of any one family are either all closed or all 
unclosed: and a certain continuous group of transformations, which is closely 
associated with the integral pd =Constant, transforms any orbit into all the 
orbits which belong to the same family. 


172. Ordinary and Singular periodic solutions. 


Still considering the motion of a particle on an ellipsoid under no external 
forces, we now observe that besides the geodesics which can be arranged in 
families, there are on the ellipsoid three other closed geodesics, namely, the 
three principal sections of the ellipsoid. These have quite a different character: 
they are solitary, instead of belonging to families: and the infinitesimal trans- 
formation which has just been mentioned transforms them not into other 
geodesics but into themselves—that is, they are invariant under the trans- 
formation. This last property suggests a resemblance with the theory of 
“singular solutions” of ordinary differential equations of the first order: for if 
a differential equation of the first order admits a particular infinitesimal 
transformation, then this infinitesimal transformation changes the ordinary 
integral-curves into each other, but it leaves invariant the singular integral- 
curve. On account of this resemblance a periodic solution (of a dynamical 
system with two degrees of freedom) is called* ordinary if it belongs to a 
continuous family of 00? periodic solutions for which the constant of energy 
has the same value, and which are transformed into each other by the in- 
finitesimal transformation belonging to a certain integral (this is specified more 
closely later on);: but a periodic solution is to be called singular if there is no 
periodic solution adjacent to it which corresponds to the same value of the 
constant of energy: the above-mentioned infinitesimal transformation leaves 
the singular periodic solutions invariant. 

It should be noticed that we have inserted the condition “for which the 


# Whittaker, Proc. R. S. Edinburgh, xxxvu. (1916), p. 95. 
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constant of energy has the same value.” If we suppose the constant of energy 
to vary,an “ordinary” periodic solution of a dynamical system with two degrees 
of freedom is in general a member of a continuous family of «? periodic 
solutions, over which the period varies continuously, being constant over 
singly-infinite sub-families. A “singular” periodic solution is a member of a 
family of 21 periodic solutions*, over which the period varies continuously. 


In the problem of the motion of a planet about a single attracting mass 
in general relativity (§ 170), the periodic “quasi-elliptic” orbits are “ordinary” 
periodic orbits, while the circular periodic orbits.are “singular.” 


There are marked differences between the properties of “ordinary” and 
those of “singular” periodic solutions. For instance, the “asymptotic solutions” 
of § 169 can exist only in connection with singular periodic solutions, and 
not in connection with ordinary periodic solutions: an illustration of this is 
again afforded by the theory of geodesics on quadrics; for the only asymptotic 
solutions among the geodesics of quadrics are those geodesics which wind 
round and round the hyperboloid of one sheet, becoming ultimately asymptotic 
‘to the principal elliptic section of the hyperboloid: and this elliptic section is 
a singular periodic solution. j 


The words “ordinary” and “singular” suggest that the “ordinary” periodic 
orbits occur most frequently, while the “singular” orbits are exceptional: and 
indeed we find this to be true, so long as we confine ourselves to studying 
the soluble problems of dynamics. It is therefore with some surprise that we 
learn—what was first shewn by T. M. Cherry in 1927—that for Hamiltonian 
‘systems with two degrees of freedom in general there are no “ordinary” 
periodic solutions: all the periodic solutions.are “singular.” The explanation 
of the apparent paradox is that a Hamiltonian system is in general insoluble, 
and for insoluble systems the periodic orbits are of the “singular” type. 


The paradox may be compared to a familiar one in the theory of partial differential 
equations. Ifa partial differential equation of the first order 


F (4 Ys % Py Y =O : 
is given, the student is told that by eliminating p and g between the three equations 


il (te ine g aes 

Meee ea scx 
he will obtain in general an equation F'(«, y, 2)=0 which represents the singular solution © 
of the partial differential equation: and he finds that, for the particular partial differential 
equations which are given in text-books, this statement is true. Nevertheless, as was 
shewn in 1883 by Darboux, a partial differential equation of the first order im general does 
not possess a singular solution: the equation /'(z, y, z)=0 in general represents the locus 
of the cusps of the characteristics. The apparent contradiction between the student’s ex- 
perience and Darboux’s theorem is explained by the circumstance that the equations given 


as examples in the text-books have mostly been manufactured by starting with a complete 


* The case of motion on a surface under no external forces is exceptional, as in it the value of 
the constant of energy is immaterial, 
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integral which represents a family of surfaces, and eliminating the two arbitrary constants : 
and a partial differential equation formed in this way does in general possess a singular 
solution, namely the envelope of the surfaces represented by the complete integral. 


Cherry’s theorem on periodic orbits and Darboux’s theorem on partial differential 
equations alike warn us not to take the properties of the more familiar “soluble” systems 
as representative of the properties of systems in general. 


’ 


173. Characteristic exponents. 


The stability of types of motion of dynamical systems may be discussed 
by the aid of certain constants to which Poincaré has given the name charac- 
teristic exponents*. 

Consider any set of differential equations 

dx; rad 
where (X » X,, ..-, Xn) are functions of (%, 22; -.-, a») and possibly also of ¢, 
having a period 7'in t; and suppose that a periodic solution of these equations 
is known, defined by the equations 


a= SZ F vee a); 


x, = $i (t) (tc 1,25)..>5.22), 
where gi(t+T)=¢9: (6) (t=1, 2,...; 2). 
In order to investigate solutions adjacent to this, we write 
ms = pi (t) + Fi (= (eoteten), 
where (&;, &, ---, &n) are supposed to be small, and are given by the variational 
equations (§ 112) 
Mi 3 aS (ia 183 deren 


As these are linear differential equations, with coefficients periodic in the 
independent variable ¢, it is known from the general theory of linear differential 
equations that each of the variables £; will be of the form 

nN 
; ete’ Si, 
k=1 
where the quantities Sz denote periodic functions of ¢ with the period 7, and 
the n quantities a, are constants, which are called the characteristic exponents 
of the periodic solution. 

Tf all the characteristic exponents are purely imaginary, the functions 
(E,, Ee, --+» En) can evidently be expressed as sums and products of purely 
‘periodic terms; while this is evidently not the case if the characteristic 
exponents are. not all purely imaginary. Hence a necessary condition for 
stability of the periodic. orbit 1s that all the characteristic exponents must be 
purely imaginary. & 

* Acta Math. xu. (1890), p. 1; Nouv. Méth. dela Méc. Cél.1. (1892). On the general problem 
of stability the reader should consult the extensive memoir of A. Liapounoff, originally published 
in 1892 by the Math. Soe. of Kharkow, and translated into French by E. Davaux, Annales de 
Toulouse (2), 1X. (1907), p- 203. 
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We shall now find the equation which determines the characteristic 
exponents of a given solution. 

In one of the orbits adjacent to the given periodic orbit, let (8,, Be, ..., Bn) 
denote the initial values: of (£,, &, ..., &,) and let B; +; be the value of &; 
after the lapse of a period. As the rence: (4h,, We, .--, Wp) are one-valued 
functions of (8,, Bz, ..-, Bn), Which are zero when (A;, B, ..+, Bn) are all zero, 
we have by Taylor’s theorem (neglecting squares and products of 8,, Pz, ..., Bn) 


vi= ao B+ +P +595 Bn (i=1, 2,..., m). 


If a, is one of the characteristic exponents, one of the adjacent orbits will 
be defined by equations of the form 


E, =e Sy, &, =e Su, cory E, = er! Dak; 
‘so that Bit hi = 0% Sa, (0) = 6%? B; (i=1, 2, ..., n), 


and Hees a set of values of 8,, 82, ..., Bn exists for which the equations 


ap, * 3B, 
sat 2, ee) 
are satisfied: the quantity a, must therefore be a root of the equation in a 
avis Gear me Ons oe 
a6, +l-ée 0a mae ae a6, 
OW, OY T OW, 
aa ye oe a ee RC es — 
0 = 9B, OB, 
Ove ots 
22, BQ, ser treetees 


The characteristic exponents are therefore the roots of this determinantal 
equation*. 
174. Characteristic exponents when t does not occur explicitly. 


When ¢ is not contained explicitly in the functions (X,, X,, ..., Xn), it is 
evident that if 


x; = d;(t) (t= 1, 2, ..2, n) 
is a solution of the equations, then 
= hi(t+e) (@=1, 2, ..., n) 
is also a solution, where ¢ is an arbitrary constant. The equatiens 
0 
Ei= = oi (t+) (t=1, 2, ..., n) 


* Of. H. F. Baker, Proc. Camb. Phil. Soc. xx. (1920), p. 181. 


173-175} ‘The General Theory of Orbits 399 


therefore define a particular solution of the variational equations; but as 
0; (E+ €)/de is evidently a periodic-function of ¢, it follows that the coefficient 
e*** reduces in this case to unity: and hence when t is not contained explicitly 
in the original differential equations, one of the characteristic exponents of every 
periodic solution is zero. 


175. The characteristic exponents of a system which possesses a one-valued 
untegral. 
Suppose next that the system possesses an integral of the form 
F (a, a, ..., %,) = Constant 
where F' is a one-valued function of (a, #,..., 2,) and does not involve ¢. In 
the notation of the last article, we have 
F {$;(0) + Bi + Wi} = F {hi (0) + Bi} 
where for brevity F'(«;) is written in place of F(a, a2, ..-, Tn). Differentiating 
this equation with respect to B;, we have 
aE Oy; OF ya yy OF hn 
0x, 08; 0a, 0B; 08 OB: 
where in 0F /da,, dF /da,, etc., the quantities (a, #2, ...,%n) are to be replaced 
by ¢, (0), $2 (0), ..-,bn(0). From these equations it follows that either the 
8 (Wi, Was ++) Wn) - oF oF or 


is zero, or else the quantities — , —, ~— are all 
A Ba Pats Po) 4 der,’ dar, 


Lips 
zero when t= 9. 


0 (¢=1,2,...,n); 


Jacobian 


Now if the latter alternative is correct, we see that (since the origin of 
time is arbitrary) the equations 
CL ony CEE rip t Aeon penal Mbea (1) 
Ow, 0X, 
must be satisfied at all points of the periodic solution. This actually happens, 
e.g., in the case of the circular periodic orbits of a planet round a single 
attracting mass in general relativity (§170 (iii)): for the general differential 
equations connecting the radius r with the time ¢ in motion round the attracting 


F - eal dr 
mass are readily seen from §170 to be (writing p for Tain a) 


and these equations possess the one-valued integral 
1 
erp a= —_ pp ee dh + = B 3 


Cpe 
# (1-2) e(1-2) as 
r r 
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If this integral is written F(r, p) = Constant, it is easily verified that for a 
circular orbit we have 
oF oF 


ane) and ap = 


which shews that for these circular periodic orbits the conditions (1) are 
satisfied. 

However, it is evidently only in quite exceptional cases such as this that 
the conditions (1) are satisfied at all points of the periodic solution, and the 
other alternative, namely that the Jacobian 0 (wy, to, ---, Wn) / 0 (Bi, Bes +s Bn) 
vanishes, must be in general the true one: but when the Jacobian is zero, the 
determinantal equation for the characteristic exponents is evidently satisfied 
by the value e#7 = 1, i.e. bya=0: so that one of the characteristic exponents 
is zero. Thus in general, if the differential equations possess a one-valued 
integral, one of the characteristic exponents 1s zero. 

Another way of arriving at this theorem, in the case when the equations 
are those of a dynamical system, is as follows: by § 144, if the system admits 


the integral 
D (Gis Yas *+0> Uns Pry +++) Pn, t) = Constant, 


then the variational equations are satisfied by 
By = est apr=— est (r=1, 2-201; 2), 

where ¢ is a small constant: but these values of Sg, and 5p, are periodic when 
the orbit whose variations are studied is a periodic orbit; and therefore the 
corresponding characteristic exponent is zero, which proves the theorem. The 
only exception is when the periodic orbit is transformed into itself by the 
infinitesimal transformation corresponding to the integral,—which again gives 
us the exceptional case of “singular” periodic orbits. These are, in fact, the 
Levi-Civita particular solutions (§ 149) belonging to the integral. 

Example. If the differential equations do not involve the time explicitly, and possess 


p one-valued integrals 7, ..., 4, which do not involve ¢, shew that either (»+1) charac- 
teristic exponents are zero, or that all the determinants contained in the array 


oF, F 
am, (*=1, 2,...,9;4=1, 2, ..., 2) 
are zero at all points of the periodic solution considered. (Poincaré. ) 


176. The theory of matrices. 

In the next article it will be necessary to make use of matrices: the elementary notions 
of the theory of matrices will therefore be given here for the benefit of readers who have no 
previous acquaintance with it. 


Consider any square arra 
ys y My yg” (Ag secunes Ain! 


Gq, Ag, gg seaceee Aan 


FOC oe Cero Or eoesereseresetes 
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formed of ordinary (real or complex) numbers a@,,, which will be called the elements. This 
array will be called a matrix, aud may be denoted by a single letter A or by the notation 


(4pq)- It may be thought of as representing an operation, namely the operation of per- 
forming the linear substitution 


Yr= Uy Ly + Ayg Lo+ ...00e + An Ln; 
Y2= Ag, LX + Age Lot ...... +e Ln, 


Pee eee eee ese res eseseresseesoesaressssouee 


Yn = Any U1 + Ang Ho+ 0.0... + Ann En: 


but the theory of matrices is based’on the idea that a matrix is a number, in the general 
sense of the word number, so that matrices may be added, multiplied, etc. Two matrices 
A=(@p,) and B= (b,,) are said to be equal when their elements are equal, each to each: 
‘that 18, @pq=Opq for p, g=1, 2,...,. The product BA of any two matrices B=(b,_) and 
A = (pq) is defined to be the matrix which has 


bp1 qt bye gt by3 Azggt ... + bon Ong 


as the element of the pt» row and g** column. The matrix BA corresponds to the operation 
of performing the substitutions A and B in succession. 


Matrix multiplication does not in general satisfy the commutative law: that is, AB 
and BA are in general two different matrices. But matrix multiplication satisfies the 
associative law 

A(BO)=(AB)C. 

The matrix 


+ Cees ecesseeveeeeoee 


is called the wnt matrix and is denoted by Z. The matrix B such that BA=E is called 
the reciprocal matrix of A, and is denoted by A~!. The matrix which is obtained from 
A by interchanging its rows and columns is called the conjugate matrix of A, and is denoted 
by A’. 


If A=(a,,) is a matrix, the roots of the determinantal equation in 7 


My—-7T Ae Og ncctatesdetce =0 
Qo aAg—-? 9g sencccecveccsee 
Aporsesevccees dbeveerseeceevones Ann —7 


are called the latent roots of the matrix A. One of the chief theorems of the theory of 
matrices is Sylvester's law of latency, viz., that if 11, 72, .--5 7% are the latent roots of a matrix 
A, then the latent roots of any function of A, say f(A), are SF (t1)) F(72)s +++ fn). In particular, 
the latent roots of the matrix A-} are the reciprocals of the latent roots of A. 


If A be a matrix, and S another matrix, the matrix SAS~} has the same latent roots 
as A. 

(It will be understood that the above theorems have been stated in their general form 
without referring to exceptional cases. ) 


W.D. 26 
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177. The characteristic exponents of a Hamiltonian system. 

Consider now in particular a conservative dynamical system which for 
simplicity we shall suppose to have two degrees of freedom. The equations of 
motion may be written: 

dq; _@H dq _0H dp, __0H  dpe__ 0H 
cts Op aeadetie Ops.) an Ob “i OG iam tt 02’ 
where H isa given function of (q1; qe, 1,2). Suppose that this system admits 
a periodic solution 
n=O, =O, M=PiO, P=PrO, 
and let an adjacent solution be represented by 
H=%4&, G=%+& p=Pt+n, Pr= Prt os. 
Then the equations to determine (&,, &, #1, 2) are evidently 
(ise ei POR Gaal CH oH 
dt oe gE, Op, On ar op, Oe i By Op? + W, Op, Ops aislevateieelersie e716 (1), 
and three similar equations. 
Let (&,, &’, a’, @’) be ahother solution of these equations, so 
de 7 OE Mage OH Aetigs | 
dt a Opi 0% +b Op: 04s i om, Op? ie Op; Ops (2), 
and three similar equations. 
Multiply equations (1) by ay’, a’, — &, — &, respectively, and the equa- 
tions (2) by — a, — a, &,, &, respectively, and add. We obtain ~ 


d A 4 ue (2 
Gem + & a, —&; @,— & @) = 0, 


and hence the integrated equation 

Ea, + &,0,/ — &,'a, — &, wo, =Constant ............... (8). 
Now the values, which (£,, &, 7, #2) acquire when t is increased by a complete 
period 7; are linear functions of their values at the beginning of: the period: 
let the transformation which gives the values at the end of a period, (&, E,, 
@,, @,), in terms of the values at the beginning of the period, (£,, &, 71, #2), be 


Fi= a E,+ bot M301 + TuPe, 
Eo=ta E, + 100 Ea + 1291 + 4 Be, 
@ = 7 Ey + Te Fst 191 + 14, 
Be= THE, + Pe bs + gO + V4 Fo. 
cbr npc iyieem 
2. De , and therefore 
gE, ow + Foor — Ea, — &, a, 
= (ni + be t+ 131 + 14 Be) (Ta Ey + 15 Fe + 5381 + 134g’) 
+ three similar products. 


17 
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Equating coefficients of &, &’ etc. in this equation, we have a set of equa- 
tions which are comprehended in the matrix-equation | 


Ome O ms tee O 
0 00 1 
-1 000 
0-1 0 0 
0 — 131712 — Tar222F 7 117%32+a%92 — 131713 — 7417234711733 +721743 + 
— 1397 11-7427 21 + 12731 + 120741 0 — 132713 — 742793 +1 12733 + 722743 +++ 


\ 


The matrix on the right-hand side is equal to 


Te Tt = ee LT es othe Tye? Mis is 
=Te —=Te Tig - Ta To Yo. 13 Tog 
eh ee Ye A) Ys, Ys. 133 34 
UE NATE eS La Ta Ta. Tag Tag 
or to 
Tee Eee ye 0) 205 15 0 ie (Py hin Ga 
Tis Ym Te Tin 0 0 0 1\NM ra Te Ts Te 
ee AER. MY Hae -1 0 0 0 pee EP ee OE 
(SA EE ee OP 0-1 0 0 ne TR EP OF 
Therefore denoting the matrix 
0 0 1 0 
One Ow Oseel 
-1 00 0 
0-1 0 0 


by S, we have S= R’SR, where R’ denotes the matrix conjugate to R; and 
therefore (R’) = SRS“, 


_ This equation shews that (R’) has the same latent roots as R, and 

therefore that R- has the same latent roots as A, and therefore that the set 

of the latent roots of Ris the same as the set of their reciprocals: the reciprocal 

of every latent root of R is itself a latent root of R. Now if there exists a 

linear combination 7 =a, + B& + yai+ 5a, of (&, &, 1, 2), such that its” 
value # after completing a period satisfies the equation 


= dy 
then on writing down the equations which express this condition, it follows at 


once that » must be a latent root of the matrix R. But as we have seen in 
the last article, any solution of the equations (1) is of the form 


x evk! Sz (t) 
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where the a;’s are the characteristic exponents and the S;’s are periodic 
functions of ¢ of period 7’; and equation (4) can be satisfied by an expression 
of the form (5) only when » involves a single one of the characteristic exponents, 
say : 
9 = OE Sy (b) cdeoes tesoseousencapys agree: 
Substituting from (6) in (4), we have 

N= en!, 


so the latent roots of the matria R are the quantities e*«T, where the a's are the 
characteristic exponents. 


Thus the result that the set of latent roots of R is the same as the set. of 
their reciprocals now yields the theorem that when the differential equations 
form a Hamiltonian system, the characteristic exponents of any periodic solution 
may be arranged in pairs, the exponents of each pair being equal in magnitude 
but opposite in sign*. 

From the results of this article and § 174 it is evident that on the motion 
of a particle in a plane under the action of conservative forces, the characteristic 
exponents of any periodic orbit are (0, 0, a, —a), where a ts some number. 


Example 1. Shew that, in the motion of a particle in a plane under the action of con- 
servative forces, if Un, Un+1) Ung Aenote the normal displacements in an orbit adjacent to 
a known periodic orbit in three: consecutive revolutions, the ratio k=(Unz2+Un)/Un+1 has 
a constant value, which is the same for all adjacent orbits. 

(Korteweg, Wiener Sitzungsber. xciit. (1886).) 

This number £ is called the index of stability of the periodic orbit. Let the characteristic 
exponents of the periodic orbit be (0, 0, a,- a): then the characteristic exponent a is con- 
nected with the index of stability / and the period 7’ by the equation 


k=2coshaTZ. 


Example 2. Shew that (so far as the question of stability is determined by considering 
small displacements) a periodic orbit is stable or not according as the associated index of 
stability is less or greater (in absolute value) than two. 


This of course corresponds to the fact that the orbit is stable or unstable according as a is 
purely imaginary or not. 


Example 3. Discuss the transitional case in which the index of stability has one of 
the values +2: shewing that the equation of the adjacent orbits is of one of the forms 
u= Ky {p (8) + sy (s)} + Kev (s), 
u=K, d (s)+ Ke (s), 


where ¢ and y either have the period § (denoting by s the arc in the periodic orbit, when 
S denotes its complete length), or satisfy the equations 


$(s+S)=—-G(8), H(s+S)=—yp(s), 
and that the known orbit may be either stable or unstable. (Korteweg.) 


* This theorem is due to Poincaré, Méc. Cél. 1. (1892), p. 193. 


n 
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i 8. Lhe asymptotic solutions of §170 deduced from the theory of charac- 
teristic exponents. 

We shall now shew how those orbits of planets in the general relativity- 
theory, which (§ 170) approach spirally to an asymptotic circular orbit, may be 
obtained by considering the characteristic exponents of this circular orbit. 
Writing down the equations of motion, namely (§ 170) 


d rr’ lac? , ar’ : 
2 gf, sala Netettae dP yi Sle Le Oe |e (1), 
a ( 3) oh ae(1 2) 

r r 


| ==, fe win (3), 
and eliminating s and @ between them, we obtain 
1 @r 3a diy lac dé\? 
2? ay gaa —7 (a) =a (iene tae (4), 
while from (2) and (3) we have 
Ps a 
adets & be 


and differentiating this, 
AEN ee Som 0 pe Me ah (5). 


de didt | _ adi dt” 
r 


Equations (4) and (5) are the equations of motion when r and @ are taken as 
dependent variables and ¢ as independent variable. If r=1r,(¢), 0= 4 (é) are 
' the equations of an orbit, then in order to determine the small oscillations 
about this orbit we put 


, r=r(t)t+& @=8()+m 
and neglect the squares and products of and ». The characteristic exponents 
are found by solving the differential equations in & and 7. 
In particular, if the orbit is circular and of radius 7), we must have 


dr Gr ~ 
oe and qa Os When r=", 
and therefore by (4) 


re? Oy = dac?. 


The equation in & now becomes, after a simple reduction, 


DE ae? (1 He =<) EOP ee ee (6). 


dt? Pipe To 
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It is evident from this equation that a circular orbit can be stable only 
when its radius is greater than 8a, as we found in §170. When the radius is 
less than 8a, the solution of equation (6) is of the form 


er tors (Fe-3)} 4 ot tr ea enemas (7). 


The characteristic exponents being + ion (=- if the two terms on the 
right-hand side of (7) correspond to the two types of asymptotic solution to the 
circular orbit, namely the type which approaches the circle by a right-handed 
spiral and the type which approaches by a left-handed spiral. It appeared from 
§170 that a planet moving away from the circular orbit in a right-handed 
spiral, when it attains a certain distance from the attracting centre, passes 
through an aphelion, after which it moves in again asymptotically towards the 
circular orbit in a left-handed spiral: but of course this fact cannot be inferred 
by the mere consideration of characteristic exponents. 


179. The characteristic exponents of “ordinary” and “singular” periodic 
solutions. 


We have seen (§ 177) that in a dynamical system with two degrees of 
freedom, the characteristic exponents of any periodic orbit are (0, 0, a, — a), 
where a is some number; and in the last article we have seen that for the 
circular periodic orbits of a planet in general relativity-theory, which are 
“singular” orbits, the quantity a is not zero. On the other hand for the 
quasi-elliptic orbits (§ 170), which are “ordinary” orbits, and for which conse- 
quently the period is constant over a singly-infinite sub-family, a is zero. This 
result is true for Hamiltonian systems with two degrees of freedom in general: 
for “ordinary” periodic solutions, all the characteristic exponents are zero*: but 
for “singular” periodic solutions, two exponents are zero and the other two are 
+a, where a is not zero and varies continuously over the family of singular 
periodic solutions. 


180. Lagrange’s three particles. 


We shall now consider specially certain periodic solutions of the problem 
of three bodies. 


Let the equations of motion of the problem be taken in the reduced form 
obtained in § 160, and let us first enquire whether these equations admit of a 


particular solution in which the mutual distances of the bodies are invariable 
throughout the motion. 


* Cf. Poincaré, Méth. Nouv. 1. §148. 
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The mutual distances are 


2291s ? —p2— p?2 s . m2 4 
aes ae = 3 4 2 

qh; {0 ee (cos fae et a) ace ne a ; 
2m ke haa bs 2 : E 2 

and {a? de tee cos qs COS Eo pone Sin g3 SIN a.) ote Cee |? ; 


it follows that, in the particular solution considered, the quantities 


os Sealy ae 
%@, Qe, and cos q;,cosq,— oad sin q; sin q, 

must be constant, and hence the functions U, 0U/dq,, 0U/dq, must be constant, 

where U-= Smmary. 


The equations 


oH p eal OL aad 

0 — == : = =-—= ae 

° hn Op be qe Ope be 
shew that p, and p, must be permanently zero: while the equations 
: OL meeps viol, oH ao 
0=p,=-— =~ 1 Sp Ooo ee eae 
me Og mg Ogi fD aLOqep aa © oq. 


shew that p, and p, must be constant. 


Moreover, the equations 


eee eae Dagon ee! 
09s : Ys 
shew that the expressions 
Q h—p?—pe . 
aa, (cos Js COS Gs — ean sin g; sin 4) 
Pe pat jee 
and in (cos Js COS Gy — apps sin q, sin a.) 


are zero, so we have 
oe +p? a, ke 
tan q, cot q, = cot q, tan g,= 2 Pt 
Js COU Ys 5 25D, 


and therefore ps + pe—k? = + 2psm,, 
or = (ps rpg), 
an equation which shews that the instantaneous planes of motion of the 
bodies y and py’ coincide with the plane through these bodies and the origin: 
in other words, the motion of » and pw’ takes place in a plane: and therefore 
the motion of m,, m,, ms; takes place in a plane. 

It follows that, the centre of gravity O of the system being supposed at 
rest, the particles m,, m., m; (which we shall denote by P, Q, &) must move 
in circular orbits round O. We have now to see if such a motion is possible. 


One condition which must obviously be satisfied is that the resultant 
attraction of any two of the particles on the third must act in the line joining 
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the third particle to the centre of gravity. This condition is satisfied if the 
three particles are in the same straight line. If they are not in a straight 
line, it gives 
pp sin PRO > On 
But since O is the centre of gravity of the particles, we have 

msinPRO sinQPR_ QR 

m,sinQ@RO sinPQR PR’ 
and this combined with the preceding equation gives PR= QR: similarly we 
indeei— Os 

Hence either the bodies must be collinear, or else the triangle formed by 
them must be equilateral. 

Considering first the collinear case, let the distances of the bodies from 
their centre of gravity (measured positively in the same. direction) be a,, de, 
ds respectively: we shall suppose that a,< a, <d;, which does not lessen the 
generality of the discussion. Since the force acting on P must be that 
corresponding to circular motion round O, we have 


sin QRO, and two similar equations. 


Ny, = — Mz (Ay — A,)~? — Mz (As — A)~, 
where n is the angular velocity of the line PQR; and similarly 
1°g = — Mz (Ag — A)? + My (dg — Gh), Ng = My (Az — Ay)? + Mp (Ag — Ap). 
From these equations we readily find . 
mk? {(1 + k)? —1} +m,.(1 + ky (4? — 1) +m; {he —(1 + k}*} = 0, 
where k denotes the ratio (a3 — a,)/(@2— a). 


This is a quintic equation in &, with real coefficients. Since the left-hand 
side of the equation is negative when k is zero, and positive when k>+ 0, 
there is at least one positive real root; such a root determines uniquely real 
values for the ratios a,:d):d3; and if n is given, the distances a,, d,, a, can 
be completely determined. It follows that there are an infinite number of 
solutions of the problem of threa bodies, in which the bodies remain always in a 
straight line at constant distances from each other; the straight line rotates 
uniformly, and when its angular velocity has been (arbitrarily) assigned, the 
mutual distances of the bodies are determinate. 

Considering next the equilateral case, let a be the length of one side of 
the triangle formed by the bodies, and let n be its angular velocity. Since 
the force acting on m, is that which corresponds to a circular orbit round O, 
we have 


se cos PRO + a cos Q@RO =n? . OR, 


a condition which reduces to 
M, + Mg+ mz = na’. 
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The conditions relating to the motion of Q and of R reduce to the same 
equation: and hence a motion of the kind indicated is possible, provided n 
and a are connected by this relation. Hence there are an infinite number of 
solutions of. the problem of three bodies, in which the triangle formed by the 
bodies remains equilateral and of constant size, and rotates uniformly in the 
plane of the motion: the angular velocity of its rotation can be arbitrarily 
assigned, and the size of the triangle is then determinate. 


The two particular types of motion which have now been found will be 
called Lagrange’s collinear particles and Lagrange’s equidistant particles 
respectively *. 


For more than a century after Lagrange’s discovery, its interest was sup- 
posed to be purely theoretical. But in 1906 a new minor planet, 588 Achilles, 
was found to have a mean distance equal to that of Jupiter: and it was soon 
realised that the Sun, Jupiter, and Achilles constitute, approximately at 
any rate, an example of the Lagrangian equilateral-triangular configuration. 
Shortly afterwards came the discovery of three other Asteroids, 617 Patroclus, 
624 Hector, and 659 Nestor, which are in the same case+. Of this “Trojan 
group,” Patroclus is in longitude Jupiter—60°, and the other three in longi- 
tade Jupiter + 60°. 


Example. Shew that particular solutions of the problem of three bodies exist, in which 
the bodies are always collinear or always equidistant, although the mutual distances are 
not constant but are periodic functions of the time. 


These are evidently periodic solutions of the problem, and include Lagrange’s particles 
as a limiting case. 


181. Stability of Lagrange’s particles: periodic orbits in the vicinity. 


It has been observed that in the neighbourhood of any configuration 
of stable equilibrium or steady motion there exists in general a family of 
periodic solutions, namely the normal vibrations about the position of equili- 
brium or steady motion. We shall now apply this idea to the case of the 
Lagrange’s-particle solution of the restricted problem of three bodies, and 
thereby obtain certain families of periodic orbits of the planetoid. 


Let S and J be the bodies of finite mass, m, and m, their masses, O their 
centre of gravity, n the angular velocity of SJ, « and y the coordinates of the 


* They were discovered by Lagrange in 1772: Oeuvres de Lagrange, v1. p. 229. For references 
to extensions of these results to the problem of n bodies, ef. my article in the Encyklopddie d. 
math. Wiss. vr. 2, 12, p. 529; to the papers there mentioned may be added E. VU. Lovett, Annali 
di Mat. (3), x1. (1904), p. 1; W. R. Longley, Bull. Amer. Math. Soc. x11. (1907), p. 324, and 
F. RB. Moulton, Annals of Math. x11. (1910), p. 1. 

+ Cf. F. J. Linders, Arkiv for Mat. rv. (1908), No. 20. 
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planetoid P when O is taken as origin and OJ as axis of # The equations of 
motion of the planetoid are (§ 162) | 


dz 0K dy 0K dus 0K dv 0K 


Gis CUNY ede” de 0a dt oy ae 
where K=4 (w+) +n (uy — vx) — m,/SP — m/ JP. 

Let (a, b) denote the values of («, y) in the position of relative equilibrium 
considered, so that for the collinear case we have b=0, and for the equidistant 
case we have a = $(m,—m,) 1/(m, +m), b =4 /8i, where J denotes the distance 
SJ, so that (§ 46) 

Mm, +m, = n7L?, 

The values of w, v in the position of relative equilibrium are easily seen to 
be — nb and na respectively. 

Write e=até& y=b+n, u=—nb+O, v=1na+¢, 


where & 7, 0, @ are supposed to be small quantities: neglecting a constant 
term, we have 


K =} (6+ 4%) +n(n0 — £4) - m (af + bn) 
=m {(a4 +8) 44m * =m, {(a- nate +8) +@+nyh 


Mm, + Me, 


On expanding and retaining only terms of the second order in the small 
quantities, we obtain an expression for K with which the equations for the 
vibrations about relative equilibrium can be formed: we shall for definiteness 
consider vibrations about the equidistant configuration: in this case the 
expression for K becomes 


K=4(P + $') +n (8 — Ep) 


nv : a ae 
— Gm, bam) (Am + me) (E+ 9°) — Bm (E + V0)? — 3m, (E—V3y)}. 
The equations of motion are 
— ok F _oK He ES .  §ok 
B03 ese ee fmt ey og! 


Solving these equations in the manner described in Chapter VII, we find 
that the period of a normal vibration is 27/A, where ) is a root of the equation 


Ne At Gl ye 0, where be ee 
4 © m+m," 

The two values of A? given by this equation will be positive provided they 
are real, since (2% — k’) is positive: and they will be real provided 4(24 —#)<1, 
or (m,+m,)>27m,m,; a relation which is satisfied provided one of the 
masses S, J is at least about 25 times as large as the other. When this condition 
1s satisfied, there exist two families of periodic orbits of the planetoid in the 
vicinity of rts equidistant configuration of relative equilibrium; the periods are, 
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to a first approximation, 2mr/A, and 27/re, where 2, and X,? are the roots of 
the equation in 2, 

M— 07? + (25 — kh?) nt =0, 
These orbits have been computed by various investigators by numerical 
integration. 


Example. Shew that, for one of the modes of normal vibration of the planetoid in the 
vicinity of the equidistant configuration, the constant of relative energy is greater than in 
the configuration of relative equilibrium, while for the other mode the constant is less than 
in the configuration of relative equilibrium. (Charlier.) 

A similar discussion leads to the result that the collinear Lagrange’s- 
particle configurations are unstable; but the equation for the periods of normal 
modes of bration has always one real root, and consequently in the neigh- 
bourhood of a position of relative equilibrium of the planetoid: on the line SJ 
there exists a family of unstable periodic orbits. 

These orbits have been computed by numerical integration. 


Let S and J be the bodies of finite mass, and P the “point of libration” 


me 


beyond J, at which the planetoid could remain at relative rest. Then there 
is a sequence of periodic solutions as in the above diagram, leading (as the 
orbit enlarges) to an “orbit of ejection” discovered by Burrau, in which the 
planetoid collides with J and rebounds from it. Beyond the orbit of ejection 
we find orbits which have loops round J; and, as was shewn in 1924 by 
Strémgren of the Copenhagen Observatory and his co-workers, after many 
changes of type we come back to the original simple orbit round P, so that 
the sequence returns into itself and we obtain a continuous complete closed 
set of periodic orbits. 

For further work on the subject of orbits in the neighbourhood of the Lagrange’s- 


particle solutions and the restricted problem of three bodies generally, cf. the memoirs 
referred to on page 530 of my article in the Encyklopidie, and also E. O. Lovett, Asér. 
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Nach. ctx. (1902), p. 281; F. R. Moulton, Proc. L.U.S. (2), x1. (1912), p. 367, Math. Ann. 
LXx11. (1912), p. 441, Proc, Inter. Cong. of Math. Cambridge, 1912, 1. p. 182, and 
Periodic Orbits (Washington, 1920), which gives an account of researches by Moulton 
himself and by W. D. McMillan, T. Buck, D. Buchanan, W. R. Longley, and F. L. Griffin; 
W. W. Heinrich, Bull. Astrom, (2), 11. p. 425, Memoirs of the Royal Soc. of Sciences of 
Bohemia, Prague, 1922, and Publications de U Institut astron. de ? Univ. Charles de Prague, . 
(2), No. 1 (1923): various memoirs. by E. Haerdtl, G. Pavanini, L. A. H. Warren, 
J. Chazy, L. Amoroso, J. Fischer-Petersen, P. Pedersen; K. Bohlin, Astron. Jakkt. a 
Stockholms Observatoriwm, x. No. 11 (1928):.and a long series of papers by E. Stromgren 
and his school in the Publikationer fra Kibenhavns Observatorium. 


182. The stability of orbits as affected by terms of higher order in the 
displacement. 


In the present chapter, in our treatment of orbits adjacent to a given 
orbit or to a position of equilibrium, we have considered only an approximate 
solution of the equations of the varied orbit, since we have neglected the 
influence of all powers of the displacement above the first. The effect of these 
neglected terms may however be of great importance, as may be seen from 
the following example*. | 

Consider. the Hamiltonian system 


dx, _0H dx, OH dy,_ 0H dy,__ 0H (1) 
dt dy,’ dt dy,’ dt dx,’ dt he eS # 
where H=4) (a? +4") —A (a2 + yo?) + $a {a (ay? — yx”) — 2a, Ys Yo}. 
The first approximation, obtained by neglecting all powers of the variables 
above the first in the differentia] equations, is 
dx, ay hs Uae oe 
at =i, di Aa, Gen Oh ToT = 20m, 


of which the solution is 
#=Asin(At+e), y= Acos(At+e), %=Bsin(2r\t+y), ¥.=—B cos (2At + ¥), 
where A, B, ¢, y are the arbitrary constants of integration. This first 


approximation therefore suggests stability, and in fact merely a superposition 
of two simple-harmonic oscillations. 


It can however be verified without difficulty that the differential equations 
(1) admit the solution 


20a /2 
ana +6) sin(At+ ¥), ONS & Gi re) cos(At ++), 
1 —l 
a, = ate eye), Y= ACHE A ee 


where e and ¥ are arbitrary constants; and these equations represent orbits 
which are indefinitely near the origin when t-»0oo and t-»—o, but which 
have infinite branches, all the coordinates becoming infinite as ¢ approaches 


* Due to T. M. Cherry, Trans. Camb. Phil. Soc. xx1m1. (1925), p. 199. 
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the arbitrary value —¢. The position of equilibrium at the origin is therefore 
unstable, in spite of being stable to the first order. 

The general effect of the neglected terms of higher order on stability in’ 
dynamical systems has been considered by T. Levi-Civita* and A. R. Cigalat: 
and in a series of memoirs by D. J. Korteweg't and his pupil H. J. E. Beth§. 
Considering the oscillations about equilibrium of a system with any number 
of degrees of freedom, Korteweg shewed that if s,,s,,... denote the frequencies 


corresponding to infinitesimal oscillations in the different normal coordinates, 
then when 


D181 + Pa8a+ ».. 
is zero or very small (where p,, p,,... are small integers, positive or negative) 
certain vibrations of higher order, which are usually of small intensity com- 
pared with the principal vibrations, may acquire an abnormally great intensity. 
The. most important cases occur when 
| Pr] +| pol +... <4; 
these cases have been fully discussed by Beth. 


183. Attractive and repellent regions of a field of force. 

The general character of the motion of a conservative holonomic system 
is illustrated by a theorem which was given by Hadamard|| in 1897. For 
simplicity, we shall suppose that the system consists of a particle of unit 
mass, which is free to move on a given smooth surface under forces derivable 
from a potential energy function V; a similar result will readily be seen to 
hold for more complex systems. 

Let (u, v) be two parameters which specify the position of the particle on 
the surface, and let the line-element on the surface be given by the equation 

ds? = Edu? + 2F'dudv + G dv’, 
where (£, F, G) are given functions of u and v. The kinetic energy of the 
particle is T= 4 (Eid + 2Fus + Gi), 
and the Lagrangian equations of motion are 


ae ar av gen aore ear 


di\du) ou ou’ dt\doo/ dv dv’ 
which can be written a his oe if ee 
(Hq - Pyi=-@ + PT + w (FS - 465-5) 


TD Gara OEY it (DOE OG LA OE 


* Annali di Mat. v. (1901), p. 221. + Annali di Mat. xt. (1904), p. 67. 

+ Verhand. d. K. Akad. v. Wetensch. v. No. 8 (1897): Archives Néerland. (2), 1. (1897), p- 229, 

§ Amsterdam Proc. xt1. (1910), p. 618 and p. 735: xr1I. (1911), p. 742: Archives Néerland, (2), Xv. 
(1910), p. 246: (3a), 1. (1912), p. 185: Phil. Mag. (6), xxv. (1913), p. 268. 

| ‘Journ. de Math. (5), m1. p. 331. 
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OE cy a ee sa) 
at a0 Beery am 
We have, by differentiation, 
Vie rea 
Ou.” Ov.” 
‘a5 ov golly ae 2 oV . 
Me wet Ses perl Beare Fis + So 


Substituting for % and % their values from the preceding equations, we 
have 


y= wo-rro[(E) aE o(ZI} +00 


ie (Fe “#65, ~~ 4 FS) 


oY (pete wre Poa 


where 


D (a, =| 


Bu 
40 (p2G_ 42h 
+ [255 oun | + (EG - Ls) ew (Fo Om 
aU (8h eG ee 
“an (Pe #a)|) 
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ou )t | be 

The quantities occurring in this Ser can be expressed in terms of 
deformation-covartants * 


The principal deformation-covariants connected 
with the surface whose line-element is given by the equation 


ds? = Edu? + 2Fdudv + Gdv? 
are the differential parameters 

A($, ¥) = (EG — Py wee Ee (EE ee) 4 cee 

A,()= (6G - Py | (2) ope 4 Gg (52) 

A, (¢) = (EG - Fy E ay ryt (a® qu - Fe) 


wm OU 


+5, BG— Pit (— vey eet, 


ov 
where ¢ and wf are arbitrary <a of the variables u and v 


* The definition of a deformation-covariant is given in the footnote on page 111 
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With this notation, the preceding equation becomes 
aoe V=—A,(V)+® (i, 6). 
Utilising the equation of energy 
Ev? + 2F is + Gi? = 2 (h — V), 
and observing that the expression 
® (u, d) & ® (0V/dv, — 0V du) 

hi? + 2Fu+ Ge EHV /ov)— 2F(0V/ov) (0 Vou) + G(0V ou)? 
contains the quantity (%0V/ou + 40V/dv) as a factor, we can write 


V=-A,(V)+ + (rit + ys) V, 


where A and yw contain in their denominators only the quantity 
oV\3 oVoV oV\? 
EC) ~ Fo on + 9 (ae): 
and where Jy denotes the expression 
® (OV /dv, —0V/du)/(EG — F*); 
we readily find that J; can be expressed in the form 
Ty=A,(V).(V)— 44 {V, A, (V)}. 

Consider, on the orbit of the particle, a point at which V has a minimum 
value; at such a point V is zero and V is positive: as A,(V) is essentially 
positive (since the line-element of the surface is a positive definite form), it 
follows that Iy>0, the inequality becoming an equality only when A, (V) is 
zero, i.e. at an equilibrium-position of the particle. 


As the particle describes any trajectory, the function V will either have 
an infinite number of successive maxima and minima (this is the general case) 
or (in exceptional cases) the function will, after passing some point of the 
orbit, vary continually in the same sense. Suppose first that the former of 
these alternatives is the true one: then if we divide the given surface into 
two regions, in which Jy is positive and negative respectively, it follows from 
what has been proved above that the former of these regions contains all the 
points of the orbit at which V has a minimum value, ie. it contains in general 
an infinite number of distinct parts of the orbit, each of finite length; whereas 
in the other region, for which Jy is negative, the particle cannot remain per- 
manently. These two parts of the surface are on this account called the 
attractive and repellent regions. Each of these regions exists in general, for 
it is easily found that any isolated point of the surface at which Visa mini- 
mum (i.e. any point where stable equilibrium is possible) is in an attractive 
region, and any point at which V is a maximum is in a repellent region. 

It is interesting to compare this result with that which corresponds to it in the motion 


of a particle with one degree of freedom, e.g. a particle which is free to move on a curve 
under the action of a force which depends only on the position of the particle. In this case 
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the particle either ultimately travels an indefinite distance in one direction or oscillates 
about a position of stable equilibrium. The attractive region, in motion with two degrees 
of freedom, corresponds to the position of stable equilibrium in motion with one degree of 


freedom. 


Consider next the alternative supposition, namely that after some definite 
instant the variation of V is always in the same sense. We shall suppose that 
the surface has no infinite sheets and is regular at all points, and that V is 
an everywhere regular function of position on the surface; so that, since the 
variation of V is always in the same sense, V must tend toward some definite 
finite limit, V and V tending to the limit zero. Considering the equation 

V=—A,(V) +2(h—V) yA, (V) + (ae + po) V, 
we see that if A, (V) is not very small, \ and yp are finite and the last term 
on the right-hand side of the equation is infinitesimal; and consequently 
either there exist values of ¢ as large as we please for which Jy is positive (in 
which case the part of the orbit described in the attractive region is of length 
greater than any assignable quantity) or else A,(V) tends to zero. But 
A, (V) can be zero only when 0V/du and dV/dv are zero; if therefore (as is in 
general the case) the surface possesses only a finite number of equilibrium 
positions, the particle will tend to one of these positions, with a velocity 
which tends to zero. A position of equilibrium thus approached asymptotically 
must be a position of unstable equilibrium: for the asymptotic motion re- 
versed is a motion in which the particle, being initially near the equilibrium 
position with a small velocity, does not remain in the neighbourhood of the 
equilibrium position; and this is inconsistent with the definition of stability. 


Thus finally we obtain Hadamard’s theorem, which may be stated as 
follows: If a particle is free to move on a surface which is everywhere regular 
and has no infimte sheets, the potential energy function being regular at all 
points of the surface and having only a finite number of maxima and minima 
on it, either the part of the orbit described in the attractive region is of length 
greater than any assignable quantity, or else the orbit tends asymptotically to 
one of the positions of unstable equilibrium. 


Example. If all values of ¢ from — oo to +00 are considered, shew that the particle must 
for part of its course be in the attractive region. 


184. Application of the energy integral to the problem of stability. 


A simple criterion for determining the character of a given form of motion 
of a dynamical system is often furnished by the equation of energy.of the 
system. Considering the case of a single particle of unit mass which moves 
in a plane under the influence of forces derived from a potential energy 
function V (a, y), the equation of energy can be written 


2(@+y)=h—- V(a, y). 
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Now the branches of the curve V (a, y) =h separate the plane into regions 
for which {V (#,¥) —h} is respectively positive and negative; but as (4?+ 9°) 
1s essentially positive, an orbit for which the total energy is h can only exist in 
the regions for which V(a, y)<h. If then the particle is at any time in the 
interior of a closed branch of the curve V (a, y)=h, it must always remain 
within this region. The word stability is often applied to characterise types 
of motion in which the moving particle is confined to certain limited regions, 
and in this sense we may say that the motion of the particle in question is 
stable. 

The above method has been used by Hill*, Bohlin+, and Darwinf, chiefly 
in connexion with the restricted problem of three bodies. 


185. Application of integral-invariants to investigations of stability. 


The term stability was applied in a different sense by Poisson to a system which, in 
the lapse of time, returns infinitely often to positions indefinitely near to its original 
position, the intervening oscillations being of any magnitude. It has been shewn by 
Poincaré that the theory of integral-invariants may be applied to the discussion of Poisson 
stability. 


Considering a system of differential equations a 
dit, 
i (1 Bay +++) Un) (r=1, 2, ...,2), 


for which [[ [forded 


is an integral-invariant, we regard these equations as defining the trajectory in n dimen- 
sions of a point P whose coordinates are (11, 72, ...) €»). If the trajectories have no 
branches receding to an infinite distance from the origin, it may be shewn§ that if any 
small region # is taken in the space, there exist trajectories which traverse £ infinitely 
often: and, in fact, the probability that a trajectory issuing from a point of & does not 
traverse this region infinitely often is zero, however small & may be. Poincaré has given 
several extensions of this method, and has shewn that under certain conditions it is 
applicable in the restricted problem of three bodies. 


186. Synge’s “Geometry of Dynamics.” 

A brief account will now be given of recent work by Synge||; in which dynamical 
problems are treated by aid of the tensor ealculus. 

The motion of a dynamical system whose configurations are specified by WV coordinates 
(q', 9%, ...) 7%) may be thought of as the motion of a point in a manifold of V dimensions— 
the “manifold of configurations.” If the kinetic energy of the system is given by 
T=hamng” 9 (where the repetition of an index in a product implies summation of that 
index from 1 to J), the infinitesimal 

ds?=2Tdt? = Am, aq” dq” 


* Amer. J. Math. 1. (1878), p. 75. + Acta Math. x. (1887), p. 109. 

+ Acta Math. xx1. (1897), p. 99. 

§ Poincaré, Acta Math. x1. (1890); p. 67; Nouv. Méch. ur. Ch. xxv: on Poincaré’s work on 
stability & la Poisson cf. E. Picard, Bull. des sc. math. (2), xxxvut. (1914), p. 320. 

|| J. L. Synge, ‘‘On the Geometry of Dynamics,” Phil. Trans. A, 226 (1926), pp. 31-106. For 
the essentials of the tensor calculus the reader ig referred to Levi-Civita’s Absolute Differential 
Calculus (English translation), or to. Hisenhart’s Riemannian Geometry. 
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is an invariant, defined by two adjacent configurations. The square root of this quantity 
may be called the distance between the two configurations and the above form the 
kinematical line-element. In the case of a particle of unit mass moving in space or on a 
surface the kinematical line-element so defined is precisely the ordinary geometrical line- 


element. ee 
The vector whose components are g” is called the velocity vector and the vector whose 


components are /", where 
SHPO IT" 

is called the acceleration vector. It is easily seen (p. 39) that the equations of motion may 
be writton f7=Q’, i.e. acceleration=force. Just as in particle dynamics the acceleration 
vector can be resolved into components along the tangent and principal normal to the 
trajectory, the components in these directions being respectively vdv/ds and v*x, where v 
is ‘the magnitude of the velocity (v?=dn,g"q"=27), and « is the first curvature. This 
leads at once to a generalisation of Bonnet’s Theorem (p. 94). 


The purely geometrical concept of the relative curvature of two curves in Riemannian 
space, due to Lipka (Bull. Amer. Math. Soc. Xx1x. (1923), p. 345), throws further light on the 
question of Least Curvature (Chap. 1x) and leads to the theorem: When a holonomic con- 
servative system is subjected to constraints, holonomic or non-holonomic, the natural constrained 
trajectory has, relative to the unconstrained natural trajectory with the same velocity vector, 
a smaller curvature than any other curve having the same tangent and satisfying the conditions 
of constraint. 

When the methods of the tensor calculus are applied to non-holonomic systems, a 
determinate form of Lagrange’s equations is obtained. A system of UY equations of con- 
straint implies that the velocity vector must be perpendicular to a certain element of 
dimensions. It is always possible to choose M orthogonal unit vectors in this element ; 
if these are denoted by B'y), B'(),..., Bay, the equations of motion may be written 

a(5e “ian Or — (Baym @” + Bunn”) Bray 
— (BeynQ” + Beymn OO") Bray 


— (Barn @” + Barynn@" @") Bran; 
where Bi)mn, for example, is the covariant derivative of Buym, 


OBa)ym 
Born = Fon — {5°} Baw 


The application of the method is perhaps most interesting in treating the problem of 
the stability of a state of motion. Two motions, the undisturbed and the disturbed, take 
place along neighbouring curves in the manifold. If the distance between simultaneous 
configurations of the undisturbed and the disturbed motions remains permanently small, 
we say that the motion is stable in the kinematical sense. The infinitesimal disturbance 
vector joining the undisturbed configuration to the corresponding disturbed configuration 
being denoted by yn’, it is found that n” satisfies the equation 

~~ . * 
1 + Omen 19g” = Qs n=O, 
where . 
a] 0 
Gr pt ge ey} = igh neey + an ‘"} suey = {im } grey 
the mixed curvature tensor of the manifold, and 


Or = SE + Oe 
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the accent ~ denotes the contravariant time-flux, viz. 
dnt n A dfr dg” 
pa Tee, ra Ts ema ia 
The magnitude of the disturbance vector, defined as n= (Gina ?”9")?, satisfies the equation 
+7 (Gmnnst Brg" — B? — Vann pe” p")=0, 


where y” is the unit vector codirectional with 7’, f the magnitude of f” and Qn, the 
covariant derivative of Q,,. 


When the correspondence between configurations of the undisturbed and disturbed 
_ trajectories is not that of simultaneity but is defined by the condition that the disturbance 
vector 7” shall be normal to the undisturbed trajectory, permanent smallness of » for this 
correspondence is called stability in the stinematico-statical sense. In this case also 
differential equations for the components and magnitude of the disturbance vector have 
been given in the case of a conservative system. In the case of two degrees of freedom we 
obtain 
B+B(PK + Ving v™ + 30%?) + 2xdh =0, 

where f is the magnitude of the disturbance vector (but here counted positive on one side 
of the undisturbed trajectory and negative on the other side), KX the Gaussian curvature of 
the manifold, v” the unit vector along the normal, « the first curvature of thetrajectoryand 6/ 
the excess of the total energy in the disturbed motion over that in the undisturbed 
motion. 


As long as we confine our attention to conservative systems and, in considering stability, 
think only of disturbances which do not change the total energy, the geometrical statement 
of dynamical problems assumes a simpler form when, instead of the kinematical line- 
element, we employ the action line-element, 


ds*=2 (h— V) Tdt?=(h— V) dnndg™ dg” =Imadg” dq”, 
where / denotes the total energy of the system. 
For this line-element the curves of natural motion are geodesics (curves of stationary 
length) by the Principle of Least Action (cf. p. 251), and their equations may be written 
aq" dg” aq” 
age as als 
In discussing questions of stability we have now to deal with the separation of two neigh- 
bouring geodesics. Corresponding points being those at equal (action) distances from 
assigned points on the two geodesics, the disturbance vector satisfies the equation 
m gn 
+ Onan << =0, 


ape CGE dq” = dy" ag" 
where 7° = fe + {™,."} ge 3 = Franca: i” f : 


The Christoffel symbols and curvature tensor are, of course, to be calculated for the action. 
line-element. For the magnitude of the disturbance.vector we have 
d? dq” dq 
aa (Ca p™ “4 pe a = 7?) =0. 
In the case of a system with two degrees of freedom this gives 
ap 

: ds*. 
where 8 is the magnitude of the disturbance vector (taken without loss of generality along 
the normal and affected with sign) and X the Gaussian curvature of the manifold calculated 
with respect to the action line-element. 


Ar Kp=0, 


27—2 
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187. Connexion with the theory of surface transformations. 

The questions of integrability, stability, and the classification of various types of 
motion’ of a dynamical system with two degrees of freedom, have been studied by Poincaré 
and Birkhoff by a method which depends on the theory of the transformation of surfaces 
into themselves: a full account of this method is given in two papers by Birkhoff, 
“Dynamical systems with two degrees of freedom,” 7rans. Amer, Math. Soc, XVII. (1917), 
p. 199 and “Surface transformations and their dynamical applications,” Acta Math, xxii. 
(1920). 


MISCELLANEOUS EXAMPLES. » 


1. Shew that the motion of a particle in an ellipse under the influence of two fixed 
Newtonian centres of force is stable. (Novikoff.) 


2. A particle of unit mass is free to move in a plane under the action of several 
centres of force which attract it according to the Newtonian law of the inverse square of 
the distance: denoting the resulting potential energy of the particle by V(z,y), shew that 


the integral 
= @ aE sf log {h- V (a, ») | da dy. 
Qa 0u® ay? : : 


where the integration is taken over the interior of any periodic orbit for which the constant 
of energy has the value / (the centres of force being excluded from the field of integration 
by small circles of arbitrary infinitesimal radius), is equal to the number of centres of force 
enclosed by the orbit, diminished by two. (Monthly Notices R.A.S. LXI1. p. 186.) 


3. Let a family of orbits in a plane be defined by a differential equation 


oY (2,9), 


where (a, ¥) are the current rectangular coordinates of a point on an orbit of the family; 
and let dz” denote the normal distance from the point (x, y) to some definite adjacent orbit 
of the family. Shew that dn satisfies the equation 


d*én 
ae + [in= 0, 
dy\? op , dy a 
where T= {1+(32) }(-f+2 at) + {p (a, Y)}?, 
and ¢ is a variable defined by the equation 
de _ dy\? 
ade eat & : 


(Sheepshanks Astron. Exam.) 


4. A particle moves under the influence of a repulsive force from a fixed centre: shew 
that the path is always of a hyperbolic character, and never surrounds the centre of force ; 
that the asymptotes do not pass through the centre in the cases when the work, which has 
to be done against the force in order to bring the particle to its position from an infinite 
distance, has a finite value; but that when this work is infinitely great, the asymptotes 
pass through the centre, and the duration of the whole motion may be finite. 

(Schouten.) 


5, Shew that in the motion of a particle on a fixed smooth surface under the influence 
of gravity, the curve of separation between the attractive and repellent regions of the 
surface is formed by the apparent horizontal contour of the surface, together with the locus 
of points at which an asymptotic direction is horizontal, 
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6. A particle moves freely in space under the influence of two Newtonian centres of 
attraction ; shew that when its constant of energy is negative, it describes a spiral curve 
round the line joining the centres, remaining within a tubular region bounded by two 
ellipsoids of rotation and two hyperboloids of rotation, whose foci are the centres of force : 
and that when the constant of energy is zero or positive, the particle describes a spiral 
path within a region which is bounded by an ellipsoid and two infinite sheets of hyper- 
boloids of the same confocal system. (Bonacini.) 


7. The necessary and sufficient condition in order that a two-parameter family of curves 
defined by a differential equation 
: JY =F (HY) 


“may be orbits of a system defined by equations of motion 


& a . On(a, 
B4d(a,9) 9 BD 
s _ On (2, Y% 
Y-A (4, Y) £= Bee 
op _ 3dy/’ 
is that By 1+? 


shall be the total derivative of a function of x and y with respect to x. 
(P. Frank and K. Ogura.) 


8. In the motion of a particle in a plane under forces which depend only on its position, 
a one-parameter family of trajectories is obtained by starting particles at a given point in a 
given direction with all possible velocities. Shew that the locus of the foci of the osculating 
parabolas is a circle passing through the point. If the initial direction is now varied, shew 
that the locus of the centres of the oo! circles obtained is a conic having the given point 
as focus: and if the forces are conservative, this degenerates into a straight line counted 
twice, 


9. In order that a system of % space-curves, of which ©! pass through every point 
in every direction, may be identifiable with the system of trajectories of a particle in an 
arbitrary positional field of force, it is necessary (but not sufficient) that the system 
should have the following properties : 

(a) The osculating planes of the ©? curves passing through a given point form a 
pencil: that is, all the planes pass through a fixed direction. 

(8) The osculating spheres of the «! curves passing through a given point in a given 
direction form a pencil: their centres thus lie on a straight line. 


10. Shew'that the «2 curves of a natural family which meet any surface orthogonally 
are orthogonal to «! surfaces, that is, form a normal congruence. (The surfaces in question 
are the surfaces of equal Action.) (Hamilton.) 


11. Shew that the property referred to in Ex. 10 belongs exclusively to natural — 
families. 


12, In order that.a family of «4 curves in space may constitute a natural family of 
orbits, two properties are necessary and sufficient, viz. : 

(a) If the osculating circles of those curves of the family which pass through a given 
point pare constructed at that point, they have a second point P in, common, and thus 
form a bundle. Consequently, three of the circles in such a bundle have four-point contact 
with the corresponding curves. 

(8) These three hyperosculating circles will be mutually orthogonal. 


~ 
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13. The only point-transformations which convert every natural family into a natural 
family are those belonging to the conformal group. 

[Examples 8, 9, 11, 12, 13 above are taken from memoirs by E. Kasner in the Trans- 
actions of the Amer. Math. Soc., 1906-1909. For further work in this direction the reader 
is referred to Professor Kasner’s Princeton Colloquium lectures on Differential Geometric 
Aspects of Dynamics. | 


14. Two sets of «1 curves in a plane, which form an orthogonal system, are orbits in 
a certain conservative field of force. If U denote the Action at any point (%,y) of a 
particle considered as moving on one of the first set of orbits, and V denote the Action at 
(x, y) when the particle is considered as moving on one of the second set of orbits, shew 
that Uand V are conjugate functions of # and y: and that the families of curves 
O=constant, V=constant, are identical with the orbits. ° 
(P. G. Tait and K. Ogura.) 


\ 


CHAPTER XVI 
INTEGRATION BY SERIES 


188. The need for series which converge for all values of the time; 
Powncaré’s series. 

We have already observed (§ 32) that the differential equations of motion 
of a dynamical system can be solved in terms of series of ascending powers 
of the time measured from some fixed epoch; these series converge in general 
for values of t within some definite circle of convergence in the ¢-plane, and 
consequently will not furnish the values of the coordinates except for a limited 
interval of time. By means of the process of analytic continuation* it would 
be possible to derive from these series successive sets of other power-series, 
which would converge for values of the time outside this interval ; but the 
process of continuation is too cumbrous to be of much use in practice, and the 
series thus derived give no insight into the general character of the motion, 
or indication of the remote future of the system. The efforts of investigators 
have therefore been directed to the problem of expressing the coordinates of a 
dynamical system by means of expansions which converge for all values of the 
time. One method of achieving this result t is to apply a transformation to 
the t-plane. Assuming that the motion of the system is always regular (.e. that 
there are no collisions or other discontinuities, and that the’ coordinates are 
always finite), there will be no singularities of the system at points on the 
real axis in the ¢-plane, and the divergence of the power-series in ¢ —t, after a 
certain interval of time must therefore be due to the existence of singularities 


of the solution in the finite part of the ¢-plane but not on the real axis. Suppose _ 


that the singularity which is nearest to the real axis is at a distance h from 
the real axis; and let r be a new variable defined by the equation 


Chee. a 

ti tem loge 
A band which extends to a distance h on either side of the real axis in the 
t-plane evidently corresponds to the interior of the circle |r| = 1 in the 7-plane; 
the coordinates of the dynamical system are therefore regular functions of + 
at all points in the interior of this circle, and consequently they can be 


* Cf. Whittaker and Watson, Modern Analysis, § 5-5. 
+ Due to Poincaré, Acta Math, iv. (1884), p 211 


=a 
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expressed as power-series in the variable 7, convergent within this circle. 
These series will therefore converge for all real values of r between — 1 and 1, 
ie. for all real values of t between — 00 and +. Thus these series are valid 
for all values of the tume. 


189. The regularisation of the Problem of Three Bodies. 


In the last article we made the reservation that there are to be no collisions 
or other discontinuities for real values of ¢. The importance of collisions in 
the mathematical theory of the Problem of Three Bodies was first indicated 
by Painlevé*, who shewed that the motion of the bodies is regular (i.e. their 
coordinates are holomorphic functions of ¢) for all time, provided the initial 
conditions are not such that after a finite interval of time two of the bodies 
collide. The relations which must subsist between the initial values of the 
variables in order that a collision may ultimately happen between two of 
the three bodies have been discussed by Levi-Civitat for the restricted problem 
of three bodies (when there is one such relation) and by Bisconeinif for the 
general problem, when there are two relations: these relations are analytic, 
but they are expressed by somewhat complicated infinite series, and are not 
directly applicable except when the interval of time between the initial instant 
and the collision is sufficiently short. 


A considerable advance was made when K. F. Sundman§ shewed that the 
singularity of the differential equations which corresponds to a collision of two 
of the bodies is not of an essential character, and that it may in fact be 
removed altogether by making a suitable change of the independent variable: 
that is to say, it is possible to choose the variables which specify the motion, 
and the independent variable, in such a*way that the differential equations of 
motion are regular even when two of the three bodies occupy coincident 
positions]. It is thus possible to obtain a real prolongation of the motion 
after the collision 1: the coordinates can be specified for all values of the time t 
from — oo to + 0, whether collisions take place or not: and a positive lower 
bound / can be assigned to the two greater of the mutual distances. There 

* Legons sur la théorie anal. des €q. diff., Paris, 1897, p. 583. 
+ Annali di Mat, (3) 1x. (1903), p. 1; Comptes Rendus, cxxxvt. (1903), pp. 82, 221. 


+ Acta Math. xxx. (1905), p. 49. Cf. also H. Block, Medd. frén Lunds Obs., Series 1., No. 6 
(1909); Arkiv f. Mat. Astr. och Fys. v. (1909), No. 9. 

§ Acta Math, xxxvi. (1912), p. 105. The essential features of the work were originally 
published in Acta Societatis Scient. Fennicae in 1906 and 1909. It seems to have been inspired 
largely by Poincaré’s theory of the uniformisation of analytic functions: cf. Acta Math. xxx1. 
(1907), p. 1. 

|| Levi-Civita regularised the differential equations of the restricted problem of three bodies 
by an elementary transformation in Acta Math. xxx. (1906), p. 306; and in a later paper, Rend. 
d. Lincei, xxiv. (1915), p. 61, he extended this to the problem of three bodies in a plane. Cf. also 
his paper in Acta Math. xu, (1917), p. 99. 

§] The variables can be expanded in ascending powers of (t, - 1)3, where t, represents the 
instant of collision: the orbits have cusps at the point of impact. 
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is only one case of exception, namely when all three bodies collide simul- 
taneously: but this can happen only in a very special type of motion, in which 
all the constants of angular momentum are zero together*. 

Disregarding this case of triple collision, Sundman introduced a new 
independent variable w defined by the equation 


st a) pain) 
dt=(1l-e ')(l1-e ')(l-e ’)dwf, 
where 7%, 7,, 7%, denote the three mutual distances, and / is the lower bound 
already mentioned. The coordinates of the budies, and the time, are then 
holomorphic functions of w within a. band of finite breadth 20 in the w-plane, 
bounded by two lines parallel to the real axis and on either side of it. There 
exists a continuous one-to-one correspondence between the real values of ¢ and 
the real values of w, so that when ¢ varies from — 0 to +0, w likewise 
varies from — © to +. 
‘Lastly, Sundman applied Poincaré’s transformation 
20, . l+r 
7 8 i 
in order to transform the band in the w-plane into a circle of radius unity in 
the plane of a new variable 7. The coordinates of the three bodies, and the 
time, are now holomorphic functions of rt everywhere within the unit circle in 
the r-plane: and therefore they can be expanded as convergent serves of powers 
of + for all real values of the time, whether there are collisions or not: the 
case of triple collision alone being excepted}. 


190. Trigonometric series. 

The series discussed in the preceding articles are all open to the objection 
that they give no evident indication of the nature of the motion of the 
system after the lapse of a great interval of time: they also throw no light on 
the number and character of the distinct types of motion which are possible 
in the problem: and the actual execution of the processes described is attended 
with great difficulties. Under these circumstances we are led to investigate 
expansions of an altogether different type. 

If in the solution of the problem of the simple pendulum (§ 44) we consider 
the oscillatory type of motion, and replace the elliptic function by its ex- 
pansion as a trigonometric series§, we have , 

2 git) | (Qs—1)mu(t—t 
sin 30 = i Sip i gan Cs rg — 
* This last fact had been known to Weierstrass: cf. Acta Math. xxxv. p. 55. The motion is 


then in one plane. 
+ A simpler equation available in the restricted problem of three bodies was given by 
G. Armellini, Comptes Rendus, cuvitt. (1914), p. 253. 
{ Cf. K. Popoff, Comptes Rendus, cixxxi11. (1926), p. 472. 
§ Cf. Whittaker and Watson, Modern Analysis, § 22°6. 
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where @ denotes the inclination of the pendulum to the vertical at time ¢; 
K and t, may be regarded as the two arbitrary constants of the solution, and 
w is a definite constant, while g denotes e~**/¥, where K’ is the complete 
elliptic integral complementary to K. This expansion, each term of which 
is a trigonometric function of ¢, ts valid for all time. Moreover, when the 
constant q is not large, the first few terms of the series give a close approxi- 
mation to the motion for all values of ¢ The circulatory type of motion 
of the pendulum may be similarly expressed by a trigonometric series of the 
same general character. Pe: 
Turning now to Celestial Mechanics, we find that series of trigonometric 
terms have long been recognised as the most convenient method of expressing 
the coordinates of the members of the solar system; these series are of. the 
type 
Zn, ng,..., np COS (4, + 126, +... + 0g 9,), 
where the summation is taken over pesitive and negative integer values of 
1, No, ..., Ne, and O, is of the form A,t+ ¢,; the quantities a, X, and e being 
constants. Delaunay* shewed in 1860 that the coordinates of the moon can 
be expressed in this way; Newcomb+ in 1874 obtained a similar result for 
the coordinates of the planets, and several later writers{ have designed 
processes for the solution of the general Problem of the Three Bodies in this 
form; these processes are also applicable to other dynamical systems whose 
equations of motion are of a certain type resembling those of the Problem 
of Three Bodies. In the following articles we shall give a method§ which 
is applicable to all dynamical systems and leads to solutions in the form of 
trigonometric series. 


191. Removal of terms of the first degree from the energy function. 
Consider then a dynamical system, whose equations of motion are 

dq, _0H dp, ___ 0H an 

deMR op; : di Figg: (r=1 25.50) 


where the energy function H does not involve the time ¢ explicitly. 


‘The algebraic solution of the 2n simultaneous equations 


OH _ oH 


Op, 0, ae @=)2552) 
will furnish in general one or more sets of values (a), de, ..-, Gn, b,, bg, «.-, bn) 
for the variables (q,, q2, ---; Gn» Pi» «++» Pn); and each of these sets of values 


will correspond to a form of equilibrium or (if the above equations are those 
of a reduced system) steady motion of the system. 


* Théorie du mouvement de la lune. Paris, 1860. + Smithsonian Contributions, 1874. 

t e.g. Lindstedt, Tisserand, and Poincaré. 

§ Whittaker, Proc. Lond. Math. Soc. xxxtv. (1902), p. 206. Proc. R.S.E. xxxvu. (1916), 
p. 95. 
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Let any one of these set of values COT Oat ess ne Di, Oye, bn) be selected; 
we shall shew how to find expansions which represent the solution of the 
problem when the motion is of a type terminated by this form of equilibrium 
or steady motion. Thus if the system considered were the simple pendulum, 
and the form of equilibrium chosen were that in which the pendulum hangs 
vertically downwards at rest, our aim would be to find series which would 


represent the solution of the pendulum problem when the motion is of the 
oscillatory type. 


Take then new variables (q,’, qo’, -.-) Qn» P1> Pz) +++» Pn), defined by the 
equations 
3 Qr=Or+Qr, Pr= det pr (r=1, 2,..., ); 

the equations of motion become 


dq, _ oH dp, oH 
ie rae Se (pelh het) 
and for sufficiently small values of the new variables the function H can be 
expanded as a multiple power series in the form 

H=H,+H,+4H.,+ H3+..., 
where H; denotes terms homogeneous of the kth degree in the variables 


(CRS a trey Gas oe see Das). 

Since H, does not contain any of the variables, it may be omitted: and the 
fact that the differential equations are satisfied when (qy’, qo’, ..-5 Qn’) Pir +++) Pn) 
are permanently zero requires that H, should vanish identically. The expansion 
of H therefore begins with the terms H,, which (suppressing the accents of 
the new variables) may be written in the form 


Hy = 43 (Grr Gs? + 2QysQrQs) + Vrs rPs + 4% (Crrpr? + 2Crs Pr Ds), 
where Ors = Apr; Cre = Car, 


but b,s is not necessarily equal to b,,. If the terms H;, H,, ... were neglected 
in comparison with H,, the equations would become those of a vibrational 
problem (Chapter VIT). 


192. Determination of the normal coordinates by a contact-transformation. 
We shall now apply a contact-transformation to the system in order to 


express H, in a simpler form*,—in fact, to obtain variables which correspond 
to normal coordinates for small vibrations of the system. 


Consider the set of 2n equations 


i) 
jet a Ham, Way very Ens Yrs +++) Yn) =O 
, . (Gia Daas n) 


4) : 
— SL, + H, (a, Lay e+e) Un, Yiy oe Yn) = 0 
OYr 
* In obtaining the transformation of this article a method is used which was suggested to the 


author by Dr Bromwich, and which furnishes the transformation more directly than the method 
originally devised. 
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or Re gay ee re coe + Arn &n + bn Yi + ee (r=1, 2... ,n). 
= Dit, + bya +... + b nr Ln + Cr Yi + 0 + Cen Yn 

On ae these an we obtain for s Ake determinantal equation 
which in § 84 was denoted by f(s)=0: we shall suppose that H, is a positive 
definite form, and (as in § 84) we shall denote the roots of the equation 
by +%s,, +%%, ..., t%8,; the quantities s,, 8, ..., S, are all real, and for 
simplicity we shall suppose no two of them to be equal. 

To each root there will correspond a set of values for the ratios of the 


quantities (#,, %, ..., Zn, Ji) +++» Yn); let the set which correspond to the root 
as, be denoted by (1%, 2, +++) r€ny rYiy +++) Yn), and let the set which corre- 
spond to the root —1s, be denoted by (41, 2, +++) —r®ns —rYa» «++» rn), 80 


that we have’ 
— 18p Yip = Ayy Ly + Ans rly + 2. + Ayn r¥n + Ops ry +.» + Opn Yn, 
18» pBip = Diy 1, + Dap rig +++. + Dap rn + Cp yi +--+ + Cyn Yn: 
Multiply these equations by ;,2, and py, respectively, add them, and sum with 
respect to p; we thus obtain the equation 


18, = (,&p KY p — k&p rp) a H(r, k), 
p= 
where , 
H(r, k) = Ay pL py + Arg (Hy ple + KX, 7a) "UP 200,47 bu (1 KYA + 721) + ase 


+ Cn pYi KY + 
so that H(r, k) is symmetrically related to r and k. 


Interchanging r and k, we have 


SE S (4Xpy Yn — Xp Kp) = = tr; r, k), 
p=1 
-and therefore (8, + Sy) > (x p.rYp — Xp kYp) = 0. 
p=1 


So, unless s, +5; is zero, we have 
2 (2p KYp — Kp rp) = 0, 
and consequently H (r,k) is zero: if s,+s, is zero, we have Ely = Ly, 
kp = —rYp, and therefore 
18, & (Xp Vp — fp Yp) = H (r, — 1). 


If now we define new variables (q/’, G2 >+++)Jn P15 +++,Pn) by the equations 

Yr = lr Gr + ara + 0. + nlp Qn’ +8 Py +. + Se Py hy 
Pr= Yr Qi + YrQo + 00+ + Yorn! + aYrpr +--+ ie ( 
and if 6 and A denote any two independent modes of variation, it is evident 


=1, 2,..., 7), 


that the coefficient of 89,’ Ap,’ in > (Sq; Ap; — Aqrdp) is > (rt KY — 42172), 
t=] 1=1 
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which is zero when r is not equal to k. Thus 53 (Sq: Ap; — Aq, 8p;,) contains no 
t=1 

se except such as (6g, Ap,’ — Aq,’ dp,'), and the coefficient of this term is 

a (01-141 — -rti ryt). Now hitherto the actual values of ,;, ,y; have not been 


fixed, as only their ratios are determined from their equations of definition; 
we may therefore choose their values so that 


2 (ot Yt — —r% ryt) = 1 (HST DF, 1); 
and then we shall have 


2 (Sq: Ap; — Aqrdpz) = % (qr Ap, — Aq, p;'), 
ai . r= 


so that (§ 128) the transformation from the variables (q), go, .--) Yn» Pry «++» Pn) 


to the variables (q,', qe, ---) Qn> Pi> +++) Pn) iS a contact-transformation. 
Moreover, if in H, we substitute for (q1, qs) --+) Qn» Pry ++) Pn) in terms of 
(Qr's Gao «++» Yn> Pry +++» Pn), We obtain 


H,=> H(r,—r)q'py 
r=1 


or H,=1 2 8rQr Dr « 
r=l1 
Now apply to the variables (q, q:’, -++) Gn» Pi» «+» Pn) the contact- 
transformation defined by the equations 
OW. OW i 
PU Pr = 3a, (r=1, 2,...,%), 
il iga SI itu) Le 

where W=2 ( Or +¥ — }1s,q, Ne 

r=1 Sr 
which gives H,=4 > (pr? + 8,27 "*). 

r=1 


As all the transformations concerned have been linear, we see that 
H,, H,, ... will be homogeneous polynomials of degrees 3, 4,... In the new 
variables: and thus, omitting the accents, we have the result that the equations 
of motion of the dynamical system have been brought to the form 

dq, _ 0 dp,_ 0H 

de gone cdl a adi 
where H=H,4+ H,+ Hi+..., 
in which H, is a homogeneous polynomial of degree r in the variables, and in 
particular 


H,=4 > (p,? + 85° Gr). 
r=1 
It is clear that if we neglect H;, Hy, ... in comparison with H,, and 


integrate the equations, the solution obtained will be identical with that 
found in § 84. 
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193. Transformation to the trigonometric form of H. 

The system will now be further transformed by applying to it a contact- 
transformation from the variables (41, da) +++ Gns Pry vo pn) to new variables 
(9i', Ga’, «+*) In» Pr -+»> Pn %& defined by the equations 


1 0W ce ts. (e213 eee 


r 


Pr = Ogr ? q OD, 


is , 0 Pr Pr / 2 i] 
w W= 2 + 25rQr — Pr 
here 2, E arcsin 2,98 2s, {25-Qr — Pr} 
so that 
pr = (28, qr’) SID p, , = (29,28, 2 COS Pr, (7 = 2e ea. 


The differential equations become 
dg, _ 0H = dp, __0H 

dba ops) at oge 

where = 8,9) +.8042 +--+ 8nQn +t H3+ Hit .., 

and now H, denotes an aggregate of terms which are homogeneous of degree 

4r in the quantities g,, arid homogeneous of degree r in the quantities 

COS Pp, , SIN py’. 


(9 =r 12; 2.5 


Since a product of powers of cos p,’, sin p,’ can be expressed as a sum of 
sines and cosines of angles of the form (mp, +%p2+.-.+MnDn), Where 
N,N, +»), have integer or zero values, it follows that H, can be expressed 
as the sum of a finite number of terms, each of the form 


U2 Uy di sin , / , 
q, ™q5™ ee Gn. cog Pt + Ne Po +... +n Pn), 
where: M™ + M+... + Mn = $1, \np| <2m,, 
and therefore |ny|+|nm| +... +] Mml<r. 


The function H is thus expressed in the form 


My, , Mg, +.+,™Mn 


. Peeeeity } 
= ZA yg, ne, 05 tn G1 a «-- Gg ™ on (nm Py +o pa’ +... +n Pn’), 
where for each term we have 
| | + || +... + | 1m] <2 (m, +m, +... +n), 


and clearly the series is absolutely convergent for all values'of p,’, p,’, ..., Dar 
provided q,’, g., ..., dn’ do not exceed certain limits of magnitude. 


To avoid unnecessary complexity, we shall ignore the terms in 
SiN (7m Py’ + Ny Po’ +... +n Pn’); 
as they are to be treated in the same way as the terms in 
COS (1% pry’ + Mo pa’ +... +n Pn’), 


and their presence complicates, but does not in any important respect modify, — 
the later developments. 
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194. Other types of motion which lead to equations of the same form. 


The equations which have now been obtained have been shewn to be 
applicable when the motion is of a type not far removed from a steady motion 
or an equilibrium-configuration, e.g. the oscillatory motion of the simple 
pendulum, or those types of motion of the Problem of Three Bodies which 
have beén studied in §181. But these equations may be shewn to be 
applicable also to motion which is not of this character, and in particular to 
motion such as that of the planets round the sun, or the moon round the 
earth*, 

For let the equations of motion of the Problem of Three Bodies be taken 
in the form obtained in § 160; and let the contact-transformation which is 
defined by the equations 

OW i eo W 
Pr Oa,’ pr =-DT (=I, 2, 3, 4) 
_be applied to this system, where 
: ; hn 2m2m2 2 2 4 
W=q'atqnt| oe 4 Pema _ te dq 
Ys Nn n } 
2 ( w?mem? | 2w’mms go”) 
(eee cee ee 
qs” Fo qs") as 
-The new variables can be interpreted in the following way. Suppose that at 
the instant ¢ all the forces acting on the particle ~ cease, except a force of 
magnitude m,m,/q,? directed to the origin; and let a be the semi-major axis 
and ¢ the eccentricity of the ellipse described after this instant: then 


= {mym,pa(d— e)}8, gs’ = framapar} 

Further, if the lower limits of the integrals are suitably chosen, p,' +; is 
the true anomaly of p in its ellipse, and —p,’ is the mean anomaly. The 
variables q,’, i, P2, ps stand in a corresponding relation to the particle p’. 

The equations of motion now take the form 

dje 0H dp, 20H 

dia ta aan 
when the particles m, and m, are supposed to be of small mass compared with 
m,; and are describing orbits of a planetary character about m,, it is readily 
found that H can be expanded in terms of the new variables in the form 
FI = do,0,0,0 + Ang , nq, g,mq COS (Mr Pr’ + Ma Pa’ +s Ps + M4 Pi’); 
where the coefficients a are functions of (41, qs’, 9s» q:') only, the summation 
extends over positive and negative integer and zero values of 7, M2, M3, %, 
and the coefficient ap,o,o,018 much the most important part of the series. As 
this expansion of H is of the same character as that obtained in § 193, it 
follows that the method of solution given in the following articles 1s applicable 
either to motion of the planetary type or to motion of the type studied in § 181. 
* Delaunay; Théorie de la Lune; Tisserand, Annales del’Obs. de Paris, Mémoires, xvitl. (1885). 


(r=1, 2, 3, 4); 
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195. The problem of integration. 
For simplicity we shall suppose in what follows that the system has only 
two degrees of freedom: so that the equations to be integrated are 


dg, 0H <dq, 0H dp, 0H dp, 0H (1) 


=r Te Re ; rn i 2 ey 


dt 0p, dt Op,’ dt 0g,” dé ° Og; 

where the Hamiltonian function H can be expanded as an infinite series 
proceeding in powers of /g, and gq, and in trigonometric functions of 
multiples of p, and p,: that is to say, in terms of the type 


ne” ie cos (1p, +Jp2); : 

where m and n are integers (positive or zero) and 7 and 9 are integers 
(positive or negative or zero): moreover, if we call (m+n) the “order” 
of a term, the terms of lowest order are linear in qg, and q, and free from p, 
and p., so that they may be written (s,q, + 5.42), where s, and s, are constants. 
Further, m—|i| is zero or an even integer, and n—|j| is also zero or an even 
integer. 

The Hamiltonian function H may therefore be expanded in the form 

HT = 8,9, + 829a+ Hy + Hy t+ Hy... -ccencosccenssvores (2), 

where H, denotes the terms of order r, so we may write 
H,=4q:2( U,cos p, + U, cos3p,)+ ge? {U; cos p.+ U,cos (2p, + p.)+ U,cos(2p,— p»)} 

+ 9:29 {U,cosp,+ U,cos(2p,+ p,) Uscos(2p.—p,)} + qs? {U,cos p, + U,, cos 3p}, 
and | 
H,= 47 (X, + X, cos 2p, + X; cos 4p) 

+ qegr (xX 4 COS (p, +p.) + X5 cos (p, —P2) + X¢ cos (8p, +p.) + X, cos (3p,—ps)} 

+ 9192 {X.+X, cos 2p, + X 1 cos 2p,+ Xy Cos (2, + 2p.) +X 2 cos (29, —2po)} 

a5 q12qs8{Xas cos (pi+p2)+Xi4 cos (p1 —P2)+ X45 COS (pi aa 3p2)+ Xi cos (pr —3p,)} 

+92? {Xi+Xi, cos 2p,+ X1 cos 4p}, 
the coefficients U,, Uz, ... Uy, X1, Xo, ... Xi being constants. 


We know one integral of the differential equations (1), namely the integral 
of energy 
(4; %) Pry P2) = Constant : 
and we know (§121) that if we can find one other integral, the system can be 
completely integrated. 

It,was shewn by the author in 1916* that this other integral can be found, 
but that w cannot in general be represented by a single analytical expression 
which rs valid for all values of the ratio s,/s,, or even for any finite range of 
values of s/s,: in fact, it is necessary to distinguish three cases: 


* Proc. R.S. Edin. xxxvu. (1916), p. 95. 
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CasE I. The ratio s,/s, is an irrational number. 


Case II. The ratio s,/s, is a rational number, say equal to m/n (where — 
m and 7 are integers and the fraction m/n is in its lowest terms) and terms 
in cos (np, — mp) are absent from H;. 


Case III. The ratio s,/s, is a rational number, say equal to m/n, and terms 
in cos (np, — mp.) are present in Hj. 

The integral which we are seeking (and which we shall call the adelphic 
integral, for reasons which will appear later) always exists, but its analytic 
expression is different in these three cases; so that as s,/s, is continuously 
varied, the form of the adelphic integral is abruptly changed whenever s/s, 
passes from a rational to an irrational value, or conversely. This is the 
ultimate fact which lies at the basis of Poincaré’s celebrated theorem that 
the series of Celestial Mechanics, if they converge at all, cannot converge 
uniformly for all values of the time on the one hand, and on the other hand 
for all values of the constants comprised between certain limits. 

We shall now determine the adelphic integral in each of these cases in 
turn. 


196. Determination of the adelphic integral in Case I. 

- Let us then first suppose that the Hamiltonian function is expanded as 
in § 195, and that the ratio s,/s, is an irrational number. We shall now shew 
how to set up formally a series which, if it converges, is an integral of the 
system. 

If $(q%, Ge, Pr, P2) = Constant is an integral, we must have (from the 
equations of motion) 

06 0H oOf0H df0H d¢0H _ 
0g: Op, 0gs Oe Op, On Ops 092 
an equation which we may write (¢, H) = 0. 

Let us see if this equation can be satisfied formally by a series proceeding 
in ascending powers of /q, and V/q and trigonometric functions of p, and pz 
(like the series for H), whose terms of lowest order are (8,9: — 5242): 80 that 
we may write 

f= 8191 — $292 + hs + hit hs + ceey 
where ¢,-denotes the terms which are of degree r in /qi and 4/q. . 

Substituting in equation (1), and equating to zero the terms of lowest 

order, we have 


ods 0¢, OH; , OH; 
Op. ae So Ops — 8) OD; S23 OD, 
This evidently implies that to any term A cos (mp, + np.) in Hs, there 


§) 


Sea i : the value of ¢ 
; -____—. A cos (mp, + 1 in @3: SO 3 
corresponds a term pemad (mp, + npr) $ 


28 
W.D. 
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may be written down at once. Having thus determined ¢,, we equate to 
zero the terms in equation (1) which are of order 4 in /q, and 1/q,: this 
gives the equation 

5} set he 2 Se Sy a 82 a = (¢,, A; 
As the quantities on the right-hand side are all known, we can solve this 
equation for ¢,* in the same way as the preceding equation was solved for 
¢;: and thus combining our results we obtain for our integral series 


Constant Ack h—S82 Gotu (U, cos p, + U, cos 3p,)_ 


+ nat |- U;cos p.+ Ss rae .cos(2p.-+ps) +5" mae ,008(2p.—P.)} 


+ qeqs {U. cos p, + — 28 U,cos(2p, a2 i Bh ob 
28, aa —2s, 


ele gut \- U,cos p.— U,,co0s a 


2s, + 8. i (28, + 82)(28; — 82) 
+X, i cosy, 


oar | COS(Pr+ pe) { — 28, 65,5, 
+ G1? Qe S; + 8, S ir 8, + 28, U, U,- (2s, — 8,) (8; —2 hs U;U3+ U,U, 


tet UU. U it gt UU tg U, Ut (—s)X 
8 28, +82 


i cos ( 2, — po) { — 68,8; UU, 2s, 


+q2 Nae U,U,+ gl ag, Uae Xa} cos 2p, + er ua UU; 


ae sty UU, 
Sone 5, UsUs— UU, 5 UU .— ag UaUerlovt 5) 
8) = 
= men) 0g 7 
Bate ett tg mar a 3U,U; 
2s, 
fe a Ur + (85-8) Xe} 
cos (3p, — Do) | +103, s, 
+ Roe arayle 2as,) Uet gg Vee 300, 
a 


~ spt UUs + (8s, +3)X 


a 
*The equation for ¢4 will not have a solution of the desired form unless on the right the 
coefficients of q;", 9192,.927 are all zero, since terms of this form in ¢, are annulled by the operator 
7) 0 : F ; OH, oH, 
81 >- +8 =. It ie easy to verify that these terms are in fact absent. from s, ———s and 
‘Op. Ope v y ep, * Ope Ope 
from (¢3, Hz). The same point arises in the equations for ¢g, ¢5,... : for a general discussion of 
these “ critical” terms, cf. T. M. Cherry, Proc. Camb. Phil. Soc. xxur. (1924), pp. 325, 510. 


196] 


+ hd 


+92 qe 
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UU, +5 UU, 2 we eee 
+ 8, oe Ne 2s3) (8, — 282) 


U;U,— 


cos 2p, lose 2s, 


Rig Be 2 

28, + 8, 2s, — 

42 

BE COG Bei in = 2 

eek {ace 35, 00% 8, — 2s, reas ot + 2s, a SL ear — 2s, ee 
pameae a 
oe (23, + 82) 

As. 
U0, +5 =a a U,U, 
6s, 


ea O10, iene UU, + (2s, ~2%) Xu} 


4.008 (2p; ~ 2pps) (+281 aes 

23, - 28, lee —8, U,U0,— = ae 8, U, ji i oe 5, Us U, 
= 

— 2s, 


cos (py +a) 
oe _ if, ae 


U, U; -Xu} 


+ cos (2p, ae 22) — 2s, 
23s,+2s, (28,48, 


6s, _ 


oat 5, + 28 


U,U,— G5, C 10, 2 ee 


= 


U,U; Lyne ah Un — U;U, 


ed 
-_——+- U,,U, + 


a 
(2s, — s2) ie 2s.) 
COS (p1— Pa) { _ - 68, 
4 SRS P { 0,0, — $5 UUnt = UU, — UU, 


3; a, 68,8 i 
Se ea CEST ae an 2. rvevonsnrr 


cos( p; + 3p2) ee 
+ eres {+ 3U,0 U,U, — 


U,U, 4+ —— U,U, +(3-8)Xul 


Tae se 7 


as. 8; nee UU, 


108, 8, 
+ ae E a Vide (o—B9) Xi} 


23, Ss 
— 25, G,05— 8, — 28, Us Us 
ms ‘105, 5, 

(8; + 2s.) (2s, —8,) 


2mm) 90,0, 4 


S$, — 38, 


U,U, + (8 + 3s) Xi 


= 


+ 9" fees 25," U,U, is 95, Cele— X. feos 2p, 
: 51 
ey (a= 9s,)(6,4 2) U,U,—X of cos tp,| 
4+ terms of the 5th and higher orders in /q, and W/q__ «..-++++. (2). 


The terms of higher order in the series may be determined in the same 
way as the terms in ¢, and us and we thus obtain the complete expansion 


of ¢. 


28—2 
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We may note that instead of assuming (8,9q,—$.q2) as the lowest term 
of our integral, we might have assumed q, or q,, or any linear function 
of g, and q,; the integral then obtained would be merely a linear combina- 
tion of our integral (2). with the integral of energy, whose lowest terms 
are (8:91 + 8292). 

We may further note that in the above process, when finding ¢,, we 
may if we please add to ¢, any terms of the form ag,?+ q.92+q", where 
a, 8, y are constants; for these terms are annulled by the operator 


(s es + 8, eS and therefore ¢, satisfies its differential equation just as well. 
Op, Ope 


when these terms are present as when they are absent. The introduction of 
these terms into ¢, will cause changes in the terms of higher order—in 
$s, bs, etc.: and the sum total of all the changes will merely amount to adding 
to our function ¢ a quadratic function of the two integrals which we know, 
namely, the integral of energy and the integral (2) itself. 


Similarly we may add any terms of the form (aq + Bq?q@ +7992 + se 
to d: the ultimate effect is. merely to add to our integral a cubic function 
of itself and the integral of energy. There is evidently nothing to be gained 
by doing this, and we may therefore omit these arbitrary terms in ¢y, $5, s,.... 


197. An example of the adelphic integral in Case I. 


As an example, consider the motion of a particle of unit mass in a field 
when the potential energy is (with rectangular coordinates w and y) 


a 1+ 3a 
B3(1+ 2a +a? + 4%)? | 
or (expanding) a? + $y? — 82° — xy? + 5a4— Sy4+ terms of the 5th order, so 
that the origin is a position of equilibrium. We shall study orbits near to this 
equilibrium position. 
If we make the contact-transformation 
& = 2,2 sin Pir a = 2*9,? cos py, 


y= 279.2 SIN pao, y= 24, 3 COS Pp, 


the system is now specified by the Hamiltonian function 
1 +3.2% 9:3 cos p, 
38(1+ gi qe? cos p; + 92 qi COS? p, + 2qQ. Cos? p,)! 


H= 229, sin? p, + g2 sin? p, — 
or expanding, 
= 29, + q+ 24g, (— cos p, — $ cos 3p,) 
4974 1°42 {— 2 cos p, — cos (p, + 2p,) — cos (p, — 2p2)} +... -- (1). 
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The corresponding adelphic integral, obtained by substituting in formula (2) 
of the last article, is 


Constant-= p= ato, —@t 2%q3 (— cos p, — $ cos 3p,) 
“3 = = 
+2 40200 {—2 cos p, + (1 — /2)? cos (p, + 2ps) + (1 + ./2)? cos ( p, — 2p2)} +... 


Now it may be verified readily by differentiation that this dynamical system 
possesses the integral 


‘Constant = (qe Sin p, + #gtq,2 SIN p. COS p, — Qo qs? Sin p, COS p.)" 
1+ oto, COS Di 
Bert eri oh peti) a, con Ate, 
(1 + 24q,? cos p, + 2?q, cos® p, + 2q2 cos” p.)* 
which when expanded takes the form 
Constant = g, + 2-4 (1 — V2) q:3 gq: cos (p, + 2pz) 


— 94 (1 + V2) q,8 q,.c08 (p, — 2p) + ove sesereees (3). 

It is evident, on comparing the series, that the series (2) is what would 
be obtained by subtracting twice the series (8) from the series (1), which 
represents the integral of energy. This shews that for the particular 
dynamical system we are considering, the ¢-series (2) is identical with the 
expansion, formed by ordinary algebraic and trigonometric processes under 
conditions which ensure convergence, of a known integral: and the con- 
vergence of the series (2), for sufficiently small values of 4/q, and /q,, 1s thereby 
established for this particular system. 


198. The question of convergence. 

For particular dynamical systems such as that considered in the last article, 
the convergence of the adelphic-integral series (2) of § 196 can be proved, for 
sufficiently small values of g, and q2, so long as the ratio s,/s, is an irrational 
number. No proof of convergence applicable to the most general case, has 
yet been devised, and the procedure of § 196 must therefore be regarded, in 
the present state of the subject, merely as a method of constructing a formal 
series, whose convergence must be investigated separately in the case of each 
particular dynamical system to which the method is applied. In all such 
particular systems examined hitherto, the series is convergent: and the 
following considerations may be adduced in support of the opinion that the 
convergence is general. 

Since the ratio s,/s, is an irrational number, none of the denominators 
(s,+52), (8 — $2); (2s, + 82), (25, — 82), (8 + 2s), (38,-+ S2),... can vanish, and there- 
fore no term of the series can be infinite. The series is a power-series in 
Vq@ and 7q, and it has been derived from another absolutely convergent 
power-series in /q and /@, namely, the series for [H, by operations which are 
of an ordinary algebraical and trigonometrical combinatory character, except 
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as regards the operation of introducing the divisors of the type (ms, + ns) 
(where m and n are positive or negative integers) in the integrations. We 
may therefore expect that the series will converge for sufficiently small values 
of »/q, and 4/q2, unless the smallness of some of these divisors causes the series 
to diverge for all values of Vq, and. /q, however small. Now the values of 
the integers m and n may indeed be so chosen that the divisor (ms, +83) may. 
be as small as we please: but |m|and |n| are then large, and since |m| and | 
are not greater than the order of the term, this small divisor can occur only 
in a term of high order, where it will be more or less neutralised by the high 
powers of 1/g, and /q,: and it was in fact shewn many years ago by Bruns* 
that this state of things is consistent with the absolute convergence of a series. 
The example given by Bruns was the series 
SS Gee 
m=1n=1 1-—NL 
where qg, and q, are proper fractions and A is a positive irrational number 
which is an algebraic number, i.e. a root of an irreducible algebraic equation 


A®+G, At1+G, At ?+ ...+ Gr=0, 
with integer coefficients G. If we multiply the numerator and denominator 
of any term in Bruns’ series by | 
(m—nA’)(m—nA”")..., 

where A’, A’”,..., are the other roots of the algebraic equation, then the 
denominator becomes a polynomial in m and n with integer coefficients : and 
as it is never zero, it must be at least equal to unity: while in the numerator 
we now have a polynomial in m and n of degree (s—1): whence it follows at 
once that Bruns’ series converges. 

The adelphic-integral series (2) of §196 is much more complicated than 
Bruns’ series: and although the analogy so far as it goes is favourable to the 
convergence of (2), yet our opinion must rest mainly on the undoubted con- 
vergence of (2) in the case of particular systems where a test is possible. 


199. Use of the adelphic integral in order to complete the integration. 


Still restricting ourselves to Case I, in which the ratio s,/s, is an irrational 
number, we now know two integrals of the dynamical system, namely, the 
integral of energy (which is obtained by equating the Hamiltonian function 
to a constant) and the adelphic integral expressed by equation (2) of § 196. 
Now it is known (§121) that if, in any conservative holonomic dynamical 
system with two degrees of freedom, we know one integral in addition to the 
integral of energy, the system can be completely integrated, ie. we can find 
expressions for the coordinates and momenta (%, 2» Pi, P2) in terms of the 


* Astr. Nach, o1x. (1884), p. 215. Cf, also W. J. MacMillan, Proc. Nat. Ac. Se. 1. (1915), p. 437 
and Bull, Am. M. S. xxi. (1915), p. 26. 


198, 199] Integration by Series 439 


time and 4 arbitrary constants of integration. We shall now perform this 
process. 


If we add the integral of energy to the adelphic hei (2) of § 196, and 
divide throughout by 2s,, we obtain 


h=nt+qe 50: Cos p, + — Jae 


+n92 “Ss U, cos (2p, + pr») gees 3, Us cos (2p, — my j 


+ 9.242 \é Uf; cos Pi ap 


+ terms of the 4th a co orders, 


where J, denotes an arbitrary constant. 


+ py) Lips ope cos @p.-p)} 


Similarly by subtracting the adelphic integral from the integral of energy, 
and dividing by s,, we obtain 


1 
Ll, =q2+ gt tf U; cos ps +5 5, Us cos (2p, + ps) — Pere cos (2p, — po} 


1) 


+ qe 5 U, cos py +> Ui cos a8 + terms of the 4th and higher orders, 


ta qq 1-35 +25, U, cos (2p, + Pp, 


where /, represents a sane arbitrary constant. 


It is an easy matter to obtain g, and g, from these equations in terms of 
(,, le, P1,P2) by successive approximation: in fact, the first approximation gives 
=, G2 =, and the second approximation gives 


q=h— 12 1; U, cos p, e : U,.cos as 


aap OS ees 3 Us cos (2p; 


ip) 


ws 1,2, 5 U,cos p; Ps wilt cos (2p, + p:) on elle cos (2. — poh 


= poh | 


+ terms of the 4th = ea order in J, ae i 


q2 = l. i i 12 { U,cos pz +5 


+ ps 


atk (2 ———— si COS (292 + i) — alt cos (2p — a 


ae A: ti U, Cos pp a Us 19 COS aa 


+ terms of the 4th a higher order in /, and JJ... 
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Now we know (§121) that the expressions thus found for gq, and q, must 
be the partial differential coefficients with respect to p, and p, of some function 
of (1,, 12,1, P2): and, in fact, we have obviously 


+ ew | aw 
1 Bp,’ 2 py? 


where 


1 : JI : 
W=1,p, + l.p2.— L,? G U,sin p, + 35, U,8in 3p.) 
=: 1? (- U;sin p.+ wae sin (2p, + pr») cae a Us sin (2p, — - poh 
2 
= 11, \ U,sin Pit 5. eee ALL sin (2p. + pr) ra cen mat sin (2. — pf 


& 1,2 1 U, sin p,+ ‘a U7, sin 3p} 
+ terms of the 4th and higher orders in 4//, and W/J,. 


The terms in which p, and p, occur otherwise than in the arguments of 
trigonometric functions are 


p, (l, + terms of the 4th and higher order in 4/1, and 4/1,),. 
+ po (1, a »” ” ” ” ). 


Denote the coefficients of p, and p, in this expression by a, and a, respec- 
tively: express J, and /, in terms of a and a, by reversion of series, and replace 
1, and /, throughout in the series for W by these values in terms of a, and a; 
so that we now have 


3/1 ; ‘ 
W = ayp, + @p2— 02 (— U; a U, sin 3p.) 
\Pl 


sy (ab : 
— Oy" : — U,sin p,+ U,sin (2p, + po) Mone 308 sin (2p, — poh 


ee 8, + 82 


=i 
= aba U,sin p+ Seema U, sin(2p.+ p,) roses ae sin(2p, — pop 


3B ‘ . 
— a,” \- U, sin p, + = U,, sin Sp 


+ terms of the 4th and higher orders in a, and 4/@y .......60085 (1), 
and now p, and p, do not occur except in the arguments of trigonometric 
functions and in the terms (a p; + a p>). 


Now the equations 
Erol: Bow: OW ow 
1 op,’ t= Fp,” ee in B= 5, 


define a contact-transformation from the variables (q,, qo, ~:, ps2) to the 
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variables (a, a, 8:, 82): so in terms of these new variables the differential 
equations take the form 


dt 0B,’ dt = 38,” iS, (00,2 edt. 00," 
But we know that a, = Constant and a, Constant are two,of the integrals 
of the system, since J, and J, are constant: and therefore 


oH oH 

~~ =0, = 0; 

op, OB; 
so when # is expressed in terms of (a, a, Ai, joy) it will be found to involve 
a, and a, only*; and then the equations 


HD ERC nig 
Gidemuw0d,2 1b wh uy 00s 


give 
ae sees Pee 
RI Ae ARE» cet NE AX (2), 
_ _ 0H (4,42) 
Bae OO, Pants 


_ where ¢, and ¢, are arbitrary constants. 


Thus we have the complete solution of the dynamical system expressed 
by the equations 


ae Ct a 

op, Op, ™ 
OW 0H (a, a) OW 0H (%,0) ,, 
Site oo ER Ao Ds Rae Oe aaa 


where W is given by equation (1), and the four arbitrary constants of 
integration are (0, 4, €,€). On referring to the form of W, we sce that 
these equations enable us to express g, and gq as purely trigonometric series, 
the arguments of the trigonometric functions being of the form 


mB, +nBo, 
where m and n are integers (positive, negative, or zero) and where (, and 
8, are linear functions of the time, given by equations (2). We have thus 
obtained expressions for the coordinates in terms of the time, by means of series 
in which the time occurs only in the arguments of trigonometric functions: each 
coordinate is, in fact, represented by a series whose terms are of the form 


Amn cos (mB, + nB2), 


where m and n are integers (positive, negative, or zero); the coefficients mn are 


* We may remark that H=s,a;+8a2+44aj?-+ Hajag+$Ba."+..., there being no terms of 
bi 


order a”. 
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functions of two of the constants of integration, a, and O only ; and the angles 
B, and B, are defined by equations 

Bi=mt+e, Br=pmtte, 
where pw, and ps are functions of a, and a, only, and ¢, and e, are the two 
remaining constants of integration. 


200. The fundamental property of the adelphic integral. 

Periodic solutions of the dynamical system evidently arise when the con- 
stants a, and «, are such that , is commensurable with y,: the period of the 
solution is then 2er/v, where v is the largest quantity of which w, and p, are © 
integer multiples. 

Suppose then that a, and a, have such values. Then if the constant ¢ be 
varied continuously, we obtain a family of periodic solutions, each having the 
same period (since this does not depend on «). The constant of energy 
depends only on a, and a, and is therefore the same for each of these 
periodic solutions. The family is therefore a family of “ordinary” - periodic 

solutions (§ 172). 

It might hastily be supposed that by varying € as mall as e, we should 
get a family of 0? periodic solutions. But it is easily seen that the trans- 
formation which is obtained by varying e, may be obtained by combming the 
transformation which consists in varying e, with that which consists in adding 
a small constant to ¢. Now this latter transformation merely transforms every 
orbit into itself (each point being displaced in the direction of the tangent to 
the orbit), and so may be disregarded. The e, and ¢, transformations are there- 
fore to be regarded as not distinct from each other*. 


Consider, then, those infinitesimal transformations which change each 
trajectory of the system into an adjacent trajectory, in such a way that every 
ordinary periodic solution is changed into an adjacent periodic solution of the 
same family, i.e. having the same period and the same constant of energy. In 
the notation we have just been using, this transformation corresponds to a 
small change ine, This transformation will be called the adelphic transforma- 
tiont. The adelphic transformation changes any solution of the dynamical 
system, whether periodic or not, into one of 0? other solutions which stand 
in a particularly close relation to it, being in fact derived from it by a change 
of the constant ¢, only. 


Now, referring to the formulae of the last article, it is evident that a change 
in ¢,, in which the other constants of integration. (€, a, a2) are left unaltered, 
does not affect either of the constants 1, and l, (since these depend only on a, 

* The only case of exception is when all the orbits of the system are periodic. 
+ From ddeAguxds, brotherly, because these orbits stand in very close relation to each other, 


and also because the integral corresponding to the transformation stands in a much closer relation 
to the integral of energy than do the other integrals of the system. 
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and a.) and therefore does not affect the constant of the adelphic integral or 
the constant of energy: this shews that all the orbits, which differ from each 
other only in having different values of the constant ¢,, have the same values 
for the constant of the adelphic integral and the constant of energy: and 
hence that the infinitesimal transformation, which corresponds (§ 144) to the 
adelphic integral, transforms these orbits into each other: that is to say, the 
adelphic integral is the integral which corresponds to the adelphic transforma- 
tion. This is the fundamental property of the adelphic integral. 


As there is only one really distinct adelphic transformation of a given 
dynamical system with two degrees of freedom, so there is only one really 
distinct adelphic integral: all other adelphic integrals may be obtained from 
this by combining it in various ways with the integral of energy *. 

In practically all the known soluble problems of dynamics with two degrees 
of freedom, the integral which enables us to effect the solution is an adelphic 
integral. Thus, when the trajectories are the geodesics on an ellipsoid, the 
adelphic integral is the equation pd = Constant. When the problem is that 
of two centres of gravitation, the adelphic integral is Euler's integral of that 
problem. When the solubility of the problem is due to the presence of an 
- ignorable coordinate, say 2, the corresponding integral (namely p, = Constant) 
is adelphie. . 


201. Determination of the adelphic integral in Case II. 


We now proceed to the discussion of “Case II,” in which the ratio s,/s, is 
a rational number (say equal to m/n), but no term in cos (np, — mp,) is present 
among the third-order terms in the Hamiltonian function H. Certain terms 
of the series (2) of § 196 now contain in their denominators the factor (ns, — ms,), 
which vanishes since s,/s,=m/n: and therefore the series (2) as it stands 
cannot converge in Case II, unless the terms which have zero denominators 
have numerators which also vanish. We have here come upon the real root 
of the principal difficulty of Celestial Mechanics: by removing it here, so as 
to obtain a valid adelphic integral in Cases II and III, we shall be enabled to 
remove it from the whole subject. 


To fix ideas, we shall suppose that s, = 2, s, = 1, so that s,/s, has the rational 
value 2, and the denominator (s, — 2s,), which occurs frequently in the series 
(2) of § 196, is zero. 

In this case the equation for }, becomes 

9 Obs , Ops oH, OH, 
2 + =2 — 
Op, Opes Op, Ops 


> 


* The integral of energy corresponds to that infinitesimal transformation which changes every 
orbit into itself, each point of an orbit being displaced in the direction of the tangent to the 
orbit. 


444 Integration by Series _ [CH. XVI 


and indeed the equation for any one of the functions ¢5, $4, $s, -.. takes the 


form 


2 = ers ee = a known sum of terms of the type qt q.t” sin (kp, + lp,). 
Pig Ps . 


Now in integrating the differential equations for $5, gs, ... in §196, we 
used only the “particular integral,” which corresponds term-by-term to the 
known function on the right-hand side of the equation: so that, e.g., the inte- 
gral of the equation 


0 F 
ae + 5:50 = oe sin p, 
would be taken to be . 
barge 
$3; =— igs COS py 


The reason for this was that the “complementary function,” or arbitrary part 
of the solution of the differential equation, is a function of (s,p, — s,p.), and so 
does not contain terms of the type appropriate to ¢,. But when s,=2, s.=1, 
the arbitrary part of the solution of the differential equation does contain terms 
of the type proper to ¢;, and these must be taken account of; so that we must 
' take the integral of the equation 
2 oe + Se = ot snp, 
to be 

$s =— Aq? cos py + agi?ge cos (~r — 2p»), 
where a is an arbitrary constant. In this way we obtain terms with arbitrary 
coefficients in 3, ds, bs, ...: and these arbitrary coefficients must be chosen in 
such a way as to remove terms with vanishing denominators from the subsequently 
determined part of ¢. This principle enables us to obtain, in Case II, an 
adelphic integral free from vanishing denominators. 


202. An example of the adelphic integral in Case IT. 


We shall now illustrate the working of this principle by an example. 
Consider the dynamical system which is specified by the Hamiltonian function 


H = 2q, sin? p, + q, sin? p, + —— i 
2(1+ 2q, COS P; + G; COS? p, + 2q, Cos? p,)? a 
aly 


3 1+ qe COS P - 
(1 + 2q,2 COS p, + gq, Cos’ p, + 2q, cos? p,)? | 
If this be expanded in ascending powers of Vq, and »/q., we obtain 
H = 2g) + qo + Gi? (— $ cos p, — § cos 3p,) + qit(F4 + 28 cos 2p, + 24 cos 4p) 
+ HG {— 3 —3 cos 2p, — 3 cos 2p, — $ cos (2p, + 2p.) — $ cos (2p, — Bp,)} 
+ 92 {— 7% — 3 cos 2p, — #4; cos 4p,} 
+ terms of the 5th and higher order in /q, and vq, 
so that in this case s, = 2, s,=1. 


oom ny Open 
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As explained at the end of §196, we may assume that the lowest term of 
the adelphic integral is simpl; qg. Then if we write 
$= gt dst hit dst 
the equation to determine ¢, is 


2a * op. 
so by §201, 


I= ag? 2 COS (1 — 22), 
where a is an arbitrary constant. 


The equation for ¢, now becomes 


9 OP: Ops 
oa “ Ops 


| ns | 
= 919: {(6 +3) sin 2p,+ (s ae 7) sin (2p, + 2p.) — (3+ — ) Tce 2p} 


+ 7 ( sin up, + 3 sin 4p), 
of which the integral is 


9 sles! 3 
bs=HY@ |- (3 + 7) cos 2p4— E +. +) cos (2p, + 25) + é + =) cos (2p, — 2»,)} 
+ 9.2 (— 3 cos 2p, — 7, cos 4yp.). 


The equation to determine ge is now 


9 Obs Ops _ 
aon, * Op; H,) a (du; H;), 


where, as usual, (¢;, H,) denotes e expression 


a, OH, , 06, OH, 06, 0H, 06, 0H,. 

Og: pr ~ Oqe Op, Ops OG. Oa OGe ’ 
and we have to choose « so as to annul the terms in sin (p, — 2p.) on the right- 
hand side of this equation. On calculating these terms, we find 


(from oo) ap q:2Qe sin (yi oom 22) 
3a 
(from ($s, H)) ty 1¢ 4 7) qu?qe sin (p, — 2p.) 
(from ($3, H)) aes ags?qo sin (pr — 2p). 
The quantity a must therefore satisfy the equation 


3a 
ap — 4p (1+ +P) +1p8a= 0, 


which gives 
a=—2, 
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Substituting this value of a in #; and $,, our integral becomes 
Constant = q.— 291242 cos (p, — 2p2) 
+ G1 42 {3 cos 2p, + $ cos (2p, + 2p2) — 2 cos (2p; — oe 
+ 2? (— 3 cos:2p, — 33; cos 4p.) 
+ terms of the 5th and higher orders in /q and 4 Sectkay 


Now it may be verified by differentiation that the dynamical system spec!- 
fied by equation (1) possesses the integral 


Constant = } {7 2q, sin p, + ge 2g, cos p, sin p, — 2 2q, gz Sin p, COS ps}? 


peat see ee ee (3), 

(1 + 29,2 cos p, + q, cos? p, + 2q2 cos® pat 
and this integral is adelphic, as may be shewn by completing the solution, or - 
more simply by remarking that the integral (3) is a function of the variables 
(G1) V2, Pis P2) Which is one-valuedand free from singularities for a certain 
range of values, and therefore the infinitesimal transformation corresponding 
to it will also be one-valued and free from singularities, and so must transform 
closed orbits into closed orbits. 

But on expanding this integral (3) in ascending powers of /q, and /q. by 
the multinomial theorem, we arrive at the series (2). This shews that, for the 
dynamical system we are considering, the series obtained by the process of the 
last article converges for all real values of p, and p, so long as |q,| and | q.| are 
inferior to certain fixed quantities, and that the series represents the adelphic 
_ integral of the dynamical system. 


203. Determination of the adelphic integral in Case IIT. 


The principle for the removal of vanishing divisors from the adelphic 
integral, which has been explained and illustrated in the last two articles, is 
not sufficient for the purpose if the Hamiltonian function contains, among its 
third-order terms, a term in cos(s,p,—8,p.): for this term gives rise to a 
vanishing divisor in ¢;, and the arbitrary terms which are used in order to 
annul terms with vanishing divisors do not come into operation early enough 
to remove vanishing divisors from ¢,. 


In this “Case III” we must make use of another principle (concurrently 
with the principle of §201) which may be explained thus: Suppose that an 
integral of a system of differential equations in variables (H, Yo; Pry Po) 18 of 
the form 


Fs Bo ps) + Lees P) = 


where y is the arbitrary constant and pw is a definite constant formed of 
quantities occurring in the differential equations. The integral in this form 
ceases to have a meaning when yu tends to zero. But we may derive from it 
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an integral which has a meaning when » ->0, by merely supposing first that 


p» is different from zero, and multiplying the equation throughout by mw, so that 
‘it becomes 


Uf (dhs Gas Pr» Ps) + 9 (Gus Gos Pr» Ps) = WY 
and then making »-»0; the equation becomes 
9 (Gs Qe» Pr Po) = ©, 
where ¢ denotes ia (wy). This is the desired form of the integral when p 
is zero, 

Our case is not so simple as this, since the vanishing divisor occurs not 
only in the inverse first power, but in an infinite series containing all the 
inverse powers. The method we follow, which will be illustrated in the 
next article, is really equivalent to using the principle of §201 in order to 
remove all inverse powers of the small divisor except the first, and then 
using the principle of this article in order to remove this inverse first 
power. 


204. An example of the adelphic integral in Case ITI. 


We shall now shew by considering a particular dynamical system how the 
principle just mentioned is applied in order to. obtain an adelphic integral 
free from vanishing divisors in “Case IIT.” 


Consider the dynamical een whose Hamiltonian function is 
H=q—2q+ qe U, cos p, + 9192 20, cos (2p, + po). 
Now if the Hamiltonian function is 
HH =8,Q+ 8292+ hh? 2U, COS P; + nad, cos (2p, + ps), 
where s, and s, are arbitrary, the adelphic-integral series to which we are led 
by the method of §196 is 


Constant=s,9,—#%92+ 91° Us COs p; + 2, 4 cos(2p ; ae Pe) 


1 2. 2 3 it 2 
U,U 920 4 ey cos(3p be 


tate $, +52 38,4 82 
2p, + po) 
el el Gee cos(4pitp.) 6 cos( ‘Pit Pe 
+ UPU.q0qs es 38, +8,  48,+8, Bi +8 28+8 
6 aa 
8 +8, Se 


/ UZ 3 2 (9s,+52) - COs Pi, 4  cos(3p, + =v 
+ULU, ah 35, oA eas (8,+8:)(3%, +8) % +8: 38, + 28, 


§ So 58, + 8: COS Py 
+ U,U24q: ae a "(8s, + 8)(S: + Ss) St 


4. terms of the 6th and higher orders in /q, and /qz . «--(1). 
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In our problem s,=1, s,=— 2, so 28,+ 8, is a vanishing denominator. This 
_ denominator makes its appearance in the fourth term of the above expression, 
and occurs in every subsequent term, being squared in the coefficient of the 
fifth-order term 9,292 cos(2p, + p,). We must: now modify this series (1) so 
as to obtain an integral which has no vanishing denominators. 
In the first place, we apply the principle of § 203: the lowest term which 

is affected by the vanishing denominator is the term 

2s, 

- 25, + So 
we therefore try to form an integral whose lowest term n (discarding the non- 
essential factors (2s, — s,) and Ps shall be 


N qs ve (2p: + pz). 
If then we suppose this integral to be 
Constant = d= qe cos (29, + po) + Pst Ps + he + 


where @, denotes the terms of degree r in /q, and /q2, and substitute in the 
equation (¢, H) = 0, we find on equating to zero the terms of order 4 that ¢, 
is to be determined from the equation 


84. gt Ui; cos (2, + pe»): 


a2 aces pe ange Os {2 sin (pit ps) + sin Bp. +P2)} 


The integral of this is 
| $.= q2q.? U; {2.cos (p, + pa) — cos (8p, + p»)}, 

to which, however, we may add terms of the type 

AG BGs a VGg eve cocceessevessasenseceeseee (2), 
where a, 8, y.are arbitrary constants, since these terms satisfy the differential 
equation and are of the type proper to ¢,. It should be noticed that these 
terms are not now superfluous, as they were in the general case studied in 
§ 196; for in the general case the addition of such terms to ¢, would merely 
be equivalent to adding on an arbitrary quadratic function of the integral of 
energy and the adelphic integral: but in our present case the adelphic integral 
does not begin with terms linear in g, and q,, and therefore a quadratic 
function of it does not account for terms like those in (2). The arbitrary con- 
stants in (2) are to be determined in such a way as to make terms with 
vanishing denominators disappear from ARE higher-order terms of ¢. Thus, 
writing now 

«= qi'qeU, {2 cos (p, + p:) —cos (3p, + p)} + agn’ 

and substituting in the differential equation satisfied by $, which is 

Obs _ 5 0¢ 


ap, anes H,) Coa e ose corer eeeeeeceseseee (3), 
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we find that on the right-hand side of (3) the terms involving sin (2p, + p2) 
(which would lead to vanishing denominators on integration) are 


- 39.2922 U;? sin (2p, + P2) — 4agi2qa? U, sin (2p, + ps), 
and these will collectively vanish provided 


In this way, by repeated application of the principle of § 201, we are able to 
remove all terms with vanishing denominators and obtain an adelphic integral 
free from them. ) 


205. Completion of the integration of the dynamical system in Cases IT 
and ITI, 


Having now in § 201-204 overcome the difficulty caused by the presence 
of terms with vanishing divisors in the adelphic integral in Cases II and ITI, 
we can use this integral in order to integrate the dynamical system com- 
pletely, just as was done for Case I in §199. We thus obtain expansions for 
the coordinates in terms of the time in all cases: but these expansions are — 
completely different in form, according as the dynamical system falls under 
Case I, II, or III. This result supplies the underlying explanation of Poincaré’s 
theorem that the series of Celestial Mechanics cannot converge uniformly over 
any continuous range of values of the constants: for the series to which he 
was referring were of the kind which we have classified under Case I, and we 
have seen that when the constants s,,s, are continuously varied, these series 
must be replaced by the series appropriate to Case II or Case III, whenever 
the ratio s,/s, passes from an irrational to a rational value. The advantage of 
solving by means of the adelphic integral is that the forms of the adelphic 
integral corresponding to the three cases can be readily determined: and thus 
the difficulty is removed before the adelphic integral is used in order to obtain 
the complete expressions for the coordinates in terms of the time. 


For further recent researches on the general solution of the equations of dynamical 
systems, reference may be made to the important series of memoirs by T. M. Cherry, 
published in the years 1924-27 in the Proc. Camb. Phil. Soc., Trans. Camb, Phil. Soc., and 
Proc. Lond. Math. Soc.: and also to papers by B. B. Baker and E. B. Ross in Proc. Edin. 
Math. Soc. Vols. XXxX1X.-XLI. (1921-23). 


MISCELLANEOUS EXAMPLES. 


1. Let @ denote any function of the variables 91, G2) +++) Yny P19 +++) Pn Of & dynamical 
system which possesses an integral of energy 
HT (1; 25 #**5 Yn Ply +++9 Pn) = Constant ; 


let ay, dg, ++) ny 01, «0+) On be the values of 91,93) +++) Yn» Pir-++9 Pa respectively at the 


w. D. 29 
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instant t=%); and let {7,9} denote the value of the Poisson-bracket (/, gy) when the quan- 
tities 91, 925 .--) ny P1y +++) Pn Occurring in it are replaced respectively by a, a2, ...,@n, 
Oso esas 

Shew that 


o(%) 25 +009 Ins Py very Pn= (M1, gy +09 Any b,, sis bn) + (4 — to) {p, A} 


Co (HH) +o 


it 


2. Shew that the dynamical system whose equations of motion are 
dq_0H dp 0H 


di ~ Op ’ piss 0g ’ 
Ye ike 
Le Wt rg de ea 
where H =tp*+ ao! gy 
possesses a, family of solutions represented by the expansion (retaining only terms of order 


less than a?) 


by 


Ba, (2a\4_ 8 
q=1+55+(F) cos — 57008 28; 
where B=- (+55) tte, 


‘and a and « are arbitrary constants. 
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Time, 27 

5 periodic, 87 
Top, 155 
Kowalevski’s, 164 
sleeping, 206 

» Spherical, 159 
Trajectory, 78, 245 
Transformation, contact-, 290, 293 
Mathiew’s, 301 
Poincaré’s, 423 
point-, 293 
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Translation, 1 
Trojan group of asteroids, 409 
True anomaly, 89 

Two centres of gravitation, 97 
Type, Liouville’s, 67 


Unit matrix, 401 
Unstable, 186, 193, 203 


Variational equations, 268 
Vector, localised, 15 
Vectors, 13 
Velocity, 14, 33 
- angular, 15 
: relative, 14 
» corresponding to a coordinate, 33 
Vibrations about equilibrium, 177 
5s », steady motion, 193 
normal, 186, 195 
of dissipative systems, 232 
FA of non-holononric systems, 221 
Virtual work, 264 
Vis Motria, 29 
Vis Viva, 35 
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Wave-fronts, 289 
Weber’s law of attraction, 45 
Work, 30 
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